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���m, ÑÖ
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>büè�., Ù¥b�>b�mÑlL«� (α,T )� IPH©Ù, Ù¥ α = (1, 0, 0, · · · ),

T =


b a

c b a

c b a
. . .

. . .
. . .

 .

ùpb� a, b, c ∈ (0, 1), a + b + c = 1� c > a. ù«AÏ� IPH©Ù·�¡� T-IPH

©Ù, §´�ê �áÂ)«óáÂ�m�©Ù, w,²;� Geo/Geo/1üèaÏÑl

T-IPH©Ù, Ï
T©Ùk�*�A^�µ.

é>b�mÑl T-IPH©Ù� Geo/Geo/1>büè, ·�Äk^ QBD ([)«)L

§ï�, ÏL^E©Û�{éL§�éÜ²­©Ù� PGF (VÇ1¼ê)?1©Û, Äk�

�
üèXÚ²­è��N\è�Ú²­Ï3�m�N\ò�©Ù� PGF; ,�, 3dÄ

:þ, �Ñ
ùü�5U�I�ê�O��{±9�ÜìCA�. (JL², ù�5U�I

��ÜØ´AÛP~, 
´�éAÛP~�¦±�ê� −3/2��Æ�.

�©±e�!SNSüXe, 1 2!�Ñ
õ­ó�>b�/� QBDL§�., 1 3

!ÏLE©Û�{é¤ïá�.©Û���'²­�I©Ù� PGF; ,�1 4!Ú1 5!

± PGF�Ä:?�Ú?Ø
²­�I�ê�O�±9�ÜP~A�; 1 6!�Ñ
�A

�ü­>b�.�(J
Ñ�
[!; 1 7!�Ñ
eZê�~f; ��1 8!´�©�

�(Ü©.

§2. �.£ã

�Ä Geo/Geo/1üè, b������u)3�Y t = n+, n = 1, 2, · · · , ��L§´
ëê� p� BernoulliL§; b�ÑÖ�m©Ú(åÑu)3�Y t = n−, n = 1, 2, · · · , �
ÑÖ�mÑlëê� q���ê�AÛ©Ù. ��gÑÖ(J�, XJXÚ��, KÑÖ�

á=?\���ÝÑlL«� (α,T )� T-IPH©Ù�>bÏ, 3>bÏ, ÑÖ�ò��Ê

�ó�. ��g>b(å�, XJXÚ¥k��, KÑÖ�m©���JøÑÖ, �5aÏ

m©, ÄK, ÑÖ�?\,��Õá�>b.

- LnL«�� n�XÚ¥���ê, l
3�Y t = n−�¤ÑÖ���òØ2O\

Ln. ,	, ½ÂCþ

Jn =

0, XJÑÖ�3�� n u�5aÏ;

i, XJÑÖ�3�� n u>bG�� u � i.

K���ÅL§ {(Ln, Jn), n > 0}�G��m�E = {(0, j), j > 1}∪{(l, j), l > 1, j > 0}

G�=£ãXã 1¤«. 3ã¥, é?¿�¢ê x ∈ (0, 1), 5½ x = 1− x.
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ã 1 QBDL§ {(Ln, Jn), n > 0}�G�=£ã

�rG�Ui;5Kü��, �âã 1��L§ {(Ln, Jn), n > 0}�=£VÇÝ
�

P =


B0 A0

C B A

C B A
. . .

. . .
. . .

 , (1)

Ù¥

A0 =


0 p

0 p

0 p
. . .

. . .

 , B0 =


pa pa

pc pb pa

pc pb pa
. . .

. . .
. . .

 ,

B =


pq + pq 0

pc pb pa

pc pb pa
. . .

. . .
. . .

 ,

A = diag{pq, p, p, · · · }, C = diag{pq, 0, 0, · · · }.

¤±, ¤ïá�L§´��Ã� � QBDL§.

d©z [12]¥½n 1.2.1Ñu´y², þã QBDL§H{�¿©7�^�´

ρ ,
pq

pq
< 1. (2)

3d^�e, L§�²­©Ù���3, b�²­©Ù� π = (π0,π1,π2, · · · ), Ù¥ π0 =
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(π01, π02, · · · ), 
é i = 1, 2, · · · , πi = (πi0, πi1, · · · ). ²­©Ù π´²­�§ π = πP ÷v

8�z^� πe = e���).

§3. ²­�I

�!·��Ñ²­è�Ú²­Ï3�m� PGF, �d, -

G(z, s) =
∞∑
i=0

∞∑
j=0

πijz
isj , |z| 6 1, |s| 6 1, (3)

g(z) =
∞∑
i=0

πi0z
n, |z| 6 1, (4)

Ù¥b� π00 = 0. keãÚn:

Ún 1 éÜ²­©Ù�VÇ)¤¼ê G(z, s)�L�ª�

G(z, s) =
M(z, s)g(z) +N(z, s)

zK(z, s)
, (5)

Ù¥

K(z, s) = pas2 − (1− pb)s+ pzs+ pc,

M(z, s) = z(pas2 + pbs+ pc) + s[pqz2 − (pq + pq)z − pq],

N(z, s) = δpzs(1− s),

� δ = p(c− a)(1− ρ).

y²: Äkl²­�§ π = πP Ñu²L{ü�O��� (5)ª, Ù¥3 N(z, s)�

L�ª¥, δ = π01c + π10q ´���½~ê. Ùg, rM(z, s)w�'uCþ z �õ�ª,

KN´�yTõ�ª3 (0, 1)Sk���, ¿P� z(s), �T�÷v z(s)→ 1, s→ 1. r�

z(s)�\ (5)��

G(z(s), s) =
δps(1− s)

pas2 − (1− pb)s+ pz(s)s+ pc
,

- s→ 1, ¿d L’Hosptial{K, �(½ δ��, l
�¤
Ún�y². �

Ún 2 )¤¼ê g(z)�L�ª�

g(z) =
δz[1−R(z)]

q(1− z)(1− ρz)
, (6)

Ù¥

R(z) =
1

2pa

[
1− pb− pz −

√
(1− pb− pz)2 − 4p2ac

]
.
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y²: 3�§ (5)¥, rK(z, s)w¤Cþ s�õ�ª, KTõ�ªkXeü��

s1(z) = R(z) ,
1

2pa
[1− pb− pz −

√
∆(z) ], s2(z) =

a

c
R(z),

Ù¥∆(z) = (1− pb− pz)2 − 4p2ac. e |z| 6 1, d{ü�O�N´�y 0 < s1(z) < s2(z),

s1(z) 6 1.

y3, d (5)ª��

G(z, s) =
M(z, s)g(z) +N(z, s)

paz[s− s1(z)][s− s2(z)]
.

Ï�� |z| 6 1� G(z, s1(z)))Û, ¤± s1(z)7L´þªm>©f�":, l
��

g(z) = −N(z,R(z))

M(z,R(z))
.

��, d R(z)�½Â��

M(z,R(z)) = R(z)(z − 1)(pq − pqz),

dd=�Ún�(Ø. �

½n 3 - LL«²­G��XÚ¥���ê, �-

L(z) =
∞∑
i=0

ziP(L = i), |z| 6 1

� L�VÇ)¤¼ê, Kk

L(z) =
α(1− ρ)(p+ pz)[1−R(z)]

(1− ρz)(1− z)
, (7)

Ù¥ α , p(c− a)/p´���~ê.

y²: w,

L(z) = G(z, 1) =
M(z, 1)g(z) +N(z, 1)

zK(z, 1)
,

2d{ü�O���

K(z, 1) = p(z − 1), M(z, 1) = q(pz + p)(z − 1), N(z, 1) = 0.

l
k

L(z) =
q(pz + p)

pz
g(z),

Ï
d (6)ª=��½n�(Ø. �

é>büèXÚ, ��²;�(Ø´Ù²­è�9²­Ï3�m�±©)�ü��p

Õá��ÅCþ�Ú, Ù¥����A�Ã>büè�²­�I, 
,��´d>bÚå

�N\è� (P� Ld)½N\ò� (P� Sd). é�©�üè�., keã(Ø:
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½n 4 ²­N\è� LdÚN\ò� Sd�VÇ)¤¼ê©OXeª¤«

Ld(z) =
α(p+ pz)[1−R(z)]

1− z
, Sd(z) =

(c− a)z[p− T (z)]

1− z
, (8)

Ù¥

T (z) =
1

2a

[
1 + pb− z −

√
(1 + pb− z)2 − 4p2ac

]
.

y²: 1��(Ød (7)ªw,��, [!lÑ. 1��(Ød (7)±9C�/ª�

Littleúª L(z) = S(p+ pz) [7]��. �

§4. ²­�I�ê�O�

3²­N\è�ÚN\ò� PGF�Ä:þ, ��!?Øùü�²­�I�ê�O�

¯K. d PGFÑu?1ê�O�´�«­���{ [13]. keãü�(Ø.

½n 5 ²­N\è� Ld�©ÙÆ÷v

P(Ld = k) =


αp(1− r), k = 0;

α
(

1 + prk −
k∑

i=0
ri

)
, k > 1,

(9)

Ù¥ rk d4í'X

rk+1 =
1

D1

(
prk + pa

k∑
i=1

rirk−i+1

)
, k > 0 (10)

9Ð� r0 = r , (2pa)−1(1− pb−D1)¤(½, 
 D1 ,
√

(1− pb)2 − 4p2ac.

y²: �Lr Ld(z)Ðm� z ��?ê, PÙ�?êÐm�
∞∑
k=0

lkz
k. 2-

∞∑
k=0

rkz
k

´ R(z)�?ê, Kd�§ (8)��

∞∑
k=0

lkz
k =

α

1− z

[
(p+ pz)

(
1−

∞∑
k=0

rkz
k
)]

= α
∞∑
k=0

zk
∞∑
k=0

Fkz
k

= α
∞∑
k=0

( k∑
i=0

Fi

)
zk,

ùpd{ü�O���

Fk =


p(1− r), k = 0;

p(1− r)− pr1, k = 1;

−prk − prk−1, k > 2,
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Ù¥ r , R(0). dd=�� (9).

��, Ï� R(z)÷v�§ pc− (1− pb)R(z) + paR2(z) = 0, r R(z)��?ê�\T

ª�� 
pc− (1− pb)r0 + par20 = 0,

brk − (1− pb)rk+1 + pa
k+1∑
i=0

rirk−i+1 = 0, k > 0.

dd=��S�úª (10), l
�¤
½n�y². �

½n 6 ²­N\ò� Sd�VÇ©ÙÆ�

P(Sd = k) =


0, k = 0;

(c− a)
(
p−

k−1∑
i=0

ti

)
, k > 1,

(11)

Ù¥ tk dS�úª

tk+1 =
1

D2

(
tk + a

k∑
i=1

titk−i+1

)
, k > 0 (12)

ÚÐ©^� t0 = (2a)−1(1 + pb−D2)¤(½, 
 D2 ,
√

(1 + pb)2 − 4p2ac.

y²: y²�{�½n 5aq, [!lÑ. �

§5. ²­�I�ìC©Û

�!lúª (8)Ñu?�Ú�Ñ²­N\è�ÚN\ò���ÜP~A�, �dI�

eãÚn [14].

Ún 7 b�¼ê f(z)3«�

D(φ, ε) =
{
z : |z| 6 1 + ε, |Arg(z − 1)| > φ, ε > 0, 0 < φ <

π

2

}
¥Ø
 z = 1	)Û�÷v

f(z) ∼ K(1− z)s, z → 1, z ∈ D(φ, ε),

Ù¥K ´���~ê, sØ´�K�ê, K� k →∞�k

Ck[f(z)] ∼ K

Γ(−s)
1

ks+1
,

ùp Ck[f(z)]L«3 z = 0)Û�¼ê f(z)3T:� TaylorÐmª¥ zk �Xê.
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y3?Øü�²­�I��ÜìCA�, Äk, d~5��êO���

∆(z) = (1− pb− pz)2 − 4p2ac =
p2

ηγ
(1− ηz)(1− γz),

Ù¥

η =
p

1− pb− 2p
√
ac
, γ =

p

1− pb+ 2p
√
ac

´ü�÷v η, γ ∈ (0, 1)Ú η > γ �~ê, keã½n:

½n 8 � k →∞k

P(Ld = k) ∼ σ1
ηk−1

k
3
2

, (13)

Ù¥

σ1 =
(p+ pη)(c− a)

√
η − γ

4a(1− η)
√
γπ

´���~ê.

y²: Äk, -

l(z) =
1−R(z)

1− z
=
−p− p(c− a) + pz +

√
∆(z)

2pa(1− z)
, (14)

Ù¥1���ª�²{ü�O��y.

Ùg, Ï� z = 1´ (14)ª©1�":, l
7´Tª©f�":, ¤±k
√

∆(1) =

p(c− a), Ï
 (14)ª�U��

l(z) =
1

2pa

[
− p+

√
∆(z)−

√
∆(1)

1− z

]
.

qÏ� √
∆(z)−

√
∆(1)

1− z
=

1√
∆(1)

[∆(z)−∆(1)

1− z
−
√

∆(z)

√
∆(z)−

√
∆(1)

1− z

]
,

�þªm>1��´�� 1gõ�ª, ¤±é k > 2k

Ck

[√∆(z)−
√

∆(1)

1− z

]
= − 1√

∆(1)
Ck[H(z)],

Ù¥

H(z) =
√

∆(z)

√
∆(z)−

√
∆(1)

1− z
3«�

D(φ, ε) =
{
z : |ηz| 6 1 + ε, |Arg(ηz − 1)| > φ, ε > 0, 0 < φ <

π

2

}
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SØ
 ηz = 1±	)Û, ¤± l(z)�÷vT5�.

,	, N´�y

l(z) ∼ − p
√
η − γ

2pa(1− η)
√
γ

√
1− ηz, ηz → 1,

¤±dÚn 7��

Ck[l(z)] ∼ p
√
η − γ

4pa(1− η)
√
γπ

ηk

k
3
2

, k →∞,

ùp^�
úª Γ(−1/2) = −2
√
π.

��, Ï� Ld(z) = α(p + pz)l(z), ¤±� ηz → 1�k Ld(z) ∼ α(p + p/η)l(z), l


��½n(Ø, Ù¥

σ1 =
α(p+ pη)p

√
η − γ

4pa(1− η)
√
γπ

=
(p+ pη)(c− a)

√
η − γ

4a(1− η)
√
γπ

´���~ê. �

½n 9 � k →∞�k

P(Sd = k) ∼ σ2
θk−1

k3/2
,

Ù¥

σ2 =
(c− a)

√
θ − ξ

4a(1− θ)
√
ξπ

´���~ê


θ =
1

1 + pb− 2p
√
ac
, ξ =

1

1 + pb+ 2p
√
ac

´ u (0, 1)��~ê�÷v θ > ξ.

y²: y²�½n 8�y²aq, [!lÑ. �

5¿,d (7)ª��, L(z) = [(1−ρ)/(1−ρz)]Ld(z),
� ηz → 1�, (1−ρ)/(1−ρz)→
η(1 − ρ)/(η − ρ), ¤±� η > ρ�, ½n 8�(Øé²­è� L�¤á, �´IéXê σ1

��?�. é½n 9±9e¡�½n 10���aq�`².

§6. ü­>büè

��!?Ø�A�ü­>büè�.. ù�, ��g>b(å�, XJXÚ¥vk�

�, ÑÖ�ò?\sÏ������5, Ù§b�aqõ­>b�/. éT�., æ^Ú1

2!�Ó�PÒ, ïá QBDL§ {(Ln, Jn), n > 0}, ù� Jn�½ÂXe:

Jn =

0, XJÑÖ�3�� n usÏ½�5aÏ;

i, XJÑÖ�3�� n u>bG�� u � i.
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¤±� Ln = 0��±k Jn = 0, =�3G� (0, 0), l
ù�¤ïáL§�G��m�

E = {(l, j) : l, j = 0, 1, · · · }, 
=£VÇÝ
 P aqu (1)ª, �´d�

B0 =


1− pq 0

pc pb pa

pc pb pa
. . .

. . .
. . .

 ,


A0 = A.

éT�., ²Laq�©Û�²­N\è�LdÚN\ò�Sd�PGF�L�ª©O�

Ld(z) = β + (1− β)α
(p+ pz)[1−R(z)]

1− z
,

Sd(z) = β + (1− β)
(c− a)z[p− T (z)]

1− z
,

Ù¥

β =
[
1 +

pq

p2r(c− a)

]−1
∈ (0, 1)

´~ê. dd?�Ú��

½n 10 é²­N\è� Ldk

P(Ld = k) =


β + (1− β)αp(1− r), k = 0;

(1− β)α
(

1 + prk −
k∑

i=0
ri

)
, k > 1.

P(Ld = k) ∼ (1− β)σ1
ηk−1

k3/2
, k →∞.

éN\ò� Sd, k

P(Sd = k) =


β, k = 0,

(1− β)(c− a)
(
p−

k−1∑
i=0

ti

)
, k > 1.

P(Sd = k) ∼ (1− β)σ2
θk−1

k3/2
, k →∞.

Ù¥PÒ η, θ, σ1Ú σ2�¹Â�c©��.

§7. ê�~f

3c¡�©Û¥, é>b�mÑl T-IPH©Ù� Geo/Geo/1>büè, ·��Ñ
õ

­>b9ü­>bü«�/e²­N\è�ÚN\ò��ê�O��{9ìC©Û(J.
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ê�O��±�Ñ©ÙÆc¡Ü©�ê�(J, 
ìC©Û�±é©ÙÆ��Ü?1�x,

üö(Ü3�å�±é�'²­�I�©ÙÆ�ÑoN�rº. �d��!�ÑA�ê�

~f, ±`²·��{�k�5.

31��~f¥, b�ëê��� a = 0.4, c = 0.6, p = 0.2, q = 0.6. ?�Úb�ÑÖ

�?1õ­>b, ²­è��Ü©ê�(JXL 1¤«.

L 1 N\è��Ü©ê�O�(J

k
P(Ld = k)

ê�(J ìC(J

10 1.60186× 10−2 3.75205× 10−2

20 3.49809× 10−3 6.09824× 10−3

30 1.00193× 10−3 1.52598× 10−3

40 3.24046× 10−4 4.55639× 10−4

50 1.12443× 10−4 1.49877× 10−4

60 4.08663× 10−5 5.24138× 10−5

70 1.53495× 10−5 1.91208× 10−5

80 5.90932× 10−6 7.19447× 10−6

90 2.31912× 10−6 2.77173× 10−6

100 9.24270× 10−7 1.08791× 10−6

150 1.08439× 10−8 1.21580× 10−8

200 1.48435× 10−10 1.62128× 10−10

31��~f¥, - a = 0.1, c = 0.5, p = 0.6, q = 0.8, éõ­>b�/, ²­N\ò

� Sd�ê�O�(JÚìC(JXã 2¤«.
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ã 2 N\ò�©ÙÆ�ê�O�(J�ìC(J'�

3����~f¥, - a = 0.1, c = 0.6, q = 0.7. �
`²ê�O�(J�°Ý, ã 3
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w«
ü«>büÑ�²­N\è� Ld �þ��ëê p�Cz­�, Ù¥þ��ê�(

J�deªCq

E(Ld) =
∞∑
k=0

kP(Ld = k) ≈
N∑
k=0

kP(Ld = k), é¿©�� N,


)Û(J�d�g� PGFÑu´�. ~X, éõ­ó�>b�/, k

E(Ld) = p+
pc

p(c− a)2
.
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ã 3 N\è��þ��ëê p�Cz­�

§8. � (

3�©¥, ·�©Û
>b�mÑl T-IPH©Ù� Goe/Geo/1>büè, ÏL1¼ê

�{, Äk��
²­N\è�ÚN\ò���Å©)(J, ,��?Ø
ùü��I�

ê�O�Ú�ÜP~5�, ��^ê�~f`²
·��{�k�5.
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Numerical Computation and Tail Asymptotic for Stationary

Indices of a Discrete-Time Vacation Queue

ZHANG Hongbo

(School of Statistics and Mathematics, Henan Finance University, Zhengzhou, 450046, China)

Abstract: In this paper we study a Geo/Geo/1 queue with T-IPH vacations, where T-IPH denotes the

discrete-time phase type distribution defined on a birth and death process with countably many states.

Both the multiple and single vacation strategies are considered. For each case, based on the system

of stationary equations and using complex analysis method, we firstly give the probability generating

functions (PGFs) of stationary distributions for queue length and sojourn time. Moreover, by analysis the

PGFs, recursive and asymptotic formulas for additional queue length and additional delay are also given.

Finally, we further give some numerical examples to show the effectiveness of the method.

Keywords: Geo/Geo/1 queue; T-IPH distribution; vacation; stationary indices; tail asymptotic
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