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8§1. Introduction

Suppose {Xpni, n,% > 1} are independent and identically distributed (i.i.d.) non-
negative integer-valued random variables. {&,, n > 1} is another sequence of non-negative
integer-valued random variables, which is independent of {X,;, n,i > 1}. Define {Z(n),

n = 0} recursively as

Z(n—1)
Z(n)= 3 Xnité&, n=1  Z(0)=0. (1)
i=1

Suppose A := EX,,; = 1 and B := Var(X,;) € (0,00). Define E&, = a(n), Var(§,) =
B(n). {Z(n),n = 0} is called a critical Galton-Watson (GW) branching process with
immigration.

There have been many research works on the limit theorems of branching processes
with immigration. For instance, Wei and Winnicki !} studied the model (1) where {&,} is
an i.i.d. sequence with finite variance, and proved a functional limit theorem for Z([nt])/n
(t > 0). Ispany et.al. 2] investigated a sequence of nearly critical GW branching processes

with immigration, where the offspring variance tends to 0. Rahimov ®! also considered
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the process defined by (1), where {&,} are independent and a(n) — oo, f(n) — oo.
Three different limit theorems were obtained, depending on the relation of a(n) and S(n).
Furthermore, Guo and Zhang!¥ generalized one of the results in [3], by supposing {&,}
are N-dependent (N > 2) and (n) = o(na(n)).

In this paper, we are interested in the process {Z(n), n > 0} defined by (1), where

the immigration satisfies the following ¢-mixing condition:
Definition 1  Suppose {Y;} is a sequence of random variables. Let F)" = o(Y; : n <

i<m), 1 <n<m< oo Define
P(AB) &
= LI/ 00 > 1!,
Ww(m) sup{(P(A)P(B) 1|: Ae FF, Be F2,,, P(AP(B) #£0, k 1}
The sequence {Y;,, n > 1} is said to be ¢-mixing, if )(n) — 0 as n — oo.
We shall base our discussion on the following condition:

(H) The two sequences {X,;, n,i > 1} and {&,, n > 1} are independent with each
oo

other. {&,, n > 1} is a sequence of 1-mixing random variables satisfying > (k) < oc.
k=1

And we always assume

TG

w5 B(n)

In the paper, under (H) and (2), we shall prove a functional central limit theorem of

~0. 2)

Z(n), generalizing the results of [3] (independent immigration case) and [4] (/N-dependent
immigration case). As applications, we obtain some central limit theorems of the estimator
En of the offspring mean A. We shall see that the limit is normal or the change of a normal
variable, according to the relation of a(n) and 3(n).

To get the proofs, we shall split the normalized process of Z(n) into two parts: repro-
duction process and immigration process (see (11) and (12)). For the first part, we prove
that it converges weakly to 0 by martingale central limit theorem. This proof is inspired
by Rahimov . For the second part, in our case, the immigration at different generation
are not independent of each other. To deal with it, we use the invariance principle for
mixing sequences (see for example, [5-7]). One shall see that under the assumption (2),
the immigration variance 5(n) plays an important role in the proofs. We mention that
our technical tool of the proof of main theorem can also be used to deal with the case
B(n) = o(na(n)), which was discussed in [4] by different decomposition.

The remainder of the paper is organized as follows. The main result is given in Section

2. Section 3 contains some preliminary lemmas and their proofs. Section 4 is devoted to
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the proof of the main theorem. Finally, applications in parameter estimate are given in
Section 5.

In what follows, we write a, ~ b, if and only if li_>m an /by = 1; ap, = o(by,) if and

. . D d P .
only if lim a,/b, =0. ‘—’, ‘“—" and ‘— denote the convergence of random functions
n—oo
in Skorokhod space, the convergence of random variables in distribution, and convergence

in probability, respectively.

§2. Functional Limit Theorem

For each k > 0, let (k) = 0{Z(i), 1 <i < k} and .F] = o{Z(i), m < i < n}. For

each n > 1, suppose a(n) and (n) are regularly varying functions as n — oo, i.e.
a(n) = n“Ly(n), B(n) = nﬁLB(n), (3)

where o, f > 0, and Ly(n) and Lg(n) are slowly varying functions as n — oo. Denote

A(n) = E[Z(n)], B%*(n) = Var[Z(n)].
By (1), forn > 1,
Z(n—1) n
A) =E( X Xui) + B =ELZ(n— D] +aln) = = X a(h),
and .
B2(n) = A%(n) + o(n) + 2 ; k;rl Cov (&, &) := A%(n) +72(n),
where - .
A*(n) =B Y A(k),  o*(n)= Y B(k). (4)
k=1 k=1

For ¢t > 0, define

and for each € > 0, define

3 2 Edle = (b 6 —a(b)] > co(n)}
k=1

where [nt] is the largest integer before nt.

dn(e) =

Moreover, we always assume

lim o(n) =c (6)

n—o0 g(n)

holds for some positive constant c¢*. The following is our main theorem of this paper.
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Theorem 2  Suppose condition (H), (2) and (6) hold. If §,,(¢) — 0 for any ¢ > 0,
then

Yo(t) 2 WEP), n— oo

in Skorokhod space D(R,,R), where W (t) is the standard Brownian motion.

83. Preliminary Results

Lemma 3 ([8; Lemma 1.2.11]) Let {X,,, n > 1} be a sequence of 1)-mixing random
variables. Let X € ZF, Y ¢ Fiin EIX| < oo, EJY| < oco. Then, E[XY]| < co and

[EXY — EXEY| < ¢(n)E|X|E|Y].
Remark 4 Consider the immigration sequence {&,}. Using Lemma 3, we get

*(n) = Var {[&1 — a()] + [&2 — a(2)] + - + [€n — a(n)]}

= S Var(e) +2 5 3 Cov(6—ali).& - al)
z:l]: i+1
< Svar(g) 42 5> (i~ Elg - al)[ElG - )
kzl 7,:1 =1
< 3 Var(g) + [2 3 w(k)] 3 ElE — (i)
k=1 k=1 i=1
<[1+2 3 vh)]o?n).
k=1

Hence the assumption (6) is reasonable. Particularly, if the sequence {&,,, n > 1} is positively
associated, then (6) holds.

Lemma 5 ([3; Lemma 3]) Assume A%(n) and 0(n) are defined by (4). Asn — oo,

i Bn?a(n) nB(n)

¥ Rl e v BN Qld e

(i) Fory >0 . .
LA nAY(n na(n
N T T N )

Applying Lemma 5, (2) and (6), as n — oo,

a(n) ~ B(n), o(n) ~ c*B(n). (7)
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Lemma 6 If a(n) — oo as n — oo, then

[nt]
(i) B~4(n)Var [ > Z(k‘)} —0;
k=1
(ii) B~4(n) [nf EZ?(k) — 0.
k=1

Proof For part (i), by Holder’s inequality, the upper bound

[nt] [nt]—1 [nt]

B~4(n)Var [ > Z(k)] =B~(n) Y. B2(k) +2B4n) 3 3 Cov(Z(i), Z()))
k=1 k=1 i=1 j=i+1
[nt] [nt] [nt]
< B7(n) ;;1 B?(k) +2B7*(n) ; B(i) ; B(j)
Cin?B2%(n)
734@) —0

holds as n — oo, where C} is a positive constant depending only on t.
For part (ii), in fact,
EZ?(k) = B*(k) + A%(k).
Using Lemma 5, we complete the proof. O

For n > 1, let

M(n) = Z(n) = Z(n — 1) — a(n), (8)
and for k > 1,
Z(k—1)
T(k) =" % (K-, ©
Here we denote i = 0. Then
i=1
M(n)=T(n)+ &, — a(n). (10)

By (1), (8) and (10), Y,,(¢) given by (5) can be written as

Yu(t) = B~ (n) [ni] M(k) =Y, (1) + Y, (1), (11)
k=1
where ] -
Y,N(t) =B ' (n) k; T(k),  Y?(t)=B"'(n) k;[ék —a(k)]. (12)

Next, we consider the property of T'(k) defined by (9).
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Lemma 7 Fori>1,

BA(i — 1), i=7;

0, B

Proof Considering the independence of reproduction process and immigration, we

know that
E[T(k) | F(k—1)] = Z(k - 1)E(X11 —1) =0, (13)

and
E[T?(k)|.Z(k—1)] = Z(k — 1)E(X11 —1)> = BZ(k - 1).

Using the property of conditional expectation, we get
E[T()T(G)] =T ETG) | F(G -]} =0
for j > i, and
E[T2(i)] = E{E[T?(i)| # (i — 1)]} = BA(i — 1). O

For e >0 and t > 0, let

[nt]

I(n) = B~*(n) k; EIT?(k) g0 ><Bm) | 7 (k = 1)].

Lemma 8 Assume (2) and (6) hold. Then

I(n) =50, n— oo (14)
Proof Obviously,
In) < —— S" ET2(8)| (K~ 1)
n) < F(k—1)).
Bz(”) k=1

L _ 1 BA(k —1
B2(n) = ~ B%(n) kZ::I (k=1
LB [nA(n)

a+2 A2(n)+o%(n)

— 0,

hence
L S e # - 1)] 0 (15)
B? (") k=1 .

Then, we obtain the result. O
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Lemma 9 ([9] and [3]) Let {U}, k > 1} for each n > 1 be a sequence of martingale
differences with respect to some filtration {,}J:Zf, k > 1}, such that the conditional Lindeberg

condition
[nt

} = P
k_lE[UYE)Ql{uqﬂ>e}Iéiiil]——%'0

holds as n — oo for all e > 0 and ¢ € Ry. Then

in Skorokhod space D(Ry,R) as n — oo, where U(t) is a continuous Gaussian martingale
with mean 0 and covariance function C(t), t € Ry, if and only if
[nt] — p
gfﬂ@ﬂﬂh%ﬁc®
as n — oo for each t € R;.
Lemma 10 ([6; Theorem 1]) Let {Xj, & > 1} be a centered 1-mixing sequence of

random variables having finite second moments. Suppose {k,, n > 0} satisfies

0= ko <k <--- s nlLH;O 112%}%(]% — ki—l)/kn = 0, (16)
and
52 = knh(kn),

where h : Ry — R, is a slowly varying function, and
n
Sn=> X,  s2=ES%
k=1
Define
mp(t) = max{i > 0: k; < thy}, Wi(t) = Sy 1)/ $ns t€[0,1].

If {X), k> 1} satisfies

1i_>m 523 E[X,fl{|xk|>ssn}] =0 forany e >0 (17)
and
. 1 n o
tm " s ) 25 vt =0 08)
then
Wh(t) N W(t) in D[0,1], n — oo.

Remark 11 If k, 1 0o as n — oo, then condition (16) is equivalent to lim ky,y1/kp
n—oQ
=1.
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84. Proofs of Main Theorem

To prove Theorem 2, we need the following propositions.

Proposition 12  Suppose condition (H), (2) and (6) hold. Then
YN (t) = 0, n — 0o

in D(R,,R).

Proof First, by (13), we know that {T'(k), k > 1} is a sequence of martingale
differences with respect to {#(k), k > 1}. Let U’ = T'(k)/B(n) and f};’; = Z(k) in
Lemma 9. Combing with (14) and (15), we complete the proof. O

Proposition 13  Suppose condition (H), (2) and (6) hold. If §,,(¢) — 0 for any ¢ > 0,
then
Y@@ S wEt?),  n-o oo

in Skorokhod space D(Ry,R), where {IWW(t), t € Ry} is the standard Brownian motion.
Proof Let X} =¢; — a(k) in Lemma 10. Then

sp =0(n) ~ B(n), n — 0o. (19)

From Lindeberg condition, we know (17) is satisfied. Moreover, by Holder’s inequality,
E|Xk| < VE|Xk[?2 = \/B(k), we then have

5.1 max 3 3 ()
o (max EIX) 3 0() < X 000

1<k<n

Recalling (6) and Lemma 5 (i), we get (18). So, conditions of Lemma 10 are satisfied. Let
kn = n'tP then m,(t) = [nt'/(1+5)]. Thus, we obtain

Spast/a+8)] D

Wi(t) = By wit) (20)

Sn
as n — oo. Setting u = t'/1*+A) in (20), we get
S D 143
V“d/sn — VV(U ).

Together with (19), we end the proof. O

Proof of Theorem 2 Combining Proposition 12 with Proposition 13, we complete
the proof of Theorem 2. O
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85. Applications

Rahimov 1% obtained limit distributions of the conditional least-squares estimator

(CLSE) A,, of the offspring mean A (A = 1) with independent immigration. In the

present paper, {&,, n > 1} are not mutually independent, as a result, the estimator
n
P ECRVIDIR{UEES
A, == - (21)
S Z2(k— 1)
k=1

is not the CLSE of A any more. However, under condition (H) and some moment condi-

tions, the central limit theorems of an still hold. The results are classified into three cases

as follows:
na(n) = o(f(n)) and B(n) = o(na(n)), n — oo; (22)
no(n) = o(B(n)),  n - o0 (23)
na®(n) ~ doB(n), dp € (0,00), n — 0. (24)

Theorem 14  Assume (22). If §,,(¢) — 0 for any € > 0, then
3/2 ~
e CONG S T S
B(n)
where N(0,a?) is a normal random variable with mean 0 and variance
s (14+a)?(2a+3)?
20+ B +3)(c*)?
Theorem 15 Suppose (23) and there exists 0 < § < 1 such that E(&}) < k9+%7
(k>1). If 6,(¢) — 0 for any € > 0, then
- W2 1) — (c* 2
TL(An—1>i> 1() (C) ,
2/ W2(tHP)de
0

Theorem 16 Suppose (24) and there exists 0 < § < 1 such that E(&}) < k9+%/
(k> 1). If 0,() — 0 for any € > 0, then

= d 27 W3() = (¢*)?] + con
n(dn —1) = 2/2a+3)+¢

n — 0o,
where

€0 1+«

COVBIED oy [ weea
0

1 1
<:2c0/ W(t1+5)t1+adt+/ W2(t1+8)dt.
0 0
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Remark 17  The proofs of Theorems 14—16 are parallel to [10; Theorems 2—4]. We

only explain the differences here. Our key step is to prove that as n — oo,

I & e P ()2
B0 k;M (k) — ()" (25)

Using Lemma 5 and (2), we derive

1 LR p
B’ W0 By &

Then, (25) is equivalent to

By (4) and (6),

(28)

Therefore, (26) follows from (27) and (28).
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