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y²
�«äkÃ�øA
�­\.6Y)��üè�ä�­½5. ChenÚ Yao [11]Ké

GI/G/1üèÚí2
� Jackson�ä�6�.�
��éÐ�nã. éur%C, Zhang

Ú Xu [12] ïÄ
 Jackon�ä�r%C, �Ñ
è�r%C�(J. ChenÚ Shen [13] �3

dÄ:þïÄ
k�kÑÖ�`kÑÖ5K�(Ü�üÑÖ
�cüè�ä�r%C, �

kÆö^r%C��{ïÄ
 GI/GI/∞ [14] üè±9 Jacksonüè�ä�. [15] �, 
r

%C�A^�ë�©z [3, 4, 16].

�4Ööér%Ck��*�@£, e¡ÏL���#L§5{ãr%C. - N(t)

���#L§, Ùm��m´��ÕáÓ©Ù��ÅCþS� {ξn, n = 1, 2, · · · }, þ�
E(ξ1) = 1/γ,��´ Var (ξ1),²�CÉXê c2N = Var (ξ1)/E(ξ1)

2. b� E(ξ1)
r <∞, r > 2.

- Ñ(t) = γt+ γ1/2cNWN (t), Ù¥WN (t)´��IOÙK$Ä, K Ñ(t)��#L§�r

%C, ÷v

sup
06t6L

|N(t)− Ñ(t)| = o(L1/r), (1)

Ù¥ oL«: XJ lim
t→∞
|f(t)/g(t)| = 0, K f(t) = o(g(t)). �#L§�r%C`²%C �

sup
06t6L

|N(t)− Ñ(t)|� L�O��Ý�u L1/r (r > 2), =�±d L1/r .½O��Ý.

�©ïÄ3ÑÖrÝ ρ1 = ρ2 = 1�¹eüÑÖ�GéüèXÚ¥�Ï3�m�r%

C, â·�¤�, c<'u�Åüè�ä�r%C(J=�uè�!KÖ!aÏ!sÏ�

L§, vk�ÄÏ3�m�r%C. ·��(JÖ¿
c<�(J, ¿�Ù¦�.¥Ï3�

m�r%CïÄJø��éu.

©ÙSüXe: 1�!�Ñ�.£ã,1n!�Ñr%C(JÚy². �©¦^��


ÎÒ:¤k��ÅCþÚ�ÅL§Ñ½Â3���Ó�VÇ�mS (Ω,F ,P). E(X)L«�

ÅCþ X �þ�, Var (X)L«Ù��. “≡”L«�«½Â. éu a ∈ R, [a]+ ≡ max{a, 0}.
?� a, b ∈ R, - a ∨ b = max{a, b}, a ∧ b = min{a, b}. D[a, b] L«��3 [a, b) þm

ëY3 (a, b]þäk�4��¼ê�m, éu¼ê fn, f ∈ D[0,+∞), n = 1, 2, · · · , ½Â
‖f‖L ≡ sup

06t6L
|f(t)|. “u.o.c.”´ “uniformly on compact set”� �, L«3;8þ��

Âñ. XJ� n → ∞�, ‖fn − f‖L → 0, P� fn → f , u.o.c. ^ w.p.1L«±VÇ 1.

e(t) ≡ tL«ðÓN�.

§2. �.£ã

üÑÖ�Gé�üè�.dü�ÑÖ� k = 1, 2|¤, z�ÑÖ�þ�k��ÑÖ


. ��dXÚ	Ü��XÚ, Uìk�kÑÖ�ÑÖ5K�ÉÑÖ, k�kÑÖ�ÑÖ

5K´�������ÑÖ�, eÑÖ
a, K3è���, ÄK?\ÑÖ. ù«ÑÖ5K

´�s�, =ek�����ÉÑÖ, KÑÖ
Øs. ���g²Lü�ÑÖ�, ©O?
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1�gÑÖ�, lmXÚ. ·�^ u(n)L«1 n − 1���Ú1 n������m��

m, ^ vk(n)L«1 k �ÑÖ�ÑÖ1 n����ÑÖ��m, k = 1, 2. b� u ≡ {u(n),

n = 1, 2, · · · }, vk ≡ {vk(n), n = 1, 2, · · · } ´�pÕá�ÕáÓ©Ù��K�ÅCþS
�, ¿�k E[u(1)] ≡ 1/λ, E(vk) ≡ 1/µk, ²�CÉXê c2a ≡ Var [u(1)]/{E[u(1)]}2, c2s,k ≡
Var [vk(1)]/{E[vk(1)]}2. � ca > 0, cs,k > 0. e¡½ÂÑÖrÝ:

ρ1 ≡
λ

µ1
, ρ2 ≡

λ ∧ µ1
µ2

. (2)

½Âm��mÚÑÖ�m�Ü©ÚS� U(n) ≡
n∑
i=1

u(i), Vk(n) ≡
n∑
i=1

vk(i), n = 1, 2, · · · ,

�A�ü��#L§�

A(t) ≡ max{n > 0 : U(n) 6 t}, Sk(t) ≡ max{n > 0 : Vk(n) 6 t},

A(t)L«3 (0, t]�mS�����ê, Sk(t)L«1 k �ÑÖ�3 (0, t]�m��a¤Ñ

Ö����ê.

½ÂXÚ�IL§: Ï3�mL§ S (t), L« t��?\XÚ���3XÚ¥Ê3

��m; KÖL§ Zk(t), L«e t����Ø2k��, 1 k �ÑÖ�ÑÖ��c��

¤I�m; è�L§ Qk(t), L«1 k �ÑÖ�3�� t���ê, �)�3�É���

���; aÏL§ Tk(t), L«�m (0, t]S1 k �ÑÖ�ÑÖ����mo\O, sÏL

§ Ik(t) = t − Tk(t), L«�m (0, t] S1 k �ÑÖ�s��m\O; l�L§ Dk(t) =

Sk(Tk(t)), L«3 t�clÑÖ� klm���ê. b� Qk(0) = 0, k = 1, 2, =XÚÐ©

���. dXÚ�1���XÚ�§:

S (t) = Z1(t) + Z2(t+ Z1(t) + v∗1) + v∗1 + v∗2,

Zk(t) = Vk(Dk−1(t))− Tk(t) = Vk(Qk(t) +Dk(t))− Tk(t),

Qk(t) = Dk−1(t)−Dk(t) = Xk(t) + µkIk(t),

X1(t) = (λ− µ1)t+ [A(t)− λt]− [S1(T1(t)− µ1T1(t))],

X2(t) = [µ1T1(t)− µ2t] + [S1(T1(t))− µ1T1(t)]− [S2(T2(t))− µ2T2(t)],

Tk(t) =

∫ t

0
1{Qk(s)>0}ds,

∫ +∞

0
Qk(t)dIk(t) = 0, k = 1, 2,

(3)

Ù¥ D0(t) ≡ A(t), v∗k ´�pÕá, �� vk ÕáÓ©Ù��ÅCþ, L«ÑÖ
 kÑÖ�

��ÑÖ�m.

5P 1 (é (3)¥��§�)º) (3)�1���§´�XJ����3 t���5,

@o¦3dü�GéÑÖ�|¤�üèXÚS�Ï3�m�)±eoÜ©: ��1��Ñ

Ö�ÑÖ��m; ��1��ÑÖ��ÑÖ�m; 31��ÑÖ��ÂÑÖ��mÚ31
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��ÑÖ��ÂÑÖ��m, Ù¥ t + Z1(t) + v∗1 ´���lm1��ÑÖ���m. (3)

��¡8��§�l6Åð5Æ, 1Ô��§w�
·��«ÑÖÅ�: ��è�Ø� 0,

KÑÖ
´a²�. 1Ô��§Ó��±^e¡L�ª5L«

Qk(t) = Φ(Xk)(t), µkIk(t) = Ψ(Xk)(t), (4)

¿� (Ψ,Φ)½Â�

Ψ(x)(t) = sup
06s6t

[−x(s)]+, Φ(x)(t) = x(t) + Ψ(x)(t), (5)

d'Xª�¡������N� (��©z [1]).

Äkïá6%C, ½Â6C�L§Xe:

S
(n)

(t) ≡ 1

n
S (nt), Z

(n)
k (t) ≡ 1

n
Zk(nt), Q

(n)
k (t) ≡ 1

n
Qk(nt), X

(n)
k (t) ≡ 1

n
Xk(nt),

I
(n)
k (t) ≡ 1

n
Ik(nt), T

(n)
k (t) ≡ 1

n
Tk(nt), k = 1, 2.

�â�#L§�r�ê½Æ, ·���6%C�(J, y²Ñ.

Ún 2 (üè� FSLLN [10]) b� E[u(1)] <∞, E[vk(1)] <∞, k = 1, 2. eXÚSÐ

©� 0, Kéu k = 1, 2, � n→∞�, k

(S
(n)
, Z

(n)
k , Q

(n)
k , X

(n)
k , T

(n)
k , I

(n)
k )→ (S , Zk, Qk, Xk, T k, Ik), u.o.c., w.p.1, (6)

Ù¥, S (t) = Z1(t) + Z2(t+ Z1(t)), �

Zk(t) = Q(t)/µk, Qk(t) = Φ(Xk)(t), Ik(t) = Ψ(Xk)(t),

T k(t) = t− Ik(t), X1(t) = (λ− µ1)t, X2(t) = (λ ∧ µ1 − µ2)t,

Φ, Ψ�½Â (5).

5P 3 (6�.)) Ún 2¥�6�.äke¡�6�.). e ρ1 6 1, K Z1(t) =

Q1(t) = 0, T 1(t) = ρ1t = t − I1(t), � ρ2 6 1, S (t) = Z2(t) = 0, ÄK (ρ2 − 1)t > 0. e

ρ1 > 1, K Z1(t) = Q1(t)/µ1 = (ρ1 − 1)t, ¿�

Z2(t) =
Q2(t)

µ2
=


0, � ρ2 = µ1/µ2 < 1;

(ρ1 − 1)t, � ρ2 = µ1/µ2 = 1;

(ρ2 − 1)t, � ρ2 = µ1/µ2 > 1,

S (t) =

Z1(t), � ρ2 = µ1/µ2 < 1;

Z1(t) + Z2(t+ Z1(t)), � ρ2 = µ1/µ2 > 1
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=


(ρ1 − 1)t, � ρ2 = µ1/µ2 < 1;

(ρ1 − 1)t+ (ρ1 − 1)ρ1t, � ρ2 = µ1/µ2 = 1;

(ρ1 − 1)t+ (ρ2 − 1)ρ1t, � ρ2 = µ1/µ2 > 1.

§3. r % C

r%C´^ÙK$Ä5%ClÑ�ÅL§��{. ~X Q, dü�ëY¼ê�Ú|¤:

(i)(½5�6%C Q, (ii)IOÙK$Ä, 6%C^5�x²þ����, ÙK$Ä^5�

N�ÅL§3²þ�þe�ÅÄÌÝ. e¡�Ñ�ÑÖrÝ ρ1 = ρ2 = 1�, ü�GéÑÖ

�üèXÚ�Ï3�m�r%CS .

Äk�Ñè�!KÖ!aÏÚsÏL§�r%C, =Ún 4, ù´y²½n 5�Ä:.

Ún 4 b�ÑÖrÝ ρ1 = ρ2 = 1, XJ÷v E[u(1)r] < ∞, E[vk(1)r] < ∞, r > 2,

K, k = 1, 2,

‖Zk − Z̃k‖L = o(L1/r), ‖Qk − Q̃k‖L = o(L1/r),

‖Tk − T̃k‖L = o(L1/r), ‖Ik − Ĩk‖L = o(L1/r), w.p.1,
(7)

Ù¥,

Z̃k(t) =
1

µk
Q̃k(t), (Q̃k, µkĨk) = (Φ,Ψ)(X̃k),

T̃k(t) = t− Ĩk(t), X̃1(t) = λ1/2caWa(t)− µ1/21 cs,1Ws,1(T 1(t)),

X̃2(t) = µ1T̃1(t)− µ2t+ µ
1/2
1 cs,1Ws,1(T 1(t))− µ1/22 cs,2Ws,2(T 2(t)),

(8)

WaÚWs,k ©O´£ã��L§ÚÑÖL§�!�pÕá�IOÙK$Ä, ΦÚ Ψ� (5).

y²�©z [11, 13], �Ñ.

½n 5 b�ÑÖrÝ ρ1 = ρ2 = 1, XJ÷v E[u(1)r] < ∞, E[vk(1)r] < ∞, r > 2,

K, k = 1, 2,

‖S − S̃ ‖L = o(L1/r), w.p.1, (9)

Ù¥ S̃ (t) = Z̃1(t) + Z̃2(t).

y²: Äk�Ñ, XJ E[u(1)r] < ∞, E[vk(1)r] < ∞, r > 2, K�3�pÕá�IO

ÙK$ÄWa, Ws,k, k = 1, 2, ÷v

‖A− λe− λ1/2caWa‖L = o(L1/r), ‖Sk − µke− µ
1/2
k cs,kWs,k‖L = o(L1/r),∥∥∥Vk − 1

µk
e +

1

µ
1/2
k

cs,kWs,k

( 1

µk
e
)∥∥∥

L
= o(L1/r), w.p.1.

(10)
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ÏL (3)�

Z2(t+ Z1(t) + v∗1)

= V2(Q2(t+ Z1(t) + v∗1) + S2(T2(t+ Z1(t) + v∗1)))− T2(t+ Z1(t) + v∗1)

=
[
V2(Q2(t+ Z1(t) + v∗1) + S2(T2(t+ Z1(t) + v∗1)))

− 1

µ2
Q2(t+ Z1(t) + v∗1)− 1

µ2
S2(T2(t+ Z1(t) + v∗1))

+
1

µ
1/2
2

cs,2Ws,2

( 1

µ2
(Q2(t+ Z1(t) + v∗1) + S2(T2(t+ Z1(t) + v∗1)))

)]
+

1

µ2

[
Q2(t+ Z1(t) + v∗1)− Q̃2(t+ Z1(t) + v∗1)

]
+

1

µ2

[
Q̃2(t+ Z1(t) + v∗1)− Q̃2(t+ Z1(t))

]
+

1

µ2
Q̃2(t+ Z1(t))

+
1

µ2

[
S2(T2(t+Z1(t)+v∗1))− µ2T2(t+Z1(t)+v∗1)− µ1/22 cs,2Ws,2(T2(t+Z1(t)+v∗1))

]
+

1

µ2
µ
1/2
2 cs,2

[
Ws,2(T2(t+ Z1(t) + v∗1))−Ws,2(T 2(t+ Z1(t)))

]
+
[ 1

µ2
µ
1/2
2 cs,2Ws,2(T 2(t+ Z1(t)))−

1

µ
1/2
2

cs,2Ws,2

( 1

µ2
(µ1(T 1(t+ Z1(t))))

)]
− 1

µ
1/2
2

cs,2

[
Ws,2

( 1

µ2
(S1(T1(t+ Z1(t) + v∗1)))

)
−Ws,2

( 1

µ2
(µ1(T 1(t+ Z1(t))))

)]
, (11)

� ρ1 = ρ2 = 1�, (11)¥1���Ò�1Ô�� 0, =

1

µ2
µ
1/2
2 cs,2Ws,2(T 2(t+ Z1(t)))−

1

µ
1/2
2

cs,2Ws,2

( 1

µ2
(µ1(T 1(t+ Z1(t))))

)
= 0.

(11)¥1���Ò�1��, Ï�éuv
�� t, k

Q2(t+ Z1(t) + v∗1) + S2(T2(t+ Z1(t) + v∗1))

= S1(T1(t+ Z1(t) + v∗1)) 6 A(t+ Z1(t) + v∗1) 6 A(t+ V1(A(t)) + v∗1)

6 A
(
t+

1

µ1
2λt
)
6 2λ

(
t+

1

µ1
2λt
)

= 2(λ+ 2λρ1)t, w.p.1, (12)

¤±ÏL (10), k

sup
06t6L

∣∣∣V2(Q2(t+ Z1(t) + v∗1) + S2(T2(t+ Z1(t) + v∗1)))

− 1

µ2
Q2(t+ Z1(t) + v∗1)− 1

µ2
S2(T2(t+ Z1(t) + v∗1))

+
1

µ
1/2
2

cs,2Ws,2

( 1

µ2
(Q2(t+ Z1(t) + v∗1) + S2(T2(t+ Z1(t) + v∗1)))

)∣∣∣
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6 sup
06t62(λ+2λρ1)L

∣∣∣V2(t)− 1

µ2
t+

1

µ
1/2
2

cs,2Ws,2

( 1

µ2
t
)∣∣∣ = o(L1/r), w.p.1. (13)

éu (11)�1���Ò�1��, Ï�� tv
��, t+ Z1(t) + v∗1 6 (1 + 2ρ1)t, k

sup
06t6L

|Q2(t+ Z1(t) + v∗1)− Q̃2(t+ Z1(t) + v∗1)| 6 sup
06t6(1+2ρ1)L

|Q2(t)− Q̃2(t)| = o(L1/r).

éu (11)1���Ò�1n�, Ï�

sup
06t6L

|(t+ Z1(t) + v∗1)− (t+ Z1(t))| = sup
06t6L

|Z1(t) + v∗1 − Z1(t)|

6 sup
06t6L

|Z1(t)− Z1(t)|+ sup
06t6L

|v∗1| = O(
√
L ln lnL ), w.p.1, (14)

k

sup
06t6L

|Q̃2(t+ Z1(t) + v∗1)− Q̃2(t+ Z1(t))|

= sup
06t6L

|Φ(X̃2)(t+ Z1(t) + v∗1)− Φ(X̃2)(t+ Z1(t))|

6 2 sup
06t6L

|X̃2(t+ Z1(t) + v∗1)− X̃2(t+ Z1(t))|

6 2µ1 sup
06t6L

|Ĩ1(t+ Z1(t) + v∗1)− Ĩ1(t+ Z1(t))|

+ 2 sup
06t6L

µ
1/2
1 cs,1|Ws,1(T 1(t+ Z1(t) + v∗1))−Ws,1(T 1(t+ Z1(t)))|

+ 2 sup
06t6L

µ
1/2
2 cs,2|Ws,2(T 2(t+ Z1(t) + v∗1))−Ws,2(T 2(t+ Z1(t)))|

= 2µ1 sup
06t6L

|Ψ(X̃1)(t+ Z1(t) + v∗1)−Ψ(X̃1)(t+ Z1(t))|

+ 2µ
1/2
1 cs,1 sup

06t6L
|Ws,1(t+ Z1(t) + v∗1)−Ws,1(t+ Z1(t))|

+ 2µ
1/2
2 cs,2 sup

06t6L
|Ws,2(t+ Z1(t) + v∗1)−Ws,2(t+ Z1(t))|,

þã�§1���Ò�1��Ú1n�, �â (14)Ú©z [11]¥Ún 6.21, �

sup
06t6L

|Ws,1(t+ Z1(t) + v∗1)−Ws,1(t+ Z1(t))| = o(L1/r), w.p.1,

sup
06t6L

|Ws,2(t+ Z1(t) + v∗1)−Ws,2(t+ Z1(t))| = o(L1/r), w.p.1,

¿�1���Ò�1��

sup
06t6L

|Ψ(X̃1)(t+ Z1(t) + v∗1)−Ψ(X̃1)(t+ Z1(t))|
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6 sup
06t6L

|X̃1(t+ Z1(t) + v∗1)− X̃1(t+ Z1(t))|

6 λ1/2ca sup
06t6L

|Wa(t+ Z1(t) + v∗1)−Wa(t+ Z1(t))|

+ µ
1/2
1 cs,1 sup

06t6L
|Ws,1T 1(t+ Z1(t) + v∗1)−Ws,1T 1(t+ Z1(t))|

= o(L1/r), w.p.1.

�â (14)ª, � T 1(t) = t, éu¤k� t > 0, k

sup
06t6L

|Q̃2(t+ Z1(t) + v∗1)− Q̃2(t+ Z1(t))| = o(L1/r), w.p.1. (15)

éuª (11)�1���Ò�1Ê�, Ï�� tv
��,

t+ Z1(t) + v∗1 6 t+ V1(A(t)) + v∗1 6 2(1 + ρ1)t, w.p.1, (16)

¤±k

sup
06t6L

|S2(T2(t+ Z1(t) + v∗1))−µ2T2(t+ Z1(t) + v∗1)−µ1/22 cs,2Ws,2(T2(t+ Z1(t) + v∗1))|

6 sup
06t62(1+ρ1)L

|S2(T2(t))− µ2T2(t)− µ1/22 cs,2Ws,2(T2(t))|

6 sup
06t62(1+ρ1)L

|S2(t)− µ2t− µ1/22 cs,2Ws,2(t)| = o(L1/r), w.p.1. (17)

éuª (11)�1���Ò�18�, �â (14)Ú©z [11]¥Ún 6.21, k

sup
06t6L

|Ws,2(T2(t+ Z1(t) + v∗1))−Ws,2(T 2(t+ Z1(t)))| = o(L1/r), w.p.1. (18)

Ón, (11)�1���Ò�1l�, �ÏL©z [11]¥�Ún 6.21Ú

sup
06t6L

∣∣∣ 1

µ2
(S1(T1(t+ Z1(t) + v∗1)))− 1

µ2
(µ1(T 1(t+ Z1(t))))

∣∣∣ = O(
√
L ln lnL ), w.p.1,

�

sup
06t6L

∣∣∣Ws,2

( 1

µ2
(S1(T1(t+ Z1(t) + v∗1)))

)
−Ws,2

( 1

µ2
(µ1(T 1(t+ Z1(t))))

)∣∣∣
= o(L1/r), w.p.1. (19)

nÜ (11), (13), (15), (17), (18)Ú (19), �

sup
06t6L

|Z2(t+ Z1(t) + v∗1)− Z̃2(t+ Z1(t))| = o(L1/r), w.p.1,
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Ù¥, Ï� ρ1 = ρ2 = 1� Z1(t) = 0, ¤± Z̃2(t+ Z1(t)) = Z̃2(t).

(Ü (3)ÚÚn 4,

‖S − S̃ ‖L = ‖S − Z̃1 − Z̃2‖L

6 ‖Z1 − Z̃1‖L + sup
06t6L

|Z2(t+ Z1(t) + v∗1)− Z̃2(t)|+ v∗1 + v∗2

= o(L1/r), w.p.1,

Ù¥ S̃ = Z̃1 + Z̃2. �

§4. � (

�©�Ä
üÑÖ�Géüè, y²
­{Ö^� (=ÑÖrÝ ρ1 = ρ2 = 1)eÏ3

�m�r%C. Ï3�m�r%C�6uKÖL§, ?
�6uè�, aÏÚsÏL§�6

%CÚr%C, y²L§¥·�vkéè�, aÏÚsÏL§�6%CÚr%C�Lõ�

ã, 
´��Äuc<�(J�Ñy². ,	I��Ñ�´, ·�==�Ä­{Ö�.�

ρ1 = ρ2 = 1��¹, éuÙ¦�¹, ·��Ñþãy²L§Ø·^.
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Strong Approximation of the Sojourn Time for a Two-Stage

Tandem Queue

GUO Yongjiang
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(Shanghai Police College, Shanghai, 200137, China)

Abstract: We obtain the strong approximation of the sojourn time progress for a two-stage tandem

queue in heavy traffic, that is, the traffic intensity ρ1 = ρ2 = 1. The sojourn time is the period from a

customer’s arrival to her departure, and the strong approximation is a function of Brownian motion.
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