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�ÅC��¡� “êÆw�º”, U
Jp��5!�²­5&Ò��ª©EÇ, äké2

��A^cµ. ,	, �ÅnØ3nØêÆ¥�uÐ�éW*, ~�^5ïÄØ5K¼ê�

ìC5�!C:uÿ!¼ê.êâü��. �©òÌ�0��ÅnØ3ênÚO¥�uÐ

ÚïÄ¤J, ���Ñ�
úm¯K, ¿��Ñ#�ïÄ��.

^ Lp(R) (1 6 p <∞)L« p��È�¼ê�m, =

Lp(R) =
{
f :

∫ ∞
−∞
|f(x)|pdx <∞

}
,

Ù�ê½Â�

‖f‖p =
[ ∫ ∞
−∞
|f(x)|pdx

]1/p
,

� p = 2�, ²��È¼ê�m L2(R)=� Hilbert�m.

�Ï±5, Æö���ãåÏé L2(R)�mp��«Q�±�±�êÄ`:, q�±

�Ö�êÄØv�¼êÄ; ¿�ù«¼êÄ´d,�äk1w5!;| 5Ú�p��

�Ý�¼êÏL� Ú²£
)¤�¼êx. y3·�¡ù«¼êÄ� “�ÅÄ”. 1�

�ý���ÅÄ´d 1986cMeyer3~¦�ÅÄ��35��EÑ5�. 3�Ñ�'n

Ø¤J�c, Äk0��ÅÄ�½Â!5�Ú�
PÒ. -I�Å¼ê ϕ(t)Ú1�Å¼ê

ψ(t)k.Ú;| , ¿�
∫
ϕ2 =

∫
ψ2 = 1, µk =

∫
tkψ(t)dt = 0éu 0 6 k 6 r − 1, µr =

r!κ 6= 0, Ù¥ κ = (r!)−1
∫
trψ(t)dt, r´��ê. -

ϕk0l(t) = 2k0/2ϕ(2k0t− l), ψkl(t) = 2k/2ψ(2kt− l), t ∈ R,

éu?¿ k0, k > k0, l ∈ Z. u´ {ϕk0l(t), ψkl(t), k, l ∈ Z, k > k0}/¤ L2(R)�m��|

��Ä. �K'XLyXe,∫
ϕk0l1ϕk0l2 = δk0l1δk0l2 ,

∫
ψk1l1ψk2l2 = δk1l1δk2l2 ,

∫
ϕl1ψk2l2 = 0,

Ù¥ δij L«�ÛS�Xê, = δij = 1, XJ i = j; ÄK� 0. �õ'u�ÅPÒ�±ë�

©z [7].

é?¿�¼ê f(x) ∈ L2(R)�±©)¤Xe�Å/ª:

f(x) =
∑
l

bk0lϕk0l(x) +
∞∑

k=k0

∑
l

bklψkl(x), (1)

Ù¥, bk0l =
∫
ϕk0l(x)f(x)dxÚ bkl =

∫
ψkl(x)f(x)dx´¼ê f(x)��ÅXê. Ðmª (1)

´�«AÏ���?ê. §�AÏ5Ì�Ny3§Ø�ÊÏ�Fp�?ê, §�Cq5´

3ªÇÚ�mþNy. 'u�Å�O�{�ïÄ�ë�©z [8, 9].

�E f(x)�Oþ�Ä�g�´Äu*ÿêâ, ©O^�ÅXê��Oþ�� (1)ª¥

��ÅXê bk0l Ú bkl. ùÒI�� (1)ª¥�Ã¡?ê���ä, Ï�·��U
?nk
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���ÅXê. �âLy/ªØÓ, �Å�O�±©¤ü«: �5�Å�OÚ��5�Å

�O. ��5�Å�Oþ��E´�6u��, �â��/ªØÓ, ��5�Å�Oþ�±

©�ÛÜ����5�Å�Oþ, �Û����5�Å�OþÚ¬����5�Å�Oþ

(��1 3Ü©1 1�!).

�©Äk0��Å�O�{�Ä��£. 1 2Ü©Ì�0���êâeÚp�êâ

e��¼ê��5�Å�O. 1 3�1 8Ü©Ì�0���êâ!mí�êâ!��äê

â!"�êâe��5�Å�Oþ��EÚïÄ¤J. 1 9Ü©·�é�Å�O�{�ï

Ä¤J?1o(, ¿é�Å�O�{�5�nØïÄÚ¢SA^?1Ð".

§2. �5�Å�O

1)��êâ�5�Å�O

Donoho� [19]�E
�ÅCþS� {Xi, 1 6 i 6 n}�Ý¼ê f(x)��5�Å�Oþ

f̂n(x) =
∑
l

b̂k0lϕk0l(x) +
k1−1∑
k=k0

∑
l

b̂klψkl(x), (2)

Ù¥ k0, k1 ∈ Z´1wëê,

b̂k0l =
1

n

n∑
i=1

ϕk0l(Xi), b̂kl =
1

n

n∑
i=1

ψkl(Xi)

´�ÅXê�Ã ²��Oþ. b�I�Å ϕÚ1�Å ψk;| , 5¿�éu?¿�

∑
l

ϕkl(Xi)ϕkl(x) +
∑
l

ψkl(Xi)ψkl(x) =
∑
l

ϕk+1,l(Xi)ϕk+1,l(x) = Kk+1(x,Xi),

Ù¥��ÝKØ½ÂXe,

Kk(x, y) = 2kK(2kx, 2ky), K(x, y) =
∑
l

ϕ(x− l)ϕ(y − l).

u´, ½ÂXe/ª��5�Å�Oþ

f̂n(x) =
∑
l

b̂k1+1,lϕk1+1,l(x) =
1

n

n∑
i=0

Kk+1(x,Xi), (3)

ùp� k´l k0 m©, � (1)ª¥ k = 0m©ØÓ. ù���nØØÀâ, b� k0 = 0´

�
{zPÒ.

Besov�m {Bs
pq, s > 0, 1 6 p, q 6 ∞}, Ù¥ s´1wëê, pÚ q^u�½�ê�a

.. Besov�m�)éõDÚ�¼ê�m, AO´1w¼ê Hm Ú Cm � Sobolev�m9
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Hölder�m (©O´ Bm
22Ú Bs

∞∞). ,	, ��)äkwÍ�mØþ!5�¼êa, ~X¬

�ê¼êaÚk.Cþ¼êa. �â�ÅXê, XJ f ∈ Bs
pq, ��=�

‖f‖Bs
pq

= ‖bk0l‖+
( ∑

k>k0

2kq(s+1/2−1/p)‖bkl‖qp
)1/q

<∞,

Ù¥ ‖bk0l‖p =
(∑

l

|bk0l|p
)1/p
Ú ‖bkl‖p =

(∑
l

|bkl|p
)1/p

. � Sobolev�m�', Besov�m

�`:´§�3£ã¼ê�1w5�¡�Ï^. Besov�m#N^�ÅXê5L�, 


Sobolev�mKØ#N. Besov�m��Å©Û­�kXS3�éX.

Donoho� [10] �Ñ�Ý¼ê f(·)3�¹éõØëY¼êa� Besov�mp�5�Å

�Oþ�g�`Âñ�Ý. KerkyacharianÚ Picard [11]9Walter [12] ©O?Ø
�5�Å

�Oþ�Âñ�Ý.

S� {ξi, i > 1}�¡� α·Üê�, XJ α·Üê�

α(m) := sup
k>1

sup{|P (AB)− P (A)P (B)| : A ∈ F∞m+k, B ∈ Fk
1}

Âñ� 0�m→∞, Ù¥ Fb
a = σ{ξi, a 6 i 6 b}L«d ξa, ξa+1, · · · , ξb)¤� σ�ê. 3

®k©z¦^��«·Ü^�¥, α·Ü�f, 3�¹�
�mS��.�éõ�ÅL§

¥¦^2�. ¢Sþ, 3§Ú�b�^�e, �5g£8Ú����V�5�mS��.·

Ü§Ýr, �·ÜXêòz¤�ê, = α(k) = O(ρk)éu�
 0 < ρ < 1, ��©z [13].

Liang [14] ?Ø
����É���.�Å�Oþ�ìC5�. Leblanc [15] ò Kerky-

acharianÚ Picard [11]�(Jí2�����, ïá
lÑ�m�5�Å�Oþ LpØ��

.. Masry [16]ïÄ
����VÇ�Ý¼ê�5�Å�OþMISE�ìC5�. o[²Ú

�§À [17]y²
����£8¼ê�Å�Oþ� Berry-Essen�..

2)�ëê£8�.�5�Å�O

�ëê£8�.3IS	äk2��Ä:ïÄ. �Å�O�{3�ëê£8�.p�

A^�kéõÆö'5. �ÄXe/ª��ëê£8�.

yi = xiβ + g(ti) + εi, i = 1, 2, · · · , n, (4)

Ù¥, xi, ti´�Cþ, yi´�ACþ, β ´��ëê, g(·)´ë�¼ê, εi´�ÅØ�.

ÏLI�Å¼ê ϕ(·), ½ÂXe/ª��ÅØ

Em(t, s) = 2mE0(2
mt, 2ms) = 2m

∑
k∈Z

ϕ(2mt− k)ϕ(2ms− k).

- s2n =
n∑

i=1
x̃2i ,

x̃i = xi −
n∑

j=1
xj

∫
Aj

Em(ti, s)ds, ỹi = yi −
n∑

j=1
yj

∫
Aj

Em(ti, s)ds,
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Ù¥ Aj = [sj−1, sj ], s0 = 0, sn = 1, sj = (tj + tj+1)/2, j = 1, 2, · · · , n− 1. u´|^��

�¦{�E��ëê β ��Å�Oþ

β̂n =
n∑

j=1
x̃iỹi/s

2
n.

2|^�\{, �E�ëêÜ© g(ti)��Å�Oþ

ĝn(ti) =
n∑

i=1
(yi − xiβ̂n)

∫
Ai

Em(ti, s)ds.

Å3� [18] r�Å1wÚ�Å\��{(Ü, ?Øëê β �Å�O�Ø�©Ù�Å\

�%C¯K, ¿y²§�%C°Ý�±�� o(n−1/2). �÷�Ú�&ä [19] ?Ø
�ëê

£8�.ëêÚ¼ê�Å�Oþ�r�Ü5. 4rÚÅ3� [20] |^���¦{Ú�Å�

O½Â
ëêÚ¼ê��Oþ, 3Ø�S�� ψ ·Ü½´ ϕ·Ü�¹e, ?Ø
ëê�

Oþ�r�Ü5, ±9¼ê�Oþ���r�Ü5Ú r �Ý�Ü5. XueÚ Liu [21] æ^

bootstrap�{!�Å�OÚ Efron2Ä�Eâ�E
 bootstrapÚOþ,y²
 bootstrap

%C�r��Âñ5, ¿�E
ëê�����&«m. LiangÚWang [22]3��MA(∞)

Ø�eïÄ
ëê β Ú¼ê g(·)�Å�Oþ�r��Âñ�Ý, (JL², g(·)�Å�O
þ�±���`Âñ�Ý.

3)p�êâ�5�Å�O

p�êâ´�éÓ�|ÉÁ�N3ØÓ�mÚ�mþ�*ÿêâ. ùaêâ3)Ô

�Æ!�¬�Æ!Oþ²LÆÚ61¾Æ+�kX2��A^5. �Äk n��N��

�, é1 i��N3�m: t = tij (i = 1, 2, · · · , n, j = 1, 2, · · · ,m)?é�ACþ Yi(t)

Ú�Cþ Xi(t)?1*ÿ, Ù¥ mi L«é1 i��No�*ÿgê, @o���p�ê

â {(tij , Xi(tij), Yi(tij)), i = 1, 2, · · · , n, j = 1, 2, · · · ,m}. ép�êâ�ïÄ�ë�©z
[23–25]�.

3p�êâe, 'u�Å�O�{�kÆöïÄ. 4f� [26]�Ä
p�êâeCXê

£8�.

yij = xT
ijg(tij) + eij , i = 1, 2, · · · , n, (5)

Ù¥ (xT
ij , tij) ∈ Rd × p´�½®���O:�, g(·)´ d����¼ê�þ, eij ´�Å

Ø�, � E(eij) = 0, Var (eij) = σ2 < ∞. �
�B½Â�Oþ, �Ñ±ePÒ xi = (xi1,

xi2, · · · , xim)T, yi = (yi1, yi2, · · · , yim)T, ei = (ei1, ei2, · · · , eim)T, X = (x1, x2, · · · , xn)T,

Y = (y1, y2, · · · , yn)T, e = (e1, e2, · · · , en)T, W (t) = diag(
∫
A1
Em(t, s),

∫
A2
Em(t, s), · · · ,∫

An
Em(t, s)), K¼ê g(t)��Å�Oþ½Â�

ĝn(t) = [XTW (t)X]−1XTW (t)Y,
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- êij = yij − x′ij ĝn(tij), u´½ÂØ�����Å�Oþ

σ̂2n =
1

nm

n∑
i=1

m∑
j=1

ê2ij .

3·��b�^�e, 4f� [26]y²��¼ê g(t)�Å�Oþ�r�Ü5, r�ÜÂñ�

ÝÚìC��5, Ó��Ñ
Ø��� σ2�Oþ�r�Ü5ÚìC��5.

ïÄ(JL², �5�Å�Oþ�±��g�`Âñ�Ý, �´���O¼ê´�à

g�½´äk���K5�, �5�Å�OþØU���`Âñ�Ý. ,
, �Å��Jø


�«gÄ·^��O¼ê�K5��{, Äu�Å���E���5�Å�Oþ�±�

��`Âñ�Ý.

§3. ��êâ��5�Å�O

1)��5�Å�O���¼ê

3��Õáêâe, ����Ý¼ê f(·)3�¹éõØëY¼êa� Besov�m�,

Donoho� [10] y²
�5�Å�Oþ��`Âñ�Ý´ O(n−2s
′/(2s′+1)), Ù¥ s′ = s +

1/2− 1/p. 5¿�� s > s′ �, k 2s/(2s+ 1) > 2s′/(2s′ + 1). � p < 2�, f(·)���5
�Å�Oþ�Âñ�Ý'�5Âñ�Ý�¯�
. Ì�´Ï��5�Å�Oþ�Uk'�

��¸�, �)Ø7��p��, ù«p��´d�ÅXê bkl �)�. g,/, I�0�

�«ÀJ�ÅXê bkl ��{, �O(/`, ÏLÚ?�����±³�����ÅXê.

~^��Å��Ì�©n«: ÛÜ��!�Û��Ú¬��. e¡�Ñùn«�Å���

½Âª, -¼ê η(u)´�6u�ÅCþ {Xi, 1 6 i 6 n}��Å¼ê, b�

η(u) = 0, |u| 6 t,

Ù¥, t > 0´���� (�U�Å). ηkl ´��Å�, ¿�Ø�6 k, l. y½ÂÛÜ��, Û

Ü��©ü«: ÛÜ^��ÚÛÜM��,

ÛÜ^�� : ηkl(u) = ηS(u) = (|u| − t)+ signu;

ÛÜM�� : ηkl(u) = ηH(u) = uI(|u| > t).

�âþã��, �±�EXe/ª�ÛÜ����5�Å�Oþ

f̂L(x) =
∑
l

b̂k0lϕk0l(x) +
k1−1∑
k=k0

∑
l

ηkl(̂bkl)ψkl(x). (6)

Kerkyacharian� [27]�Ä
Xeü«/ª��Û��

�Û^�� : ηSj (u) = uI
(Sj(p)− 2j/np/2

Sj(p)

)
+

;
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�ÛM�� : ηHj (u) = uI
(
Sj(p) >

2j

np/2

)
,

Ù¥ Sj(p)´�6u {X1, X2, · · · , Xn}�(½ÚOþ, p > 1´ëê. ·��±Ø�3½Ø

íØü��ÅXê, ��±�3½íØ�� j ?Xê, u´�±�EXe/ª��Û��

��5�Å�Oþ

f̂G(x) =
∑
l

b̂k0lϕk0l(x) +
k1−1∑
k=k0

ηj

[∑
l

b̂klψkl(x)
]
. (7)

¬��0uÛÜ��Ú�Û���m, Hall� [28] �Ñ¬��3z�?Ñ�3½íØ

AÏÀ½��ÅXê¬. ¬��r¤k�ê8©¤�Ý� {j = j(n)}�Ø­U¬

Bk = {m : (k − 1)j + 1 6 m 6 kj}, k ∈ Z.

- b̂kl = l−1
∑

m∈Bk

b̂lm ´ bkl = l−1
∑

m∈Bk

blm �Oþ. u´�±½ÂXe/ª�¬����

5�Å�Oþ

f̂B(x) =
∑
l

b̂k0lϕk0l(x) +
k1∑

k=k0

∑
l

[ ∑
m∈Bk

b̂kl(x)ψkm(x)
]
I (̂bkl > Cn−1), (8)

Ù¥ C > 0´�����~ê. 3éõ�¹e, ¬����5�Å�Oþ'ÛÜ����

5�Å�Oþäk�Ð�ìC5�, Ï�§äkØ��	�éê ln��Âñ�Ý.

2)��êâ��¼ê��5�Å�O

3��êâe, �Å�O�nØ¤Jkéõ©z�±�Î. HallÚ Patil [29] �Ñ��

êâeØ�Ý�Oþ�MISE�ìCÐmª

MISE ∼ C1(nh)−1 + C2h
2r,

∼L«���Nþ n→∞�þªÎÒ�mü>�'�ªu 1, 0 < h→ 0´Ø¼ê�I°,

r´Ø¼ê��, C1Ú C2´�6uØ¼êÚ�Ý¼ê�~ê. XJ�Ý¼êØ�3 r��

ê�, @o�Ý¼êØ�OþMISE�ìCÐmªØ¤á. ,
, Ø+���Ý¼ê1w�

Ä, �Ý¼ê���5�Å�OþMISE�ìCÐmªE,¤á.

HallÚ Patil [29]�E��Õá���Ý¼ê��5�Å�Oþ

f̂n(x) =
∑
l

α̂lϕl(x) +
q−1∑
k=0

∑
l

α̂klI(|α̂kl| > λ)ψkl(x), (9)

Ù¥ λ´��Xê, q´1wëê, α̂l Ú α̂kl ´�ÅXê�Oþ. ¦�ÄgØy
��¼ê

ØëY5é��5�Å�Oþ�K�´�±�Ñ�, �Ñ
��5�Å�OþMISE�ì

CÐmª. Patil [30]y²
��Õá��ºxÇ¼êÛÜ�5�Å�Oþ�ìC5�.
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3®k©z¥, ý�õê��¼ê��5�Å�OþÑ´d²��ÅÛÜ���E

�, �±���kéê ln���`Âñ�Ý. Hall� [28, 31] ½Â
��Õá���Ý¼

êÚ£8¼ê¬����5�Å�Oþ, ¿��Ø�éê ln���`Âñ�Ý. Zhang

Ú Zheng [32] ?Ø
�Å�O�£8¼ê��5�Å�Oþ�ìC5�. Cai [33] ÏLU?

¬��Xê, ?Ø
£8¼ê¬����5�Å�OþìCÂñ�Ý. KerkyacharianÚ

Picard [34] |^Ø�O�{Ú��5�Å�O{, ïÄ�Ý¼ê�Oþ3 Besov�m�ì

C5�. Å3� [35]y²
·ÜØ�e£8¼ê�Å�Oþ���Âñ�Ý.

LiÚ Xiao [36]�ÄXe�ëê£8�.

Yk = g(xk) + εk, k = 1, 2, · · · , n,

Ù¥ xk = k/n ∈ [0, 1], g(·)´��¼ê. - {εk, k > 1}´þ�� 0, ���~ê�²­L

§, XJk
∞∑
k=1

|ρ(k)| =∞, Ù¥ ρ(k) = E(εkεk+1)´ εk �g£8���¼ê, K¡ {εk}�

�§��. LiÚ Xiao [36]Äu���§����, �	
�²þ£8¼ê=::1w�, ²

þ£8¼ê���5�Å�OþMISEìCÐmª, �Ø�OþMISEÐmª��. ,
,

XJ��¼êØä�1w5�^�, Ø�OþMISEÐmªØ¤á.

§4. mí�êâ��5�Å�O

3)�©Û¥, ¾<3?1,«;¾�£��, du,
�Ï, ¾<¥åòÑ, ½´d

uÙ¦�Ïk�, ù«�¹�)mí�êâ. 8c, ®kéõÆö'5mí�êâ, �ë�

©z [37–40]�. Cc5, 'umí�êâ��5�Å�O�ïÄ¤J�kéõ�'©z�

±��.

3mí���¥, - {Xi, 1 6 i 6 n}´ÕáÓ©Ù�)��m, äk©Ù¼ê F Ú

�Ý¼ê f . - {Yi, 1 6 i 6 n} ´ÕáÓ©Ù�í��m, äk©Ù¼ê G. b� Xi

Ú Yi �pÕá, du�Åí�, ·��U*	� Zi = min(Xi, Yi) äk©Ù¼ê H Ú

δi = I(Xi 6 Yi). - τ < τH ´�½~ê, Ù¥ τH = inf{x : H(x) = 1}, u´�E�ÅXê
�Oþ

β̂l =

∫
ϕj(x)I(x 6 τ)dF̂n(x), β̂kl =

∫
ψj(x)I(x 6 τ)dF̂n(x),

Ù¥, F̂n(x)´©Ù¼ê F (x)� Kaplan-Meier�Oþ, ½ÂXe

F̂n(x) = 1−
n∏

m=1

(
1−

δ(m)

n−m+ 1

)I(Z(m)6x)
,

Z(m)´ Zi�gSÚOþ, δ(m)´ Z(m)éA�mí�Ïf. u´, |^�\{, �±�EX

e/ª����Ý¼ê f(x)���5�Å�Oþ

f̂n(x) =
∑
l

β̂lϕl(x) +
k1−1∑
k=k0

∑
l

β̂klI(|β̂kl| > λ)ψkl(x), (10)
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Ù¥ λ > 0Ú k1 > 1´1wëê. Antoniadis� [41] �E
mí�êâ�Ý¼ê��5�

Å�Oþ, y²
�Oþ�ìC��5Ú�Oþ MISE��`Âñ�Ý. Li [42, 43] ©O�

Ñmí�êâ)��mºxÇ¼êÚ�Ý¼ê��5�Å�Oþ�ìC��5Ú�Oþ

MISE�ìCÐmª. Å3� [44] 3��êâÚmí�êâe©O?Ø
£8¼ê�Å�

Oþ�r��Âñ�Ý. Liang� [45]y²
mí������Ý¼êÚºxÇ¼ê��5

�Å�Oþ3 Besov�m¥ L2Ø����Âñ�Ý. �<ÚGm, [46]ïÄ
mí�êâ

e�ëê£8�.ëêÚ¼ê�Å�Oþ�ìC5�. LiangÚ Qi [47]?Ø
NA^�em

í���£8¼ê��5�Å�Oþ�ìC��5. BenatiaÚ Yahia [48] �Ä
mí��

���£8¼ê��5�Å�Oþ�ìC5�. �õïÄ�ë�©z [49–53]�.

§5. ��äêâ��5�Å�O

Cc5, ÄuM_¾�DÂ, Æö�m©'5��äêâ. 3�ÆïÄ¥, ¾<3?

1,«;¾�£��, du,
�Ï, ¾<?1£�c��'&E (N§!ÉØ�)vk�

P¹, ù«�¹�)��äêâ. ��©z [54]. �õ'u��äêâ�ïÄ�ë�©z

[55–60]�.

b��ÅCþ {Xi, 1 6 i 6 n}äkëY�©Ù¼ê F Ú�Ý¼ê f , Ti ´��äC

þ, këY©Ù¼ê G. b� XiÕáu Ti. �â Lynden-Bell [61]�g�, ©Ù¼ê F �¦

È��Oþ Fn½ÂXe,

F̂n(x) = 1−
∏

Xi6x

[
1− 1

nCn(Xi)

]
,

Ù¥ Cn(x) = n−1
n∑

i=1
I(Ti 6 x 6 Xi). - aH = inf{x : H(x) > 0}Ú bH = sup{x : H(x) <

1}. a, b´÷v aG < a < b < bF ü�¢ê. �E f1(x) = f(x)I(a < x < b)�ÛÜ���

�5�Å�Oþ

f̂n(x) =
∑
l

ρ̂lϕl(x) +
k1−1∑
k=k0

∑
l

ρ̂klI(|ρ̂kl| > λk), (11)

Ù¥ λk > 0Ú k1 > 1´1wëê, �ÅXê�Oþ½ÂXe,

ρ̂l =

∫ ∞
0

ϕl(x)I(a < x < b)dF̂n(x), ρ̂kl =

∫ ∞
0

ψkl(x)I(a < x < b)dF̂n(x).

NiuÚ Liang [62] ?Ø
��ä���Ý¼ê��5�Å�Oþ�ìC5�, ¿y²


ØëY�Ý¼ê��5�Å�OþMISE�ìCÐmª. NiuÚ Xue [63] ïÄ
��ä�

���^��Ý¼ê��5�Å�Oþ�ìC��5. CaiÚ Liang [64] ?Ø
��ä��

���Ý¼ê��5�Å�OþMISE�ìCÐmª. ZouÚ Liang [65] ïá
��ä��

���Ý¼ê��5�Å�Oþ3 Besov�m¥�Û L2Ø����Âñ�Ý.
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- {Xi, Yi, Ti,Wi, 1 6 i 6 n}´�Å�þ, Yi´)��m, �k©Ù¼ê F , Xi´� Yi

k'��Cþ�þ, ��ä�m Ti �k©Ù¼ê L, mí��mWi. 3��ämí��.

p, �*	�´ {Xi, Zi, Ti, δi}, Ù¥ Zi = min(Yi,Wi)�k©Ù¼ê H, δi = I(Yi 6 Wi).

�â PérezÚManteiga [66]�g�, ©Ù¼ê F ��Oþ½ÂXe,

1− F̂n(y |x) =
n∏

i=1

[
1− I(Zi 6 y)δiBni(x)

n∑
j=1

I(Tj 6 Zi 6 Zj)Bnj(x)

]
,

Ù¥

Bni(x) = K
(x−Xi

hn

)/ n∑
j=1

K
(x−Xj

hn

)
,

K L«Ø¼ê, 0 < hn → 0´�°S�. ©O½Âà:�m|  aQ = inf{y : Q(y) > 0}
Ú bQ = sup{y : Q(y) < 1}. -�½~ê τ1 Ú τ2 ÷v aL(·|x) < τ1 6 τ2 < bH(·|x), �EXe

�ÅXê�Oþ

ω̂l =

∫
ϕl(y)I(τ1 6 y 6 τ2)dF̂n(y |x), ω̂kl =

∫
ψkl(y)I(τ1 6 y 6 τ2)dF̂n(y |x).

u´, |^�\{, ½ÂXe�Ý¼ê��5�Å�Oþ

f̂n(x) =
∑
l

ω̂lϕl(x) +
k1−1∑
k=k0

∑
l

ω̂klI(|ω̂kl| > λk). (12)

LiangÚ de Uña-Álvarez [67] ïÄ
��ämí�����^��Ý¼ê��5�Å�O

þMISEìCÐmªÚ�Oþ�ìC��5, ¿?Ø
�Ý¼êØëY5é�OþMISE

Ðmª�K��±�Ñ.

§6. "�êâ��5�Å�O

3¢S¯K¥, éõ�¹�u)¬��êâ"�. ~X, 3�¬N�¥, ÏL¯òN�

½´æ����êâ, ¯ò�¢�½´É�ö�Ø��Ñ¬��êâ"�. 3�K¢�¥,

£��}!�ö�[½´áýUYë�ïÄÑ¬�)"�êâ. 3ó�¢�¥, du�«

�Ï��Ü©¢�(JP¹Ø���. �õ'u"�êâ�ïÄ�ë�©z [68–73]�.

l"�Å�Ú�ªþ�ò"�êâ©�na: ���Å"� (missing completely at

random, MCAR)!�Å"�(missing at random, MAR) Ú��Å"� (missing not at

random, MNAR). 3£8©Û¥, êâ"�  ©��ACþ"�Ú�Cþ"�ü«�¹.

~X, � {Xi, 1 6 i 6 n}´�Cþ, Yi ´É Xi K���ACþ, ¿�k©Ù¼ê F Ú�

Ý¼ê f . 3¢SïÄ¥, �±��ÕáÓ©Ù�*	þ

{Xi, Yi, δi}, i = 1, 2, · · · , n,
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Ù¥, ¤k��Cþ Xi Ñ��*	, � Yi "��, δi = 0; � Yi ��*	�, δi = 1. ù«

�¹��ACþ"�. aq��±½Â�Cþ"�. 3¢SA^¥Ñy�êâéõ´MAR

�, =3�½�Cþ Xi�^�e, Yi� δi�pÕá, =

P(δi = 1 |Yi, Xi) = P(δi = 1 |Xi),

þªL² Yi´Ä"�� Yi���Ã', =��A��Cþk'. ��©z [74, 75].

WangÚ Qin [76]�E
�ACþ Yi�©Ù¼ê F ��_\��Oþ

F̂n,W (y) =
1

n

n∑
i=1

{ δi
∆n(Xi)

I(Yi 6 y) +
[
1− δi

∆n(Xi)

]
Fn(y |Xi)

}
, (13)

Ù¥ Fn(y |x)´^�©Ù¼ê F (y |x) = P(Y 6 y |X = x)��Oþ, ½ÂXe

Fn(y |x) =

n∑
j=1

δjI(Yj 6 y)K1

(x−Xj

h1n

)
n∑

j=1
δjK1

(x−Xj

h1n

) , (14)

Ù¥ K1 ´Ø¼ê, 0 < h1n → 0´�°S�. ∆n(x)´ ∆(x) = P(δ = 1 |X = x)��O

þ, ½ÂXe

∆n(x) =

n∑
j=1

δjK2

(x−Xj

h2n

)
n∑

j=1
K2

(x−Xj

h2n

) ,

Ù¥K2´Ø¼ê, 0 < h2n → 0´�°S�. u´�±½ÂXe/ª��ÅXê�Oþ

ζ̂l =

∫ ∞
0

ϕl(x)dF̂n,W (x), ζ̂kl =

∫ ∞
0

ψkl(x)dF̂n,w(x).

Zou� [77]�E
Xe/ª��Ý¼ê��5�Oþ

f̂n(x) =
∑
l

ζ̂lϕl(x) +
k1−1∑
k=k0

∑
l

ζ̂klI(|ζ̂kl| > λk). (15)

Zou� [77] y²
"����Ý¼ê��5�Å�OþMISE�ìCÐmªÚ�Oþ

�ìC��5, ¿?Ø
�Ý¼ê�3k��mä:�, �OþMISE�ìCÐmªE,

¤á. ZouÚ Liang [78] ?Ø
�Cþ�3��ACþ�Å"��¹e, �Ý¼ê��5�

Å�Oþ3�¹éõØ1w¼ê� Besov�mp�Û L2 Ø����Âñ�Ý, ¿ÏLê

��[O�Ñ�Oþ²þþ�Ø� (average mean square error, AMSE)����, ÚéA

��`�°, ¿©Û
"�ÇÚ��Nþé�Oþ�K�. ïÄ(JL², ��5�Å�O

þ� AMSE��X"�Ç�O\
O�, �X��Nþ�O\
~�.
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§7. í��.pí�Ïf�Å"�êâ��5�Å�O

3mí���p, í�Ïf  Ñ´��*	�. �´, 3¢S+�¥, du�«�Ï,

��í�Ïf�Å"�. ~X, 3)Ô¢�¥, k
�8�UØ?1�u, ±!�m|. 3

61¾ÆïÄ¥, �'�k�y²&E�Udu£¬
�l. 3�K¢�¥, <��±«O

da,��;¾Úå�k�ÚÙ¦�Ï���k�. �õ&E�ë�©z [79–83]�.

-�ÅCþ Ti L«)��m, äk�Ý¼ê f , �ÅCþ Ci L«mí��m, b� Ti

Õáu Ci, ¿� TiÚ Ci�K, ·�*	�Xi = min(Ti, Ci)Ú δi = I(Ti 6 Ci). - ξi´�

Å"�Ïf, XJ δi ��*	, ξi = 1; XJ δi �Å"�, ξi = 0. �í�Ïf δi �Å"�

�, �*	�Cþ´

{Xi, δi, ξi = 1}, {Xi, δi, ξi = 0}, i = 1, 2, · · · , n.

3¢SA^¥, duí�Ïf�Å"�, DÚ��O�{Ø2·^. ZouÚ Liang [84]

©O|^£8��{!�Ö{Ú�_VÇ\��{, �E���Ý¼ê�n«ØÓ��

�5�Å�Oþ. �
�B�E�Oþ, ½Â m(x) = P(δ = 1 |X = x)Ú π(x) = P(ξ =

1 |X = x). 3¢S¯K¥, m(·)Ú π(·)Ñ´��¼ê, e¡©O�Ñ§���Oþ

m̂n(x) =

n∑
j=1

ξjδjK3

(x−Xj

h3n

)
n∑

j=1
ξjK3

(x−Xj

h3n

) , π̂n(x) =

n∑
j=1

ξjK4

(x−Xj

h4n

)
n∑

j=1
K4

(x−Xj

h4n

) ,

Ù¥, K3 Ú K4 L«Ø¼ê, 0 < h3n → 0Ú 0 < h4n → 0L«�°S�. �
�y¤k�

�Oþk¿Â, - τH = inf{x : H(x) = 1}, �½�~ê τ ÷v τ 6 τH . |^£8��{,

½Â�ÅXê�1�«�Oþ,

b̂l =
1

n

n∑
i=1

m̂n(Xi)

1− Ĝn(Xi)
ϕl(Xi)I(Xi 6 τ),

b̂kl =
1

n

n∑
i=1

m̂n(Xi)

1− Ĝn(Xi)
ψkl(Xi)I(Xi 6 τ),

Ù¥, ĜnL«©Ù¼ê G��Oþ, ½ÂXe

Ĝn(t) = 1−
∏

i:Xi6t

( n−Ri

n−Ri + 1

)1−m̂n(Xi)
,

Ri =
n∑

j=1
I(Xj 6 Xi)L«�ÅCþ Xi��. �X, ½Â�ÅXê�1�«�Oþ

α̂l =
1

n

n∑
i=1

ξiδi + (1− ξi)m̂n(Xi)

1− Ĝn(Xi)
ϕl(Xi)I(Xi 6 τ),



1 2Ï q��, �Iû: �Å�O�{uÐnã 213

α̂kl =
1

n

n∑
i=1

ξiδi + (1− ξi)m̂n(Xi)

1− Ĝn(Xi)
ψkl(Xi)I(Xi 6 τ),

u´, �±�E�Ý¼ê�Ö��5�Å�Oþ

f̂I(x) =
∑
l

α̂lϕl(x) +
k1−1∑
k=k0

∑
l

α̂klI(|α̂kl| > λk). (16)

��, ½Â�ÅXê�1n«�Oþ

β̂l =
1

n

n∑
i=1

ξiδi
π̂n(Xi)

+
[
1− ξi

π̂n(Xi)

]
m̂n(Xi)

1− Ĝn(Xi)
ϕl(Xi)I(Xi 6 τ),

β̂kl =
1

n

n∑
i=1

ξiδi
π̂n(Xi)

+
[
1− ξi

π̂n(Xi)

]
m̂n(Xi)

1− Ĝn(Xi)
ψkl(Xi)I(Xi 6 τ),

u´, �±�E�Ý¼ê�_VÇ\���5�Å�Oþ

f̂W (x) =
∑
l

β̂lϕl(x) +
k1−1∑
k=k0

∑
l

β̂klI(|β̂kl| > λk). (17)

ZouÚ Liang [84] y²
��5�Å�Oþ f̂W � MISEìCÐmªÚ�Oþ�ìC

��5, Ó�?Ø
ØëY��Ý¼ê���5�Å�OþMISE�ìCÐmªE,¤á.

,	, |^ê��[©Û
�Oþ²þ�gØ� (mean square error, MSE)�Xí�ÇÚ

"�Ç�O\
O�, �X��Nþ�O\
~�. Ù¥, f̂C �k���Ly�Ð, f̂W �

k���Ly��.

§8. ¬����5�Å�O

3®k©z¥, �õê��5�Å�O´ÏL²��ÅXêÅ����E�. ù
�

OþÏ~�±���`Âñ�Ý. Hall� [28, 31] ±|�/ªÂ �ÅXê
Ø´Å��/

ª, 0�
�Ý¼êÚ£8¼ê¬���Å�Oþ, ¿�y²
¬���Å�OþU
�

�Ø�éê���`Âñ�Ý. ¬��´0uÛÜ����Û��¥m��«§S. §U

�±½´íØz�?þ�AÏµ4��ÅXê�¬. Äu¬���E�¬����5�Å

�Oþ'ÛÜ����5�Å�Oþäk�Ð�ìC5�, Ï�§äkØ��	�éê ln

��Âñ�Ý. �´��Û����5�Å�Oþ�', ¬����5�Å�Oþäk�

�²w�":, Ò´§�6u��ØUO(�Ñ�~ê C, C �À�7L|^²���{,

¿��6��¼ê���k.5.

Cai [33, 85] ïÄ
£8¼ê�a¬���Å�Oþ�ìC�ÛÚÛÜÂñ�Ý9ê�

5�. (JL², ù
�Oþ3���� Besov�mþäkûÐ�5U. ,
, ¤kþã�
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OþÑ´3��êâe�E�. Li [86] ½Â
mí����Ý¼ê¬����5�Å�O

þ

f̂n(x) =
∑
j
%̂jϕj(x) +

R∑
i=0

∑
k

∑
j∈B(k)

%̂ijψij(x)I(|B̂ik| > C0n
−1), (18)

Ù¥�ÅXê�Oþ½ÂXe

%̂j =

∫
φj(x)I(x 6 T )dF̂n(x), %̂ij =

∫
ψij(x)I(x 6 T )dF̂n(x),

T ´���½�~ê, F̂n´�ÅCþ X ©Ù¼ê F � Kaplan-Meier�Oþ. R´1wë

ê, B(k)´¬ Γik = {j : (k − 1)l 6 j 6 kl, −∞ < k <∞}p j �8Ü, l´Ã­U¬��

Ý, C0´��~ê, B̂ik = l−1
∑

j∈B(k)

%̂ij ´ Bik = l−1
∑

j∈B(k)

%ij ��Oþ.

Li [86] ?Ø
mí����Ý¼ê¬����5�Å�Oþ3 Bs
pq(M,L)�mp��

`Âñ�Ý. Ù¥, Bs
pq(M,L)´Äu Besov�m Bs

pq, ¿�÷v

Bs
pq(M,L) =

{
f : f > 0,

∫
f = 1, ‖f‖Bs

pq
6M, supp(f) ⊂ [−L,L]

}
,

Ù¥M,L´k�~ê. Shirazi� [87] ?Ø
mí�êâe�ëê£8¬���Å�Oþ

�ìC5�. ,
, Ù¦/ªØ��êâe�¬����5�Å�O�vk©z�±��,

ù�´�5ó�I�ãå���.

§9. o(�Ð"

�Å�O�{��´ÚOÆ+�¥�ïÄ9:ÚJ:¯K, 3Ù¦¢S+�kX2�

�A^d�, �©±�Å�O�{3ênÚO¥�A^�ïÄé�, ­:0��ÅÄ�n

Ø!�Å�Oþ�«a!��5�Å�Oþ��«a, ±9��5�Å�O�{3��ê

â!Ø��êâÚp�êâe�nØ¤J. duêâ�E,5!Ø��5��DÚ�ïÄ

�{Ø2·^, ùÒ�¦ÆöJÑ#�g�)û�&Ä�¯K. �Å�O�{�nØïÄ

FÃ´L, ò�¢S¯K�)ûJø�õå». du��5�Å�Oþ'�5�Å�Oþ

�Âñ�Ý¯, ¿���Ñ��¼êØëY5. 3®k�©z¥, �õ�´'u��5�Å

�Oþ�ïÄ, Ì�SN�±o(�±eÊ��¡:

(a) ïá��¼ê��5�Å�OþMISE�ìCÐmª;

(b) y²��¼ê��5�Å�Oþ�ìC��5;

(c) ?Ø��¼ê�3k��ØëY:�, ��5�Å�OþMISEÐmªE,¤á;

(d) ?Ø��¼ê��5�Å�Oþ3 Besov�mp��Û L2Ø����Âñ5;
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(e) y²�ëê£8�.¥��ëêÚë�¼ê�Å�Oþ�ìC5�, X�Ü5!�

�Âñ5�.

��5�Å�O�{�±�OØ1w�½äkk��mä:���¼ê, ¿��EÑ

5���5�Å�Oþ3�¹ØëY¼ê3S����¼ê�m Bs
pq �mp�±���

`Âñ�Ý. ��5�Å�O�{3��êâ�ïÄkéõ©z�±��. ,
3¢S+

�¥, �«�Ï�u)�)éõE,êâ (��äêâ!mí�êâ!"�êâ!��ê

â!p�êâ), éõÆöò��5�Å�O�{A^�E,êâ. duêâ�Ø��5�

êâ©ÛÚA^�5
éõ(J. �â®kë�©z¥'u�Å�O�{�ïÄ(J, �

±��±en��¡�(Ø:

(a) ��¼ê��5�Å�Oþ��`Âñ�Ý'�5�Å�Oþ��`Âñ�Ý¯;

(b) ��¼ê�ØëY5é��5�Å�Oþ�K�´�±�Ñ�, 
²;Ø�O�{

´Ø¤á�;

(c) ��¼ê��5�Å�Oþ�k���Ly�XØ��êâ�í�Ç!"�ÇO�


C�, �X��NþO\
CÐ.

�Å�O�{�,uÐ×�, ¿�®PkNõ­��nØ(J, 3¢S+��A^�

é2�, �´�kNõ¯Kÿ�)û. à�8cIS	ÚOÆ�ïÄ��, 'u�ÅnØ�

�5ó�Ì�8¥3±eA��¡:

(a) 3"�êâe, 'u�Å�O�{ÚnØ(JÑ´3��Õá��e?1�. ,
,

3¢S+�¥, ·�²~¬��éõ·ÜS�, X α·Ü!ρ·Ü!ϕ·Ü, ��êâ

e�DÚ�{Ø2·^, ùÒ�¦·�uÐ#��{;

(b) �X�+�¯�uÐ, Ñy�5�õ±­�Úã�/ª�Ã��¼ê.êâ, éùa

êâ�ÚOíä�'�´ü�, ~^�ü��{´é¼ê.êâ?1ÄÐm. ·��

±|^�ÅÄò¼ê.êâ�¤Ä¼ê��5|Ü, 2?1ÚOíä;

(c) 3¢S+�¥, ·�¬���5�õ�p�êâ, Ïdp�êâ��ÅnØ�(Üò

¬´·��5�ïª��. 8cù�¡�©z�'��, �±}Á¦^õ�ÅÚp�

�Åép�êâ?1CþÀJ;

(d) �ÅC��¢SA^�~2�, cÙ´Å�ó§+�¥�9��²­&Ò©ÛÑ�

±|^�ÅC�5?n, ~XEÄ¶«�æ�ä [88]!^=Å��æ�ä±9/c�

ý=�¶«�æ�ä [89] �. Xú�5, �ÅC�ò¬�ÊU��ÚpcÄ��­�

C��foÊ, Ïå¥I�EEâ�%ÇuÐ.
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Development Review of Wavelet Estimation Method

ZOU Yuye1,2 FAN Guoliang2

(1Key Laboratory of Advanced Theory and Application in Statistics and Data Science – MOE,

School of Statistics, East China Normal University, Shanghai, 200062, China)

(2College of Economics and Management, Shanghai Maritime University, Shanghai, 201306, China)

Abstract: Wavelet estimation method has always been one hot and difficult problem in Statistics, and

has wide application value in data compression, turbulence analysis, image and signal processing and seis-

mic exploration, etc. The research object of this paper is the application of wavelet estimation method in

mathematical statistics, focuses on the basic theory of wavelet estimation method, the types of threshold,

and research achievements of the wavelet estimation method under complete data, incomplete data and

longitudinal data. Due to the complexity and incompleteness of the data, traditional research methods

are no longer applicable. It needs to combine with the characteristics of left truncated data, right censored

data, missing data and longitudinal data, use the plug-in, calibration regression, imputation and inverse

probability weighting methods. The nonlinear wavelet estimators of estimated functions are constructed,

study the asymptotic expansion for mean integral square error (MISE) of nonlinear wavelet estimators

and prove the asymptotic normality of estimators. The asymptotic expansions of MISE are still true

for the estimated function with finite discontinuous points, and verify the uniform convergence rate of

nonlinear wavelet estimators in Besov spaces, which contain unsmoothed functions; as well the wavelet

method is used to study the consistency and convergence rate of the parametric and nonparametric parts

for the semi-parametric regression models. Finally, the potential development direction of wavelet method

is briefly discussed.

Keywords: asymptotic properties; incomplete data; linear wavelet estimation; longitudinal data; non-

linear wavelet estimation
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