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§1. �.ÚÌ�(J

1.1 �.0�

�ÄlÑ�m�Å�¸¥k.aÌ�©{�ÅiÄ. âf��û�¤�É�m�Å�

¸ ξ K���Å�¸¥�©{L§, âf�$Ä�ÌÉ�m�¸ ω K�� (L,R)�Å�

¸¥��ÅiÄ, Ù¥�m�¸ ξ ��m�¸ ω´�pÕá�. 'u�Å�¸¥�©{�

ÅiÄ, ùa¯K®k´L�ïÄ(J. Devulder [1] ?Ø
âf�ì�½�©{Å��)

��, �âf$Ä�Ì;� (aÌ��� ±1)��Å�¸¥�ÅiÄ��., /ÏiÄ�

� ��n [2, 3], ��
3Ø«ý^�e, � 1 < m < mc �, k lim
n→∞

m∗n/n < 0, a.s.; �

m > mc �, k lim
n→∞

m∗n/n > 0, a.s., Ù¥ mL«âf�)��ê�þ�, m∗n � n���

mâf� �, mc ´=�6u�m�¸ ω �©Ù�~ê. Li� [4] 3�m$ÄÉ�¸K�

�Ä:þ, ?�Ú�Ä
©{Å��6u�m�¸��., ïÄ
 n���mâf ��

4�1�. IAO5¿�´, 'u�Å�¸¥�ÅiÄ�Nõ²;ïÄ�{�©�6ui

Ä´;��ù�^�, k.aÌ�ïÄ�5
��5(J. éu�Å�¸¥k.aÌ��

ÅiÄ�ïÄ, 3 Brémont [5]�âk
�
�'�?Ð. �©3©z [4]�Ä:þ?�Úï

Ä�iÄ�aÌ�k.aÌ
Ø2�½� ±1�, n���mâf ��4�5�.
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·��Ä Zþ��Å�¸¥ (L,R)©{�ÅiÄ, Ù¥ L > 1, R > 1. - Λ = {−L,

· · · , R}/{0}�âfaÌ����m, ωx(l)L«l x� x + l �=£VÇ, ÷v
∑
l∈Λ

ωx(l)

= 1. � ωx = {ωx(l) : l ∈ Λ}. - ωÚ ξ ��pÕá��¸Cþ, Ù¥ ω = {ωx : x ∈ Z}Õ
áÓ©Ù���u Ω, 
 ξ = {ξj : j ∈ N}ÕáÓ©Ù���u Θ. ©O^ Pω,ξ,Pω,Pξ �

L�VÇ P3�½�¸ (ω, ξ), ω, ξe�^�VÇ.

3�¸ (ω, ξ)þ½Â���ÅiÄ {Xn : n ∈ N}÷v X0 = 0, �é?¿� n ∈ N,

x ∈ Z, l ∈ Λ, k

Pω,ξ(Xn+1 = x+ l |Xn = x) = Pω(Xn+1 = x+ l |Xn = x) = ωx(l). (1)

·�3þã�ÅiÄ�Ä:þïá�Å©{XÚ:

1. 3 n = 0��=k��âf, ù�âf u 0:;

2. 3 n = 1��Tâf±VÇ ω0(l)£Ä� l: (l ∈ Λ). Ó�±VÇ Pξ0(k)�) k �

��, ¿g�k�;

3. 3 n = 2��ù k�âf�pÕá��ì (1)¥��ª£Ä�#� �, ��©OÕ

á��VÇ Pξ1(j)�) j ���, ¿g�k�;

· · ·

4. Uþã�ªUYe�, �����Å�¸¥k.aÌ�©{�ÅiÄ.

- Zn L«1 n��âf�ê, K {Zn}n∈N �ÕáÓ©Ù�m�Å�¸ ξ ¥�©{L

§. � ϕξn(s) =
∞∑
k=0

Pξn(k)sk �L1 n�����N�)��êþ�1¼ê. äN�ë�

©z [6].

éuÕáÓ©Ù�m�Å�¸¥�©{L§, k

Ún 1 [7] (þ�.�/)b½ E[− ln(1− ϕξ0(0))] <∞� E ln(ϕ′ξ0(1)) > 0, Kéu�

¸ ξe�«ýVÇ q(ξ), k q(ξ) < 1, P-a.s.

�
�y©{L§ {Zn}n∈N��¹VÇî��u 0, ·�b½

(A1) E[− ln(1− ϕξ0(0))] <∞� E ln(ϕ′ξ0(1)) > 0.

é (L,R)�Å�¸¥��ÅiÄ, Brémont [8] 9WangÚ Hong [9] ©OïÄ
iÄ�

�ê½Æ. Ù¥©z [9]|^ (L,R)�ÅiÄ�S%©{(�, 3½n 1.3¥, Ø=��i

Ä��ê½Æ, 
��Ñ
�ê½Æ�Ç¼ê vP�wªL�.

Ún 2 [9] é (L,R) ÕáÓ©Ù� ��Å�¸¥��ÅiÄ{Xn}n∈N, b½

E(T1) <∞, Ù¥ T1 = inf{n > 0 : Xn > 0}, K

lim
n→∞

Xn

n
= vP, P-a.s.
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Ø���5, �©b½

(A2) vP 6 0.

¢Sþ, é vP > 0��¹�²1?Ø. �
¦^ (L,R)�Å�¸¥�ÅiÄ�� ���

'(Ø, ©Ùb�eã^� (A3)Ú (A4)¤á.

(A3) �3~ê α > 0, é?¿ l ∈ Λþk
∫
| lnω0(l)|1+αdP < +∞.

(A4) �3~ê δ > 0÷v P[ω0(±1) > δ] = 1 (��ý�^� [10]).

� vP < 0�, iÄÜ©63�KÃ¡. d�, �.¥�3X�«¿�: É�m�¸�K

�, z��âfÑk� −∞£Ä�ª³; �dÓ�, ©{L§�þ��)âfqO\
,


âf£Ä� +∞��U5. Ï
·�5ïÄ�mâf ��4�5�.

5P 3 � vP < 0�, iÄÜ©63�KÃ¡, l
��âf� �w,ªuKÃ

¡, ��âf ����4�� vP�m�'Xò´·�e�Ú'%�¯K.

1.2 �m�Å�¸¥�ÅiÄ�4�5�

/�©z [1]Ú [4]¥��{, �©é�Å�¸¥k.aÌ�©{�ÅiÄ, �ò�m

�Å�¸¥k.aÌ��ÅiÄ�� �5���óä. 3 (A3)Ú (A4)¤á�^�e,

Yilmaz [10]ïÄ
�m�Å�¸¥k.aÌ��ÅiÄ�� �5�.

é?¿ n ∈ Z, - Tn := inf{k > 0 : Xk > n}Ú Tn := inf{k > 0 : Xk 6 n}©OL«
iÄ�mB��Ú�B��. -

λ(r) := lim
n→∞

1

n
lnEω(erTn , Tn < +∞), P-a.s.,

λ(r) := lim
n→∞

1

n
lnEω(erT−n , T−n < +∞), P-a.s.

3©z [10]¥Ún 1.7�Ñ, é P-a.s. ω, λ(r)Ú λ(r)�3¿�´(½5�, ��3,

�~ê rc ∈ [0,∞)¦� λ(r)Ú λ(r)3 (−∞, rc]þ´k��, 3 (rc,∞)þ�u∞, �~ê

κc := [λ′(rc−)]−1Ú κc := −[λ
′
(rc−)]−1÷v−B < κc 6 0 6 κc < B,Ù¥B = max{L,R}.

3©z [10]¥½n 1.8uy, é a.s. ω, [Pω(Xn/n ∈ ·)]n>1 ÷v�a� ��n, Ù¥

�Ç¼ê I(v)´(½5� (��Å�)à¼ê.

Ún 4 [10] 3 (A3)Ú (A4)�e, é a.s. ω, [Pω(Xn/n ∈ ·)]n>1 ÷v�Ç¼ê� I(v)

�� ��n,

I(v) =



sup
r∈R
{r − vλ(r)}, e v > 0;

rc, e v = 0;

sup
r∈R
{r + vλ(r)}, e v < 0.
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�Ç¼ê v 7→ I(v)÷v

(i) 3 [κc, 0]Ú [0, κc]þ´�5�,

(ii) 3 (−B, κc)Ú (κc, B)þ´î�à�,

(iii) 3 (−B, 0)Ú (0, B)þ´���.

5P 5 � v > 0�, (Üþã5�� I(v) = sup
r∈R
{r − vλ(r)} = sup

r6rc
{r − vλ(r)}, d

{ü�O�� lim
v→0+

I(v) = rc. Ón lim
v→0−

I(v) = rc. 
 I(0) = rc, � I(v)3 0:ëY.

½Â 6 e E ln(ϕ′ξ0(1)) < I(B), - b´�§ E ln(ϕ′ξ0(1)) = I(v)3 [vP, B]þ���

); e E ln(ϕ′ξ0(1)) > I(B), ½Â b = B.

5P 7 d I(v)3 (−B,B)þëY��à¼ê, I(vP) = 0 (I(vP) = 0�d�y{�

¤á,e I(vP) > 0,(Ü I(v)3 (−B,B)þëY�: �3 δ > 0,÷v inf
x∈[vP−δ,vP+δ]

I(x) > 0,

l
 lim sup
n→∞

Pω(Xn/n ∈ [vP − δ, vP + δ]) = 0, 
ù� lim
n→∞

Xn/n = vP, P-a.s.gñ), (Ü

Ún 4¥ I(v)�5�±9 E ln(ϕ′ξ0(1)) > 0� b�½Â´Ün�. �� E ln(ϕ′ξ0(1)) > I(0)

�, b > 0; � E ln(ϕ′ξ0(1)) = I(0)�, b = 0; � E ln(ϕ′ξ0(1)) < I(0)�, b < 0.

1.3 Ì�(J

©Ùé�Å�¸¥k.aÌ�©{�ÅiÄ, ïÄ�m ��âf�4�5�. -m∗n

L« n���mâf� �, b3½Â 6¥½Â. 3b� (A1) – (A4)¤á�, k

½n 8

P
(

lim sup
n→∞

m∗n
n
6 b

∣∣∣Zn →∞) = 1.

5P 9 ©z [4]?n
 L = R = 1��/, ��
aq�(J. ·�ßÿ

P
(

lim inf
n→∞

m∗n
n
> b

∣∣∣Zn →∞) = 1,

�����y², ù�(Ø�3 ω�(½�¸��� (=½n 10).

½n 10 � ω�(½�¸�, =�3(½5©Ù ζ ∈ Ω¦� ωx ≡ ζ (x ∈ Z)�, k

P
(

lim
n→∞

m∗n
n

= b
∣∣∣Zn →∞) = 1.

5P 11 � ω�(½�¸�, ùpïÄ��.�À�´�m�Å�¸¥�©{�Å

iÄ�., éu�m�Å�¸¥�©{�ÅiÄ [11]��
m∗n/n�VÇÂñ�4�, 3ù

�©Ù¥½n 10y²
m∗n/nA�7,Âñ.
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§2. ½ny²

2.1 �.Ä�5�

- λ(x, n)L« n ∈ N�� u � x ∈ Z?�âf�ê. Z(x, n, µ)L« n�� 

u � x?�âf¥�1 µ�âf�)e����ê, Ké?¿ n ∈ N, {Z(x, n, µ) : µ ∈
N, x ∈ Z}´ÕáÓ©Ù��ÅCþ, ÷v Pξ[Z(x, n, µ) = k] = Pξn(k), � λ(x, n)÷v

λ(x, 0) =

1, x = 0;

0, x 6= 0,

λ(x, n+ 1) =
R∑
i=1

λ(x−i,n)∑
µ=1

1{n�� u x− i�1 µ�âfm£ iÚ}Z(x− i, n, µ)

+
L∑
i=1

λ(x+i,n)∑
µ=1

1{n�� u x+ i�1 µ�âf�£ iÚ}Z(x+ i, n, µ).

é?¿� x ∈ Z9 n ∈ N, �

fω,ξ(x, n) =
[ n−1∏
i=0

ϕ′ξi(1)
]
Pω(Xn = x) (n > 1); fω,ξ(x, 0) = Pω(X0 = x).

Ún 12 é?¿ n ∈ N, x ∈ Z, k

Eω,ξ[λ(x, n)] = fω,ξ(x, n). (2)

y²: � n = 0�d½Â(Øw,¤á. b½é�½� n ∈ N, x ∈ Z, k (2)¤á, K

é n+ 1k

Eω,ξ[λ(x, n+ 1)]

= Eω,ξ

[ R∑
i=1

λ(x−i,n)∑
µ=1

1{n�� u x− i�1 µ�âfm£ iÚ}Z(x− i, n, µ)

+
L∑
i=1

λ(x+i,n)∑
µ=1

1{n�� u x+ i�1 µ�âf�£ iÚ}Z(x+ i, n, µ)
]
.

d½Â�,

Eω,ξ[λ(x, n+ 1)]

=
R∑
i=1

ϕ′ξn(1)ωx−i(i)Eω,ξ[λ(x− i, n)] +
L∑
i=1

ϕ′ξn(1)ωx+i(−i)Eω,ξ[λ(x+ i, n)]

=
R∑
i=1

ϕ′ξn(1)ωx−i(i)fω,ξ(x− i, n) +
L∑
i=1

ϕ′ξn(1)ωx+i(−i)fω,ξ(x+ i, n).
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Ïd

Eω,ξ[λ(x, n+ 1)] =
[ n∏
k=0

ϕ′ξk(1)
]
·
[ L∑
i=−R

ωx+i(−i)Pω(Xn = x+ i)
]

=
[ n∏
k=0

ϕ′ξk(1)
]
Pω(Xn+1 = x)

= fω,ξ(x, n+ 1).

l
, dêÆ8B{�é?¿ n ∈ N, x ∈ Z, þk (2)¤á. �

|^�m�¸Ú�m�¸�Õá5, ��

íØ 13 é?¿ n ∈ N, x ∈ Z, k E[λ(x, n)] = {E[ϕ′ξ0(1)]}nP(Xn = x).

2.2 ½n 8�y²

b = B �(Øw,¤á, �e¡=�Ä b < B ��/, �â b�½ÂÚ�Ç¼ê I(v)

�5��, é?¿ B > α > b, �3 ε > 0, ¦�

E ln(ϕ′ξ0(1)) < I(α)− ε.

l
dÚn 4�, éA�¤k�¸ (ω, ξ), � nv
��, diÄ�� �5�k

Pω(Xn > nα) 6 exp{−n[I(α)− ε/2]}.

l
éA�¤k�¸ (ω, ξ), � nv
��(ÜÚn 12k

Pω,ξ{λ([nα,+∞), n) > 1} 6 Eω,ξ

[ +∞∑
x=nα

λ(x, n)
]

=
[ n−1∏
k=0

ϕ′ξk(1)
]
Pω(Xn > nα)

6 exp
{
n
[ 1

n

n−1∑
k=0

lnϕ′ξk(1)− I(α) +
ε

2

]}
6 exp{n[E ln(ϕ′ξk(1))− I(α) + ε]}.

d E ln(ϕ′ξ0(1)) < I(α)− ε�,

+∞∑
n=1

Pω,ξ{λ([nα,+∞), n) > 1} < +∞,

d Borel-CantelliÚn�, � nv
��, Pω,ξ-a.s.vkâf u [nα,+∞)¥. l
XJ

Zn > 0, Òkm∗n < nα. (Ü αÀ��?¿5�½n 8¤á.
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2.3 ½n 10�y²

(Ü½n 8, ·�=Iy²e.. � α ∈ (vP, b), d½Â��3 ε > 0÷v

E ln(ϕ′ξ0(1)) > I(α) + ε.

�½÷v (A2) – (A4)��¸ ω, � kω v
��, k

Pω(Xn > kωα) > exp[−(I(α) + ε)kω]. (3)

l
dÚn 12,

Eω lnEω,ξ

[ ∑
x>kωα

λ(x, kω)
]

= Eω ln
([ kω−1∏

i=0
ϕ′ξi(1)

]
Pω[Xkω ∈ [kωα,+∞)]

)
=

kω−1∑
i=0

E lnϕ′ξi(1) + lnPω[Xkω ∈ [kωα,+∞)]

> kω[E lnϕ′ξ0(1)− I(α)− ε] > 0.

éu�½��¸ ω, dud��m�Å�¸òz, l
âf�$Ä´�màg��Å

iÄ. e¡, ·�|^�½�÷v (3)� kω �E���Å�¸ ξ¥�©{L§.

• 3 0��, =k��âf u 0:?, � Y0 = 1.

• ^ Y1L«3 kω �� u [kωα,+∞)S�âf�ê, = Y1 = λ([kωα,+∞), kω), Pù


âf��N� J1.

• b½ J1 ¥1 i�âf� �� z1i, � X1i �ù�âf3 2kω ���)� u [z1i +

kωα,+∞)S����ê, � Y2 =
Y1∑
i=1

X1i.

• �ge�=�����m�Å�¸¥�©{L§ {Yn}.

Ún 14 �þã�ª�E��m�Å�¸¥�©{L§ {Yn} ´þ�.�.

y²: dÚn 1, ·�=Iy² {Yn}÷v

Eω ln(Eω,ξY1) > 0, (4)

Ú

Eω[− ln(1− Pω,ξ(Y1 = 0))] <∞. (5)

d {Yn}��E�ª� (4)¤á.

e¡y² (5)�¤á. � λn � n��á3«m [Rn,+∞)S�âfê, düN5�=

Iy²

Eω[− ln(1− Pω,ξ(λn = 0))] <∞, ∀n > 1. (6)
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db�^�(A1)Ú (A3)� E[− ln(1− ϕξ0(0))] <∞, ω0(R) > 0. �� n = 1�k

Eω[− ln(1− Pω,ξ(λ1 = 0))] 6 Eω[− ln(1− [Pξ0(0) + (1− Pξ0(0))(1− ω0(R))])]

= Eω[− lnω0(R)(1− Pξ0(0))]

= Eω[− ln(1− Pξ0(0))]− lnω0(R) <∞.

b� n��� (6)¤á, 5¿�� λn 6= 0�, duaÌ���, n��¤k u [Rn,+∞)

S�âf��U u Rn?, ed� λn+1 = 0��=�¤k n�� u Rn?�âf3

n+ 1�� £þØ�u R½´Ü©âf3 n+ 1�£Ä�
 R(n+ 1)?�vk�)��

Ò«ý
. � Pω,ξ(λn+1 = 0 |λn 6= 0) 6 1− ωn(R) + ωn(R)Pξn(0). l


Pω,ξ(λn+1 = 0)

= Pω,ξ(λn+1 = 0 |λn = 0)Pω,ξ(λn = 0) + Pω,ξ(λn+1 = 0 |λn 6= 0)Pω,ξ(λn 6= 0)

6 Pω,ξ(λn = 0) + [1− ωn(R) + ωn(R)Pξn(0)]Pω,ξ(λn 6= 0). (7)

d (7)�3 n+ 1��k

Eω[− ln(1− Pω,ξ(λn+1 = 0))]

6 Eω[− ln(1− Pω,ξ(λn = 0))]− ln(ωn(R)) + Eω[− ln(1− Pξn(0))] <∞.

l
dêÆ8B{�(Ø¤á. �

Ún 15 éA�¤k�¸ (ω, ξ), k

Pω,ξ

(
lim
n→∞

m∗n
n
> α

)
> 0.

y²: d {Yn}��E� YnØ�L3 nkω ���L§ u nkωαþ��âf�êþ,

= Yn 6 λ([nkωα,∞), nkω). dÚn 14� {Yn}´�þ�.�©{L§, �

Pω,ξ[λ([nkωα,∞), nkω)→∞] > Pω,ξ(Yn →∞) > 0. (8)

� λ([nkωα,∞), nkω)→∞�, é¿©�� n, km∗nkω > nkωα¤á, �

lim inf
n→∞

m∗nkω
nkω

> α.

é?¿ n ∈ N, � an = [n/kω], Ù¥ [x] = max{n ∈ Z : n 6 x}, K an÷v

ankω 6 n < (an + 1)kω.

(ÜiÄ�5�k

m∗n
n
>
m(an+1)kω − [(an + 1)kω − n]R

(an + 1)kω
>
m(an+1)kω − kωR

(an + 1)kω
.
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�

lim inf
n→∞

m∗n
n
> lim inf

n→∞

m(an+1)kω − kωR
(an + 1)kω

> lim inf
n→∞

m∗nkω
nkω

.

nþ(Ü (8)�

Pω,ξ

(
lim inf
n→∞

m∗n
n
> α

)
> 0.

Ún 15�y. �

½n 10 y²: d©z [4; 704�]�y² (�,©z [4]¥b�
 L = R = 1, �ù

�Ü©�y²L§¿ØI�^� L = R = 1)��, 3Ún 15¤á�^�ek

Pω
(

lim inf
n→∞

m∗n
n
> α

∣∣∣Zn →∞) = 1.

(Ü αÀ��?¿5�

Pω
(

lim inf
n→∞

m∗n
n
> b

∣∣∣Zn →∞) = 1,

l
(Ü½n 8�(Ø�½n 10¤á. �

�� a�ö©²�Ç�G%��Ú�\?Ø. a�"v<�c[�ÖÚ�Ñ��B

¿�.
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[11] MALLEIN B, MI LOŚ P. Maximal displacement of a supercritical branching random walk in a time-

inhomogeneous random environment [J]. Stochastic Process Appl, 2019, 129(9): 3239–3260.

Branching Random Walks with Bounded Steps in Random

Environments

ZHANG Xiaoyue

(School of Statistics, Capital University of Economics and Business, Beijing, 100070, China)

ZHANG Meijuan

(School of Statistics and Mathematics, Central University of Finance and Economics, Beijing,

100081, China)

Abstract: We consider a branching random walk with bounded steps in random environments, where

the particles are produced as a branching process with a random environment in time, and move indepen-

dently as a random walk with bounded steps on Z with a random environment in location. We study the

speed of the rightmost particle, conditionally on the survival of the branching process.
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