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�©Ù´ü¸é¡©Ù�, ü«�.LyûÐ. �´, �^�©Ùk !�½öõ¸�,

þ�Ú¥ ê¿ØUéÐ��LT©Ù�¥%, d�¯ê´�Ü·�ÀJ. ¯ê£8´^
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KempÚ Silva [7] ïÄ
�ëê�.; Krief [8] JÑ
��5¯ê£8�.�; ,	, Zhao

� [9] �Ñ
�5¯ê¼ê�£8Xê�²�q,�O; LeeÚ Kim [10] ?Ø
í�êâe

��5¯ê£8�.�. 'uõ�¯ê (ÛÜ¯ê)¼ê£8�.�nØïÄI��E,

�©ÛÚO��{, ïÄ¤JÿØõ�. Ù¥ EinbeckÚ Tutz [11] �Ñ
ÄuØ�Ý�O

�¯ê£8�.XÚnØ, ¿?Ø
$^þ�¤£�{¦)�Oþ; Chen� [12] Äuþ�

¤£�{XÚ?Ø
�ëê¯ê£8�Oþ�ìCÂñ5, ¿�ï
�&«mÚýÿ«m;

Chen� [13]K?Ø
ÄuT�{��àa¯K; ZhouÚ Huang [14]?�Úòþ©�{A^

u�3ÿþØ�¯K�êâ©Û.

nÜykïÄ¤J��, ëê¯ê�.¦)ÚnØ5�©Û®k�Ð¤J, �ëê�

.�Û�3u¼êL�UåÉ�. �ëê¯ê�.�LkCz5, �){ÚnØ5�í�

�E,, '�61�){k2Â EM�{Úþ�¤£ (mean shift)�{ (ë�©z [15]). �

ùü«�{�å:��þÑ´Ø�Ý�O, Ïd�O�J�6uØ�Ý�O��þ. 3Ø

�6uØ�Ý�O��{¥, Ota� [16] JÑ
�«Äu�5© ê¼ê�O�¯ê£8

�., ò¯ê£8¼ê��O¯K=z�© ê¼ê�ê���¦)¯K. T�{ò^�

© ê¼ê���5¼ê, ¤±´�«ëê�.��{. �©3dÄ:þ, �Ñ�«�ëê

��{, T�{¿©|^�ëê© ê�O`D�¼ê�L�Uå, 5J,éE,¯ê¼

ê��O�J. �©�YSN(�Xe, 31�!¥0�T�.��EÚ¦), 1n!Ú1

o!©O�Ñn��[ïÄÚ��ý¢êâïÄ, ¿��5�.?1'�, 1Ê!éT�

{�`:ÚØv�Ño(.

§2. Äu© ê¼ê�¯ê£8

� (X1, Y1), (X2, Y2), · · · , (Xn, Yn)´5goN (X,Y )�{ü�Å��, P f(y |X =

x)��½ X = x� Y �^��Ý¼ê, K¯ê£8¼ê½Â�

m(x) = Mode(Y |X = x) = arg max
y
f(y |X = x).

ÄuØ�Ý�O�¯ê£8�.¦)�{�ïÄ'�¿©, ����nã5©z [15]. 3

©z [16]¥, �ö¦^
�«#�Äu�5© ê¼ê�¯ê�O�{. ·�Äk�Ñù

«�{nØÄ:�y², ,��ÑÄu�ëê© ê�O�¯ê¼ê�O, ?Ø�.�ë

ê�ÀJ�{¿��5�.'�.

2.1 Äu© ê¼ê�¯ê¼ê�O

½n 1 P f(y |x)´�½ X = x� Y �^��Ý¼ê, F (y |x)��½ X = x� Y

�^�©Ù¼ê, y = Q(τ |x)L« X = x� Y � τ © ê¼ê, D = {y | f(y |x) > 0}.



1 5Ï 4xx, �: Äu�ëê© ê�O�¯ê£8�. 485

� m(x)��½ X = x� Y �ü�¯ê¼ê (==�Ä�3����Û¯ê), XJ3 D

þ, ∂F (y |x)/∂y = f(y |x)� τx = arg min
τ
∂Q(τ |x)/∂τ , @om(x) = Q(τx |x).

y²: Ï� y = Q(τ |x)� F (y |x) = τ , =^�© ê¼ê�^�©Ù¼êp��¼

ê. d¯ê¼ê½Â9þã^���, 3«� Dþ,

m(x) = arg max
y
f(y |x) = arg max

y

∂F (y |x)

∂y

= arg max
y

1

∂Q(τ |x)/∂τ
= arg min

Q(τ |x)

∂Q(τ |x)

∂τ
.

qd τx = arg min
τ
∂Q(τ |x)/∂τ , =�m(x) = Q(τx |x). �

dd½n�, ¯ê£8¼ê�¦)¯K�=z�© ê¼ê'u© :�ê����

¦)¯K, ù�·�Jø
�«�#�ØÓuÄuØ�Ý�O�¯ê£8�.){, �,

© ê¼ê�O®k´L�ïÄ¤J�±/^. Ota� [16] ��{´ò© ê¼ê���

5¼ê, ?�ìþãnØ�O¯ê¼ê. ù«ëê�5�.�`:´{'�*, �)º5

r, ¦)�B, nØ5�í���{', �":´�5�.�¼êL�Uåk�, 3© ê

¼êCzE,, A�õ��, N´Ñy�.�½�Ø. Ïd, �©$^ÄuØ�{��ëê

© ê¼ê�O�{, ?�Ñ¯ê£8�.�)��O.

ÄuØ�{��ëê© ê¼ê�.ò�.�)�½3��Ü·�2)ØF�ËA

�m H ¥, T�mv
�, U�y)�ûÐ%C5�, Ó�ÏL�½�Kz�, ¦�£8¼

êv
1w. ,�, ÏLÍ¶�L«½n, ò�.)L«¤ØéA�A�¼ê��5|Ü/

ª, ò�.¦)¯K=z���à`z¯K, ,�=z�éó¯K¦), T�{�Ä:nØ

�ë�©z [17]±9©z [18],  Takeuchi� [19] éT© ê�O�{?1
�[�0�.

e¡·�Äk0��5© ê�O�{�¢y, ,�0��ëê© ê�O�¢yL§.

© ê¼ê�O��5�.�{´ò© ê¼ê�� Q(τ |X = x) = xTβ(τ), τ ∈
(0, 1), �Ç β(τ)�±deª�O:

β̂(τ) = arg min
β∈Rd

n∑
i=1

ρτ (Yi −XT
i β),

Ù¥ ρτ (µ)´uÿ¼ê, �¡���¼ê. ù´��à�55y¯K, ¦)�nùpØ2K

ã, �±ÏL R^�¥�§S� quantreg��¢y.

e¡0�ÄuØ�{��ëê© ê�O. Ù¥, Ø�{92)ØF�ËA�m�ë

�©z [17]�1 2Ú1 4Ù±9©z [18]�1 4Ù, ÄuØ�{�£8¼ê�O��©z

[17]�1 9Ù, © ê¼ê�O��©z [18]�1 9ÙÚ©z [19]. �{{0Xe, P© 

ê£8���¼ê�

lτ (ξ) =

τξ, ξ > 0;

(τ − 1)ξ, ξ 6 0.
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Ø k(·, ·)éA�2)ØF�ËA�m� H, K© ê¼ê�Oþ�Xe��Kz�`z¯

K�):

f̂ = arg min
f

{ 1

n

n∑
i=1

lτ (Yi − f(Xi)) +
λ

2
‖g‖2H

}
, (1)

Ù¥ f = g + b, b ∈ R, g ∈ H. ‖ · ‖H ´2)ØF�ËA�m H ��ê. �âL«½n (ë

�©z [17]�1 4.2!±9©z [18]�1 5.1Ú 5.2!), T`z¯K�)�½÷v

f̂(x) =
n∑
j=1

ωjk(x,Xj) + b,

?�Ú��T¯K��d/ª:

min
w,b,ξi,ξ∗i

C
n∑
i=1

τξi + (1− τ)ξ∗i +wTKw,

¦�

yi −
n∑
j=1

wjk(Xi, Xj)− b 6 ξi,
n∑
j=1

wjk(Xi, Xj) + b− yi 6 ξ∗i ,
ξi, ξ

∗
i > 0.

Ù¥ w = (w1, w2, · · · , wn)T, K = (k(Xi, Xj))n×n ´ GramÝ
. ~^�Ø¼êkpdØ

k(u, v) = e−‖u−v‖
2/(2σ2), .Ê.dØ k(u, v) = e−‖u−v‖/σ, �5Ø k(u, v) = uTv + c�. ,

�, þ¯K=�=z�Ùéó¯K, ¿¦^�g5y�{¦). ��¦)L§�±ÏL R

^��§S� kqr¢y (ë�©z [19]).

ü«�{�OÑ5�© ê¼ê Q̂x(τ) = f̂(x)'u τ ÑvkÐ�¼êL«, Ã{��

¦Ù�ê. Ïd, ?�Ú¦^�û5�O© ê Qx(τ)'u τ ��ê sx(τ), =:

ŝx(τ) =
Q̂x(τ + h)− Q̂x(τ − h)

2h
.

¿- τ̂x = arg min
τ
ŝx(τ), ����^�¯ê��O m̂(x) = Q̂x(τ̂x).

2.2 �ëêÀJ

Äu�5© ê¼ê�¯ê�.I�ÀJO��û�Ú� h, ÄuØ�{© ê�O

�¯ê£8�.I�(½ü��ëê, Ø
�û�Ú� h	, ��ÀJ�Kz��ëê

C. ü«�{¥, Ú� h�ÀJæ^� Ota� [16] �Ó, L§Xe. Äk, Äu KoenkerÚ

Machado [20]��{O�

hKM(τ) = n−1/3z2/3α

[ 3φ(Φ−1(τ))

4Φ−1(τ)2 + 1

]1/3
,
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Ù¥ φ Ú Φ ´IO��©Ù��Ý¼êÚ©Ù¼ê, zα = Φ−1(1 − α/2), � α = 0.05;

Ùg, 3�½� X = x?, ¦^��Á:�° hpilot = n1/6hKM(0.5)O���Ð©�O

τ̂prelimx ; ��¦^ hn = n1/6hKM(τ̂prelimx )�Om(x).

�Kz��ëê C �ÀJ��X© ê¼ê�1wÝ, lé¯ê£8¼ê�O�

K���. 3²;�þ�£8�.¥, TëêÀJ�{��´Äuq,&EOK½���

y�©. ZhouÚ Huang [21]��[O�ïÄL², Ø�Ý�O�°�ÀJ�{¿Ø·Ü¯

ê£8�.. Ó��, Ï~�þ�£8�.��°�ëêÀJ{¿Ø·Ü¯ê£8. Ï

d, �©�â¯ê£8���A�, Äu���yg�, �E��#����yOKXe:

CV(C) =
1

n

n∑
i=1

I
( |Yi − m̂(−i)(Xi)|

d
6 1
)
,

Ù¥ I(·)�«5¼ê, d´~ê,����ACþ*ÿ� (Y1, Y2, · · ·, Yn)4�� 5%, m̂(−i)(·)
�Ø�1 i�*ÿ��£8¼ê��O�, |¢ÀÑ¦ CV������ëê C. �[Ú

ý¢êâ©Ûw«TOKLyûÐ, UÀÑÜ·�ëê C ��.

§3. � [

�!ÏLn��[5ü«Äu�ëê© ê�O�¯ê£8�.��O�J, ¿�

Ota� [16] �Ñ��5�.?1'�, '�OK�ý¢¯ê¼ê��O�¯ê¼ê3 Xi ?

�þ�Ø�

MSE = n−1
n∑
i=1

[m̂(Xi)−m(Xi)]
2.

3z�~f¥, �û�O�Ú�Ú�Kz�ëê�ÀJþU 2.2!�{?1. Ù¥, �K

zëê C éA����y�© CV(C)��Xã 1¤«, ~ 2�`� C �� 2.2 (ã 1 (a)),

~ 3�`� C �� 0.7 (ã 1 (b)), ~ 4�`� C �� 0.1 (ã 1 (c)). �O(J©O�ã 2!

3!4.
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~ 2 -

f(x) = 50x3 − 75x2 +
75

2
x− 25

4
,

Yi = f(Xi) + εi, Xi ∼ U(0, 1),

εi ∼ 0.2N(−2, 0.52) + 0.8N(2, 0.52),

��Nþ n = 200. � x1 = x3, x2 = x2, x3 = x, F L« ε�©Ù¼ê, Ký¢�© ê¼

êP��5¼ê�

Qτ (x) = 50x1 − 75x2 +
75

2
x3 −

25

4
+ F−1(τ),

ε�¯ê� 2, ¤±ý¢¯ê¼ê�

m(x) = 50x3 − 75x2 +
75

2
x− 17

4
.

�O�¯ê¼ê(JXã 2¤«,Ù¥�5�.�MSE� 0.03096441,�ëê�.�MSE

� 0.06124879.
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ã 2 õ�ª¯ê¼ê!Ñ:9Ù�O�. (a) ý¢¯ê¼êÚÑ:ã; (b) ý¢¯ê¼ê (¢�)

9Äu�5�.�£8¼ê (J�); (c)ý¢¯ê¼ê (¢�)9Äu�ëê�.�£8¼ê

(J�)

~ 3 -

f(x) = 8 sin(10x), Yi = f(Xi) + εi, Xi ∼ U(0, 1),

εi ∼ 0.2N(−4, 0.52) + 0.8N(4, 0.52),

��Nþ n = 200. � x1 = sin(10x), F L« ε�©Ù¼ê, Ký¢�© ê¼ê��5/

ª�

Qτ (x) = 8x1 + F−1(τ),



1 5Ï 4xx, �: Äu�ëê© ê�O�¯ê£8�. 489

ε�¯ê� 4, ¤±ý¢¯ê¼ê�

m(x) = 8 sin(10x) + 4.

�O�¯ê¼ê(JXã 3¤«, Ù¥�5�.�MSE� 0.3814918, �ëê�.�MSE

� 0.1420147.
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ã 3 ±Ï¯ê¼ê!Ñ:9Ù�Oã�. (a) ý¢¯ê¼êÚÑ:ã; (b) ý¢¯ê¼ê (¢�)

9Äu�5�.�£8¼ê (J�); (c)ý¢¼ê (¢�)9Äu�ëê�.�£8¼ê (J

�)

~ 4 (Mexican Hat) -

f(x) = −1 + 1.5x+ 0.2φ(x− 0.6), Yi = f(Xi) + εi,

φL«þ�� 0, IO�� 0.04��Ý¼ê,

Xi ∼ U(0, 1), εi ∼ 0.4N(−1, 2.52) + 0.6N(1, 0.12),

��Nþ n = 200. � x1 = x, x2 = φ(x− 0.6), F L« ε�©Ù¼ê, Ký¢© ê¼ê�

�5/ª�

Qτ (x) = −1 + 1.5x1 + 0.2x2 + F−1(τ),

ε�¯ê� 1, ¤±ý¢¯ê¼ê�

m(x) = 1.5x1 + 0.2x2.

�O�¯ê¼ê(JXã 4¤«,Ù¥�5�.�MSE� 0.01068117,�ëê�.�MSE

� 0.02123267.

d±þn��[�±wÑ, Äu�ëê© ê�O�¯ê£8�.UûÐ��OÑ¯

ê£8¼ê, �O�J�Äu�(�½�5/ª��5© ê�.��O�J�C. �7
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ã 4 Mexican Hat¯ê¼ê!Ñ:9Ù�Oã�. (a)ý¢¯ê¼êÚÑ:ã; (b)ý¢¯ê¼

ê (¢�) 9Äu�5�.�£8¼ê (J�); (c) ý¢¼ê (¢�) 9Äu�ëê�.�£

8¼ê (J�)

L�Ñ�´, ù´Ï�3�[¥, ·���ý¢© ê¼ê�äN/ª, l�±òÙ�

�¤éA���O(��5/ª, ù��ué�5�.�O�O(5Jø
4��O(

�k�&E, ÏdÄu�5�.�{�Ly��~Ð. �´, 3¢SA^¥, Ø�U��©

 ê¼ê�(��5/ª, ù�¬¦�Äu�5© ê�.��O�JwÍC�, ù�:

3e�!�¢SA^¥Ny��~²w. Äu�ëê© ê�O�¯ê�.%ØÉdK

�, E,UûÐ��O¯ê¼ê.

§4. A ^

�!òc©0��ü«¯ê�.$^uP§¢�� (Old Faithful)�êâ. Têâ�

¹ 272�P§¢���u±Y�mÚ������m, êâ�g R§S� faithful. ·�±

���m�gCþ, ±�u�m��ACþ. �O(J�ã 5. dã 5�±wÑ, Äu�5

© ê�O�¯ê£8¼ê[Ü(JLu{ü, ØUéÐ�£ãü�Cþm���'X,

�[Ü�£8¼êkJ±�Ø�a�, Ù���ÏÒ´�5�.��½�Ø. �Äu�

ëê© ê¼ê�¯ê£8�.�O�JûÐ, £8��1w, �U�Ð��xüCþ

m���CzA�.

§5. o (

�©JÑ
�«Äu�ëê© ê�O�¯ê£8�., ÏL¦^ÄuØ�{�© 

ê¼ê�O, 2|^© ê¼ê�¯ê�'X¦Ñ¯ê£8¼ê��O. ·���E
�

«·Ü¯ê£8�.�ëêÀJ����yOK, ¿âd�Ñ
�[ÚA^¢~. (Jw

«T�ëê¯ê£8�.LyûÐ, �'uÄu�5© ê¼ê�¯ê£8�., T�{
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ã 5 P§¢�êâÑ:, Äu�5© ê�O�¯ê£8¼ê (ù¢�)

ÚÄu�ëê© ê�{�¯ê£8¼ê (7¢�)

�ä(¹5, U�Ð���äkE,CzA��êâ8. �´, T�O(J�ìC5�©

Û, ±9Äud�O(J�éoN¯ê�ÚOíä¯K, ´I�?�ÚïÄ�ó�.
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Modal Regression Based on Nonparametric Quantile

Estimator

LIU Tingting YANG Lianqiang WANG Xuejun

(School of Mathematical Science, Anhui University, Hefei, 230601, China)

Abstract: Modal regression based on nonparametric quantile estimator is given. Unlike the traditional

mean and median regression, modal regression uses mode but not mean or median to represent the center

of a conditional distribution, which helps the model to be more robust for outliers, asymmetric or heavy-

tailed distribution. Most of solutions for modal regression are based on kernel estimation of density. This

paper studies a new solution for modal regression by means of nonparametric quantile estimator. This

method builds on the fact that the distribution function is the inverse of the quantile function, then the

flexibility of nonparametric quantile estimator is utilized to improve the estimation of modal function.

The simulations and application show that the new model outperforms the modal regression model via

linear quantile function estimation.
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