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��!k¸!þ�½É~:��¹. �
�Ö���¦{�Øv, KoenkerÚ Bassett [1]J

Ñ
© ê£8�O. T�{ØI�éØ�©Ù�A½��, äk�Ðè5, Ï�2�

A^. ZouÚ Yuan [2] nÜõ�© :�&EJÑ
EÜ© ê (CQR)�O, Jp
�O

��Ç. du CQR�{äk�
Ð�5�, T�{ÚåÃõÆö�,�. Kai� [3] òEÜ
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�ëê¼ê�EÜ© 
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þ¹ÿþØ��EÜ© ê£8ïÄ��, Ì�duÃ{����ÿþØ�Úå� �.
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�©?Ø¹ÿþØ��EÜ© ê£8�.¥£8Xê��O¯K. ¦+ Jiang [10]ÏL�

�z��í��EÜ© ê��¼ê�E
£8Xê��O, �T�{�¦£8Ø�Úÿ

þØ�Ñl¥/é¡©Ù. �
;�Tb½, �©æ^�[	í (SIMEX)�{)ûEÜ

© ê¹ÿþØ��¯K. SIMEX�{�g�´ÏL�[O\�	���, ±B�	�

X�	���O\ëê�O�Cz�¹, ,�	í�ÃÿþØ���/. duT�{äk

2�·A5, �þ©zæ^T�{?n
ØÓ�.¹ÿþØ���/. LiangÚ Ren [11] |

^ SIMEX�{?Ø
¹ÿþØ��2ÂÜ©�5�.��O¯K. Apanasovich� [12] ï

Ä
Ü©�5�.ëêÜ©Ú�ëêÜ©¹ÿþØ�� SIMEX�O. Yang� [13] �Ä


¹ÿþØ��ü�I�.� SIMEX�O. 'uÿþØ��.��õ�'ïÄ�ë�;Í

[14, 15].

�©|^ SIMEX�{�Ñ
¹ÿþØ��EÜ© ê£8¥£8Xê��OL§,

3�
�K^�e, ïÄ
�O����5�. ,�, ÏL�[ïÄ, '�
3ØÓ�/e

SIMEX�O! �������¦�O!�����O [10]±9 Naive�O�`�. ��,

|^�©JÑ��{©Û
%9¾êâ.

§2. �{�Ì�(J

�Ä¹ÿþØ��£8�.Yi = XT
i β + εi,

Wi = Xi + Ui, i = 1, 2, · · · , n,
(1)

Ù¥ Yi ´�ACþ, β ´ p�£8Xê, Xi ´ p�Ø�*ÿ��Cþ, ¢S*	�´�

kÿþØ��*ÿCþWi, εi ´�.Ø��÷v P(εi 6 ak |Xi) = τk, = ak ´ ε� τk ©

 :, Ui´ÿþØ�. aq LiangÚ Ren [11]9 Carroll� [16], b½ Ui� (Xi, Yi)�pÕá,

� Ui ∼ N(0,Σuu). 3ùp, b½ Σuu®�. � Σuu���, �±æ^ Carroll� [17]JÑ�

�{¼� Σuu ��Ü�O. é�. (1), XJæ^²;����¦�O, ��.Ø�Ñl�

�©Ù�, äk�Ð�5�. ,ék¸!þ�9É~:��¹¯a, Øäkè5. du

���¦�O�"�, r¦�©JÑ© ê£8�O�{.

e¡?Ø�. (1)¥ëê β ��O. ëê β � SIMEX�OL§©±e�[!�O±

9	ín�L§.

1. �[L§. é i = 1, 2, · · · , n, �)êâ

Wis(λ) = Wi + (λΣuu)1/2Uis, s = 1, 2, · · · ,S ,

Ù¥ Uis ∼ N(0, Ip), Ip ´ p × pü 
, S ´�½��ê, λ > 0� λ ∈ Λ = {λ1, λ2, · · · ,
λM}. 3¢SA^¥, λÏ~� [0, 2]«mþþ!��f:. λ��^Ì�´��kõ��
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	ÿþØ�\\�Wi¥.

�âb½, �±�� E(Wis(λ) |Xi) = Xi � Var (Wis(λ) |Xi) = Var {(Wis(λ) −Xi)
2 |

Xi} = (1 + λ)Var (Wi |Xi). Ïd, � λ = −1�, Var (Wis(λ) |Xi) = 0.

2. �OL§. Äu�[êâWis(λ), �±�E β ��O, β̂s(λ), =

(̂bτ1 , b̂τ2 , · · · , b̂τK , β̂s(λ)) = arg min
bτ1 ,bτ2 ,··· ,bτK ,β

K∑
k=1

[ n∑
i=1

ρτk(Yi −W T
is(λ)β − bτk)

]
, (2)

Ù¥ ρτk(r) = τkr − rI(r < 0), k = 1, 2, · · · ,K, ´© ê��¼ê, 0 < τ1 < τ2 < · · · <
τK < 1, bτk ´Wis(λ)'u Yi£8�.¥�.Ø�� τk © :. Ï~/, ��m�© :,

= τk = k/(K + 1), k = 1, 2, · · · ,K. ZouÚ Yuan [2]ïÆK = 19´��Ð�ÀJ. 3�©

�[ïÄ¥, �K = 19.

E (2)�OL§S g, �Ù²þ�, =

β̂(λ) =
1

S

S∑
s=1

β̂s(λ).

ÏLé λ�X���:, �±�� {λi, β̂(λi), i = 1, 2, · · · ,M}.
3. 	íL§. ^	í¼ê G (λ,Γ)5[Ü�OL§¥��� {λi, β̂(λi), i = 1, 2, · · · ,

M}, Ù¥ Γ´��ëê�þ. Γ��O Γ̂�±ÏL��ze¡�g8I¼ê¼�

M∑
i=1

(
β̂(λi)− G (λi,Γ)

)2
.

,�	í� λ = −1, �� β � SIMEX�O

β̂SIMEX = G (−1, Γ̂).

5P 1 � λ = 0�, éA�´ Naive�O, β̂Naive = G (0, Γ̂), =�ÑÿþØ���^

W �� X ?1�O.

5P 2 	í¼ê G (λ,Γ)  ´���, 3¢SA^¥, ~^�	í¼ê��g¼

ê G (λ,Γ) = Γ1 + Γ2λ+ Γ3λ
2, Ù¥ Γ = (Γ1,Γ2,Γ3)

T. LinÚ Carroll [18], LiangÚ Ren [11]

�ÑT	í¼ê����O�±��éÐ��J.

?Ø β̂SIMEX�ìC5��c, I�±e^�:

C1 ëê β(λ)�½Â� Θλ´ RP �mþ���;8, β(λ)´ Θλ���S:;

C2 Ω(β(λ), λ)´'u λ ∈
∧
��½Ý
, Ù¥ Ω(β(λ), λ) = E{Wis(λ)W T

is(λ)}.

C3 ε∗s ��Ý¼ê f(·)k�u"�e., ���¼êëY���k., Ù¥ ε∗s ´Ws(λ)

'u Y £8�.��.Ø�.
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�
��½n 3, Ú\�
PÒ. P β̂(Λ) =
(
β̂T(λ1), β̂

T(λ2), · · · , β̂T(λM )
)T

, Γ =

(ΓT
1,Γ

T
2, · · · ,ΓT

p)
T, Ù¥ Γj ´	íL§¥^5�O β �1 j �©þ�ëê. G (Λ,Γ) =

vec{G (λm,Γj), j = 1, 2, · · · , p, m = 1, 2, · · · ,M}, Res(Γ) = β̂(Λ) − G (Λ,Γ), s(Γ) =

[∂/∂(Γ)]Res(Γ), D(Γ) = s(Γ)sT(Γ), ε∗is = Yi −W T
is(λ)β(λ),

ηiS (β(λ), λ) =
1

K∑
k=1

f(bτk)

1

S

S∑
s=1

K∑
k=1

Wis(λ)[I(ε∗is < bτk)− τk],

ΨiS {β(Λ),Λ} = vec{ηiS (β(λ), λ), λ ∈ Λ},

A11{β(Λ),Λ} = diag{Ω(β(λ), λ), λ ∈ Λ},

�

Σ = A −111 {β(Λ),Λ}C11{β(Λ),Λ}
[
A −111 {β(Λ),Λ}

]T
,

Ù¥

C11{β(Λ),Λ} = Cov [ΨiS {β(Λ),Λ}].

½n 3 XJ^� C1 – C3¤á, K

√
n (β̂SIMEX − β)

L−→ N{0,GΓ(−1,Γ)Σ(Γ)[GΓ(−1,Γ)]T},

Ù¥
L−→ L«�©ÙÂñ, GΓ(λ,Γ) = {∂/∂(Γ)}G (λ,Γ), Σ(Γ) = D−1(Γ)s(Γ)ΣsT(Γ)

·D−1(Γ).

§3. �[ïÄ

�!ÏLê��[ïÄ¤JÑ�{�k���5�. 3 SIMEX �OL§¥, �

λ = 0, 0.2, · · · , 2Ú S = 100. 3ØÓ�/e, '�
Ê«ØÓ��O�{��O�J, =

�©JÑ��{ (SIMEX-CQR), Jiang [10] JÑ������O (OR-CQR), ÄuEÜ©

 ê£8� Naive�O (Naive-CQR), Äu���¦{� Naive�O (Naive-LS)±9 �

������¦�O (BC-LS), Ù�O/ª�

β̂BC−LS =
( n∑
i=1

WiW
T
i − nΣuu

)−1( n∑
i=1

WiYi

)
.

êâd�. (1)�). ëê��� β1 = 1, β2 = 2. ��êâ)¤Xe: Xi1, Xi2 ∼
N(0, 1), Ui ∼ N(0, 0.22I2), �.Ø��Ä��©Ù! t ©ÙÚ�Ü©Ùn«�¹, =

εi ∼ 0.22 N(0, 1), εi ∼ 0.2 t(1)9 εi ∼ 0.2 C(0, 1). ��þ©O� n = 50, 100Ú 200. é±

þz«�¹, E$� 500g.



1 2Ï ¨², �: ¹ÿþØ��EÜ© ê£8� SIMEX�O 115

Äk, �
�y�©JÑ� SIMEX�O´ÄäkìC��5, �Ñ
��þ n = 100,

n«ØÓ�.Ø�©Ù�/e β1Ú β2E$1 500g¤�� SIMEX�O� Q-Qã. é

��þ n = 50Ú n = 200(Jaq. �[(J�ã 1. lã 1�Ñ� 500gO�Ñ� β

� SIMEX�O Q-Qã�±wÑ, Q-Qãþ�:Cq/3�^��NC, Ïd¤JÑ�

SIMEX�OäkìC��5.

Ùg, Ð«
	íL§¥	í¼ê�[Ü�J. �[¥�Ñ
��þ n = 100, n«Ø

Ó�.Ø�©Ù�/e, �g	í¼ê[Ü: (λi, β̂1(λi))Ú (λi, β̂2(λi))�[Ü�Jã. �

[(J�ã 2. ã 2=Ð«
 500g$1¥Ù¥1g�(J, Ù§�/(Jaq. lã 2�

±wÑ�g	í¼êéÐ/[Ü
êâ {λi, β̂(λi), i = 1, 2, · · · , 11}. � λ = 0�, éA�

´ Naive�O. ,�	í� λ = −1, �� SIMEX�O.

?�Ú, '�
ØÓ��NþØÓØ�©Ù�/e�Ê«�O�{� � (Bias)ÚI

O� (SD). L 1ÚL 2©O�Ñ
 β1Ú β2�O�(J. lL 1ÚL 2�±wÑ:

1. Naive-CQRÚ Naive-LSo´k �, ù´Ï�ü«�{Ñ´��^�ÿþØ��

W �� X, E¤
¤��O´k �O.

2. �X��Nþ�O\, SIMEX-CQR� �ÚIO��A�C�. ����þ��

�¬K��O�°Ý.

3. ��.Ø�©Ù´��©Ù� (�.Ø�ÚÿþØ�©Ù�Ó), SIMEX-CQR!

OR-CQRÚ BC-LS�Ñ
�Ð�(J, k�/�Ø
ÿþØ�Úå� �; ���.Ø�

©Ù´ t©ÙÚ�Ü©Ù�, BC-LSÚ OR-CQR�Jé�,  �ÚIO���Ñ��, 

SIMEX-CQR�O�JEÎéÐ. dd��, ��.Ø����©Ù�, BC-LS�Jé�;

��.Ø�ÚÿþØ�©ÙØ�Ó�, OR-CQR�Jé�.

��,'�
� Σuu���,^�O������
�\���O�J.�
�O Σuu,

·�I��)Eÿþ���, =W ′i = Xi + U ′i , Ù¥ U ′i ∼ N(0, 0.22I2). L 3�Ñ
��

n = 100, Σuu ®�� Σuu ���/eëê β �O(J. é��þ n = 50Ú n = 200(J

aq. lL 3�±wÑ, ^�O������
 Σ̂uu �\���O� Σuu ®��/e��

O�OØ�.

Ïd, �©JÑ� SIMEX�O�{ØIé�.Ø�©Ù�A½b½, ÃØ�.Ø�©

Ù´Û«/ª, Ñäk�Ð�5�. SIMEX-CQR�Ok�/~�
ÿþØ�Úå� �,

Ó��3
EÜ© ê£8�O�`:.

§4. ¢~©Û

�!©Û
�|5g6²Ç%9¾ïÄ (Framingham Heart Study)�êâ. Têâ

Â8
 1 615¶I5� 5��I�. éTêâ8 Liang� [19] ïáÜ©�5�.©Û
c

#!É�ÿ�UY²±9ÉØ�m�'X. ·�Ì�a,��´ÉØ�É�ÿ�UY²�



116 A^VÇÚO 1 36ò

−3 −2 −1 0 1 2 3

0.
8

0.
9

1.
0

1.
1

1.
2

 Q−Q plot of Beta_1 (N(0,1))

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s

−3 −2 −1 0 1 2 3

1.
85

1.
90

1.
95

2.
00

2.
05

2.
10

2.
15

Q−Q plot of Beta_2 (N(0,1))

Theoretical Quantiles
S

am
pl

e 
Q

ua
nt

ile
s

−3 −2 −1 0 1 2 3

0.
8

0.
9

1.
0

1.
1

1.
2

 Q−Q plot of Beta_1 (t(1))

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s

−3 −2 −1 0 1 2 3

1.
8

1.
9

2.
0

2.
1

2.
2

Q−Q plot of Beta_2 (t(1))

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s

−3 −2 −1 0 1 2 3

0.
7

0.
8

0.
9

1.
0

1.
1

1.
2

Q−Q plot of Beta_1 (C(0,1))

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s

−3 −2 −1 0 1 2 3

1.
8

1.
9

2.
0

2.
1

2.
2

Q−Q plot of Beta_2 (C(0,1))

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s

ã 1 ��þ n = 100�, n«Ø�©Ù�/e SIMEX�O� Q-Qã
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ã 2 n«Ø�©Ù�/e, 	íL§[Ü�Jã. �:L« {λi, β̂(λi), i = 1, 2, · · · , 11},

¢�´�g[Ü�, 	í� λ = −1´ SIMEX�O (�/), λ = 0´ Naive�O
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L 1 ØÓ��NþØÓ�.Ø�eëê β1 �O� � (Bias)ÚIO� (SD)

N(0, 1) t(1) C(0, 1)

n Method Bias SD Bias SD Bias SD

50 SIMEX-CQR -0.0058 0.0785 -0.0032 0.1064 0.0030 0.1100

OR-CQR -0.0053 0.0781 0.3501 0.8237 0.3467 0.8217

BC-LS -0.0039 0.0690 -0.0243 1.5790 0.0483 2.9557

Naive-CQR -0.0438 0.0683 -0.0406 0.1021 -0.0361 0.1074

Naive-LS -0.0451 0.0671 -0.0625 1.5241 -0.0407 2.8251

100 SIMEX-CQR -0.0046 0.0575 -0.0020 0.0742 0.0015 0.0753

OR-CQR -0.0041 0.0579 0.3759 0.8044 0.4521 0.8636

BC-LS -0.0029 0.0515 -0.0395 4.5569 0.0357 1.9966

Naive-CQR -0.0405 0.0489 -0.0394 0.0706 -0.0374 0.0715

Naive-LS -0.0407 0.0485 -0.0757 4.3366 -0.0498 1.9206

200 SIMEX-CQR -0.0031 0.0423 -0.0010 0.0488 0.0078 0.0479

OR-CQR -0.0034 0.0492 0.4518 0.7637 0.4579 0.8614

BC-LS -0.0017 0.0414 0.3478 6.6300 0.0595 3.3407

Naive-CQR -0.0397 0.0378 -0.0403 0.0478 -0.0389 0.0468

Naive-LS -0.0393 0.0383 0.2935 6.3314 0.1545 3.2119

L 2 ØÓ��NþØÓ�.Ø�eëê β2 �O� � (Bias)ÚIO� (SD)

N(0, 1) t(1) C(0, 1)

n Method Bias SD Bias SD Bias SD

50 SIMEX-CQR -0.0065 0.0708 0.0043 0.1101 0.0057 0.1124

OR-CQR -0.0067 0.0757 0.4106 0.6015 0.4041 0.6379

BC-LS 0.0054 0.0713 0.1184 2.1190 0.1520 1.9483

Naive-CQR -0.0807 0.0681 -0.0708 0.1078 -0.0706 0.1051

Naive-LS -0.0798 0.0653 0.0300 2.0171 0.0636 1.8524

100 SIMEX-CQR -0.0051 0.0461 -0.0038 0.0752 0.0013 0.0775

OR-CQR -0.0049 0.0466 0.4297 0.5774 0.4778 0.6566

BC-LS -0.0036 0.0409 -0.5030 6.9460 -0.1278 3.1354

Naive-CQR -0.0731 0.0399 -0.0794 0.0739 -0.0751 0.0735

Naive-LS -0.0722 0.0386 -0.5617 6.6418 -0.2015 3.0212

200 SIMEX-CQR -0.0032 0.0449 -0.0029 0.0528 -0.0008 0.0515

OR-CQR -0.0026 0.0496 0.4925 0.5423 0.5218 0.6489

BC-LS -0.0023 0.0372 0.2125 4.7889 -0.2012 3.0331

Naive-CQR -0.0729 0.0353 -0.0748 0.0501 -0.0746 0.0495

Naive-LS -0.0718 0.0327 0.1256 4.5910 -1.3490 2.9126
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L 3 Σuu ®�� Σuu ���/eëê β �O� � (Bias)ÚIO� (SD), n = 100

N(0, 1) t(1) C(0, 1)

β Σuu Bias SD Bias SD Bias SD

β1 Σuu -0.0046 0.0575 -0.0020 0.0742 0.0015 0.0753

Σ̂uu -0.0047 0.0566 -0.0021 0.0746 0.0014 0.0755

β2 Σuu -0.0051 0.0461 -0.0038 0.0752 0.0013 0.0775

Σ̂uu -0.0055 0.0468 -0.0039 0.0751 0.0018 0.0757

'X, ïáXe�.: Yi = β1 + β2Xi + εi;

Wi = Xi + Ui, i = 1, 2, · · · , n,

Ù¥�ACþ Yi ´¦�3�½ücS�²þÉØ (BP), Wi ´É�ÿ�UY²éê

(ln(SC))�IOzCþ. aq©z [19], W �ÿþ´�ÿþØ��, duTêâ8W ¹k

Eÿþ�*	�, �±æ^Eÿþ��{5�OÿþØ����. ã 3�Ñ
 Y ��

�ãÚ�Ýã, lã 3�±wÑ, Y �©Ù¿���©Ù. Ïd, �þ�£8�', ^EÜ 

ê£8�{©ÛTêâ�U�Ün. ã 4Ð«
 SIMEX-CQR�O3	íÚ�;,, lã

4�±wÑ3	íÚ¥æ^�g	í¼êéÐ/[Ü
êâ {λi, β̂(λi), i = 1, 2, · · · , 11}.

Histogram and density curve of BP
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ã 4 %9¾êâ	íL§[Ü�Jã. �:L« {λi, β̂(λi), i = 1, 2, · · · , 11}, ¢�´

�g[Ü�, 	í� λ = −1´ SIMEX�O (�/), λ = 0´ Naive�O

' Naive-CQRÚ Naive-LS�O��. T(JL², ��ÄÿþØ��, É�ÿ�UY²

�ÉØäk�r���', T(Jaq©z [19]�(J. du Y �©Ù���©Ù, æ^

SIMEX-CQR�{Ú OR-CQR�{©ÛTêâ' BC-LS�{�Ün. 5¿�, OR-CQR

�{�¦£8Ø�ÚÿþØ�Ñl¥/é¡©Ù, XÛu�£8Ø�ÚÿþØ�Ñl¥/

é¡©Ù, ´��?�Ú?Ø�¯K. 3ÿþØ�Ú£8Ø�©ÙÑ����/e, ^�©

JÑ� SIMEX-CQR�{©Û¢Sêâ�U����
.

L 4 ØÓ�O�{eëê β �O

SIMEX-CQR OR-CQR BC-LS Naive-CQR Naive-LS

β1 134.4360 129.0969 130.7573 132.6395 130.7573

β2 2.6363 2.7682 2.5541 2.2660 2.1668

§5. ½n�y²

½n 3 �y²: b½ β(λ)´Äu�. Y = W T
s (λ)β(λ) + ε∗s �ý�. - Qn =

√
n

· (β̂s(λ)− β)� Rnk =
√
n (̂bτk − bτk). @o (Rn1, Rn2, · · · , RnK , Qn)´��ze¡�8I

¼ê:

Ln =
K∑
k=1

n∑
i=1

[
ρτk

(
ε∗is − bτk −

Rnk +W T
is(λ)Qn√
n

)
− ρτk(ε∗is − bτk)

]
.

aq©z [2]¥½n 2.1�y²k

Ln
P−→

K∑
k=1

Rnk +W T
is(λ)Qn√
n

[I(ε∗is < bτk)− τk] +
K∑
k=1

1

2
f(bτk)R2

n,k
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+
1

2

K∑
k=1

f(bτk)QT
nΩ−1(β(λ), λ)Qn.

duLn´à¼ê, K

√
n (β̂s(λ)− β(λ)) =

Ω−1(β(λ), λ)
K∑
k=1

f(bτk)

K∑
k=1

n∑
i=1

n−1/2Wis(λ)[I(ε∗is < bτk)− τk] + op(1).

�â β̂(λ)�½Âk

√
n (β̂(λ)− β(λ)) = Ω−1(β(λ), λ)n−1/2

n∑
i=1

ηiS (β(λ), λ) + op(1). (3)

|^ (3),
√
n (β̂(Λ)− β(Λ))�4�©Ù�õ��� N(0,Σ).

�â	íL§, ��

Γ̂ = arg min
Γ

ResT(Γ) Res(Γ).

Γ̂ÏL)Xe�O�§��

s(Γ̂) Res(Γ̂) = 0.

K
√
n (Γ̂− Γ)

L−→ N(0,Σ(Γ)).

du β̂SIMEX = G (−1, Γ̂), @o�â4�{ SIMEX�O�ìC���

GΓ(−1,Γ)Σ(Γ)[GΓ(−1,Γ)]T. �

ë � © z
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SIMEX Estimation for Composite Quantile Regression

Model with Measurement Error

YANG Yiping YU Lu WU Dongsheng

(College of Mathematics and Statistics, Chongqing Technology and Business University,

Chongqing, 400067, China)

Abstract: Composite quantile regression model with measurement error is considered. The SIMEX

estimators of the unknown regression coefficients are proposed based on the composite quantile regression.

The proposed estimators not only eliminate the bias caused by measurement error, but also retain the

advantages of the composite quantile regression estimation. The asymptotic properties of the SIMEX

estimation are proved under some regular conditions. The finite sample properties of the proposed method

are studied by a simulation study, and a real example is analyzed.
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