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�,ïÄ�ý­Ø¦�Ó, Æâ.'5ÅÄÇ�ïÄ®k��´L�¤J: Engle [1]J

Ñ
g£8^�É���. (ARCH�.), ¿òÙA^u=IÏÀ)äÇ�ïÄ, ��


ûÐ�[Ü�J, ���kÆöl���¡éT�.?1C/ÚU?, ¿r§�2�A^

u]�½d!ºx��!®Ç©Û!÷*N��+�. Ù¥ Bollerslev [2] JÑ
Í¶�2

Â ARCH (GARCH)�., T�.�^���¼ê��
ÿÐ, Ó�g£8��O\¢y


 ARCH�.���z. ù´��;��7K�mS�êâþN¾��£8�., ÏLé

Ø���?1�\ï�, GARCH�.Jp
©ÛÚýÿ�O(5.

,
, ÅÄÇ´ØU���*ÿ�, ù3¢Sö�¥�ÂÃÇ�ïÄ�5
(J. �,

é GARCH�.�ïÄ3Øä�\Ú�õ, �§3£ã7K�mS���Î�3Øv. x

�9Ú�w° [3] uy3[Üý¢��¦ÅÄÇ�, GARCH�.=3*	±Ï�á�âk

�, éu�ÂÃÇS��[Ü¿ØO(. ù´Ï�3IO�� GARCH�.¥, *ÿ�²

��g�'¼ê¥�êP~, ù«P~�Ý�¯±�uÃ{LyÑ�ÂÃÇS�¥(½5

=£¤�)��PÁ1�. Ïd, Æö�F"muÑ�\ÎÜ7K½|ÅÄ5Æ��., Ù

¥�«´ Baillie� [4] JÑ�, áu�PÁa�.�©ê�Ü GARCH�.. 3ù��.

¥, ÂÃÇ²��g�'¼ê¥yÑV­�P~�A�, ¤±§' GARCH�.�·Üu

�Ï7KS�. ,	, BaillieÚMorana [5]JÑ
 FIGARCH���í2�., Ì�´�â

Gallant [6]JÑ�¼ê/ª, ÏLUCT�.��å5Ny�ÂÃÇS��A�.

�¦½|�d�ÅÄ��mCz, ÙÂÃÇLyÑ3,ã�mS±Y $½ p�

A:, �=ÅÄÇà8. ÅÄÇà8y��)��Ï3u	ÜÀÂé�¦d�CÄ�±Y

5K�, Ù3ÂÃÇ©ÙþLyÑ�A�´k¸þ�. �þ¢yïÄL², ÅÄÇ´�C

�, ©z¥éÅÄÇ�C5�)ºÌ��)a�ÅÄÇ!~���5!�ÅÅÄÇ�. �

CA�E¤
ÅÄÇ�.ïÄkOu²­�mS��,�(J: �²­5. 8cÿ�k�

õ��.�±^5£ãù«�²­5, �®k�X��©zéÙ?1}Á5�ïÄ. Van

BellegemÚ von Sachs [7] ±9 Feng [8] uy�
7K�mS�äk�C�Ã^���(�,

ÙA��£ãÌ�´ÏL3 GARCH�.¥Ú\²wºÝ¼ê, l
¦�ÅÄÇU�¦

{©)�(½5�²­ (Ã^���)Ú�Å²­ (^���)üÜ©5ï�, ¿©O¦^

4�q,�O{ÚØ�O{5�O²­Ú�²­©þ, ?
ïÄ
ÙìC��5. Stărică

Ú Granger [9] 3ïÄ�¦FÂÃÇS���ï
S�²­�b�, @�7K½|�Ä�A

�´ØäCz�, ¿�uyÂÃÇS���Ü©ÅÄÑNy3Ã^����Czþ, ¤±

T©zb��²­S�¥�ÂÃÇ´äk�CÃ^����Õá�ÅCþ, ¿|^²­�

.é�²­êâ?1ÛÜ%C. ��, EngleÚ Rangel [10] $^
� Van BellegemÚ von

Sachs [7]�Ó�¦{©), ¿�b�(½5�²­©þd�ê�^5£ã, �Å²­©þ�

Ì�� GARCHL§, ¿ÏLé�¦�S�ÂÃÇêâ?1ïÄuy, �IS)�o�!

ÏÀ)äÇ!áÏ|Ç�÷*²LÏ�ÅÄ���, �¦½|�ÅÄ�¬��\�, 7K

�mS�¬�õ/LyÑ�²­5, ¿�ù�ïÄ(ØØ=·^u#,½|Úþ½úiê

þ��!½�� GDP�'�é���½|, Ó��·^u�.²LN.
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�þ�ïÄL², éÃ^���?1,«êÆ©), �±éÐ/Ó¼ÅÄÇ��²­

&E. �'�ïÄ�)�Ø�u: AmadoÚ Teräsvirta [11]JÑ¦^�\ (vkäNÐm?

Ø)Ú�¦���©), Ú?
2ÂÜ6=£¼ê (LSTR)#N�.���äk1w��

C(�, ëêz��.£ã
���(�5Cz, ¿¦^ÛÜ4�q,é�¦�.?1ë

ê�O, U?
 Glosten� [12]�IO GJR-GARCH�.; AmadoÚ Teräsvirta [13]�é�

ÂÃS��ÅÄÇ, JÑ
�¦�C GARCH�., ¿Jø
�'�ÿÁ9�CÅÄÇë

ê�.�IOzï�Ú½, ÚOu���y
dëê�.�' GJR-GARCH�.�`³.

¦+3£ã�²­5�¡, Van BellegemÚ von Sachs [7] Jø
�.�ª, AmadoÚ

Teräsvirta [11, 13] ©Oé�C GJR-GARCH�.Ú�CÅÄÇ�.¥�ëê�O�{?1


���\�ïÄ, �.ëê�)º5�r, ¿��Ñ
4�q,�O�{, ,
du�9

�ëê¯õ, O\
ÛÜ4�q,�OS��#L§�O�þ, ��3�.Ø��ºx; 


ëê�.�Ø(¹5, O\
�.$^�JÝ. 8c�C GARCH�.��ëê�OïÄ

��, �ÿ�ïák��nØµe. Ïd, �©3�ÄÅÄÇ�²­5�Ä:þ, ��C

GARCH�.Jø�«�ëê�O9ýÿ©Û�{, ^±£ã�ÂÃÇS��ÅÄÇà8

y�, 9	ÜÀÂé�¦d�CÄ�±Y5K�.

�©Ì�ïÄ�]�ÂÃÇS�¥Ã^����Cz, ÅÄÇ���ò�©)�^�

���Ã^����¦È. Ù¥, ^����Ì GARCHL§�£ãÅÄÇ�áÏÄ�, Ã

^���d B-splineÄ¼ê��5|Ü[Ü�£ãÅÄÇ��ÏÄ�. ÏLda¦{©

), T�.�¿©£ã�ÏÅÄÇ�Cz�¹, &Ä�½d�ÅÄ�²L�¹Cz�m�

'X, Ï
�©ïÄ��C�ëê GARCH�., U
£ãÚýÿ�¦�ÅÄÇ.

�©(�Xe: § 2�Ñ
�CÅÄÇ�., �)¦{©)!�²­ª³©þÚ²­©

þ�ï�[!. § 3´ëê�O�{, Ì��) B-spline¼ê1wzëê�ÀJ, k�O�

²­ª³¼ê, 2�O�CÅÄÇ�.ëê�üÚ�O{. § 4¥�ê��[ïÄ´�
u

�¤JÑ��CÅÄÇ�.�{���Ly, ¢~êâ©Û3 § 5Ðy. § 6�Ñ
�©�

o(ÚÐ". Ì�nØ5�3N¹ § 7¥y.

§2. � .

�þ�¢SêâL²�¦½|�d�ÅÄ´�²­�, ÙÅÄÇ��m�Cz
C

z, �¥y²w�ÅÄÇà8y�. �
�Ð/£ãù«�²­5, �©|^¦{©)é

ÅÄÇ?1ïÄ. äN/, �©± GARCH�.�Ä:é�]�ÂÃÇS�?1ï�, �

b�ÂÃÇS��Ã^�����m²wCz. �â�]�ÂÃÇS��A�, �Ä¦^

GARCH(p, q)�.. �Ft−1��m t− 1?¼��{¤&E8, ¿ò]�ÂÃÇ {Yt}��

Yt = E(Yt |Ft−1) + εt, εt = ζth
1/2
t , (1)

Ù¥ ζt ∼ N(0, 1)��pÕá, S� {εt}�^�©Ù� εt |Ft−1 ∼ N(0, ht), Ó� ht � ζt
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p�Õá. d�, S� {εt}�^������mCz. ¢S¥]�ÂÃÇ�^�þ���

�", = E(Yt |Ft−1) = 0, �.¥ {εt}�^��� ht´ÏL GARCH(p, q)�.5[Ü�:

ht = ω +
q∑
i=1

αiε
2
t−i +

p∑
j=1

βjht−j , (2)

­� (2)ª��

ht = σ2 +
q∑
i=1

αi(ε
2
t−i − σ2) +

p∑
j=1

βj(ht−j − σ2), (3)

Ù¥ σ2 = E(ε2t ) = ω
/(

1−
q∑
i=1

αi −
p∑
j=1

βj
)
. �

q∑
i=1

αi +
p∑
j=1

βj < 1�, ^����þ�±�

Ç
q∑
i=1

αi +
p∑
j=1

βj £� σ2.

ëuÚéï© [14] ïÄuy�¦½|�3²w�p!$ÅÄG�, 
�pÅÄG��

±Y�m�áu$ÅÄG��±Y�m. �ïÚob [15]ÏLé¢Sêâ�ïÄuy, �]

�ÂÃÇS��ÅÄÇ´wÍ�²­�, �äk²w��C�PÁ5Ú�é¡�A. �


�Ð/[Ü�ÂÃÇS��ÅÄÇCz, �©ÀJ���\(¹!��m²wCz�Ã^

���¼ê5£ã§. Ïd, �©ò��©)�¦{/ª:

εt = ζth
1/2
t g

1/2
t , εt |Ft−1 ∼ N(0, htgt), (4)

Ù¥���²­©þ gt = g(t/n) > 0, 1 6 t 6 n, ��k.¼ê, �=é?¿ u ∈ [0, 1], �

3 a, b > 0, ¦� 0 < a 6 gt 6 b <∞, ��y�²­©þ��£O5, �½ g0 = g(0) = 1;

²­©þ ht ^(2)ª¥� GARCH�.[Ü. b� Y = (Y1, Y2, · · · , Yn)T ´�CÅÄÇ�

.�*ÿ�, (Ü (1)!(2)Ú (4)ª, ^u£ã]��ÂÃÇS��²­5��CÅÄÇ�

.�

Yt = εt = ζth
1/2
t g

1/2
t . (5)

§3. �O�{

�!òäN&?�.Xê�O�üÚ�O{. ¯¤±�, � ARCH �.¥�¢�

�êé��, ¬kLõ�ëêI��O, GARCH �.�JÑ�Ñ
ù�¯K, 
3¤

k� GARCH(p, q)¥, GARCH(1, 1)´(��{ü!A^�2���.. FransesÚ van

Dijk [16]|^ GARCH(1, 1)�.é±ÂÃÇ?1[Ü, ïÄ(JL² GARCH(1, 1)�.�

[Ükép�O(5. 3ÅÄÇýÿ�O(5�¡, qï�� [17]3ïÄþy�êFÂÃÇ

S��ÅÄ5�uy, '� Riskmetrics{Ú£Ä²þ{, GARCH(1, 1)�.�Ly��`

É; 3[Ü�ýÿ�¡, HansenÚ Lunde [18]L², ëê�E,�GARCH�.¿Ø�½'

GARCH(1, 1)�.�\k�. Ïd, �©ÀJ^·^5�2�� GARCH(1, 1)�.5[Ü

²­©þ, ­� (2)ª��

ht = ω + αε2t−1 + β1ht−1, (6)
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Ïdò (6)ª�\ (5)ª��ëê�O�.Xe:

Yt = ζt(ω + αε2t−1 + βht−1)
1/2g

1/2
t , (7)

­� (7)ª��

ζth
1/2
t = ζt(ω + αε2t−1 + βht−1)

1/2 = Yt/g
1/2
t , (8)

Ù¥ ζt ´��Õá�IO���ÅCþ, Yt L«�ÂÃÇS��¢y�. �â�§ (6), d

3L§ ζth
1/2
t ´��²­� GARCHS�. ����.Xê��O, �©æ^üÚ�O{.

1�Ú, ¦^ B-spline�O{5�O�²­©þ gt; 1�Ú, |^4�q,{�O�.�X

ê ω, α, β. ¯¤±�, B-spline�{�A^uÚOêâ�1wz?n, ��, de Boor [19] Ú

Cox [20] uy
 B-spline¼ê¥�3�4í'X, ¿±d4í'X�Ñu:½Â
 B-spline

¼ê. B-spline¼ê´Ä­���5|Ü, §Ø=äk Bezier­� [21] �`³, Ó���Ñ


 Bezier­�ØU?1ÛÜ?U�":.

���ª³�� B-spline�Oþ, �©½Â�åS:S� {τJ}Ns
J=1, Ù¥ Ns �¡�

B-spline�O�!:ê, τJ = J/(Ns + 1)ò [0, 1]y©� Ns + 1��åf«m I0 = (0, τ1],

IJ = [τJ , τJ+1], 1 6 J 6 Ns − 1, INs = [τNs , 1). éu?¿��ê p, - H (p−2) =

H (p−2)[0, 1]�½Âu IJ , J = 0, 1, · · · , Ns þ� p− 1�õ�ª¼ê�m, äk p− 2��

ê. 'X, H (−1) �L½Âu IJ , J = 0, 1, · · · , Ns þ�~ê B-spline¼ê�m, 3 [0, 1]þ

ëY; H (0)�L½Âu IJ , J = 0, 1, · · · , Nsþ�©ã�5¼ê�m; H (1)�L½Âu IJ ,

J = 0, 1, · · · , Ns þ� 2�õ�ª¼ê�m. PH (p−2) =
Ns+p∑
J=1

λJ,pBJ,p(x), λJ,p ∈ R, Ù¥

BJ,p´1 J � p� B-splineÄ¼ê, ��©z [22].

�©À��¦FÂÃÇêâ��*ÿ� Y = (Y1, Y2, · · · , Yn)T, |^ B-spline¼ê[

Ü�²­©þ g(·), ��Ù�O¼ê ĝ(·). �Ø�Ä£O^���²­©þ� g∗(x), Ù

B-spline�O�8I¼ê�

ĝ∗t = ĝ∗(t/n) = argmin
f(·)∈H (p−2)

n∑
t=1

[Y 2
t − f(t/n)]2,

P B-spline[Ü¼ê�|¤� n× (Ns + p)�Ý
M �

M =


B1,p(1/n) B2,p(1/n) · · · BNs+p,p(1/n)

B1,p(2/n) B2,p(2/n) · · · BNs+p,p(2/n)
...

...
. . .

...

B1,p(n/n) B2,p(n/n) · · · BNs+p,p(n/n)

 .

- B(x) = (B1,p, B2,p, · · · , BNs+p,p)
T, Y 2 = (Y 2

1 , Y
2
2 , · · · , Y 2

n )T, �â½Â���²­©þ

gt� B-spline�Oþ ĝ∗(x), x ∈ (0, 1]� ĝ∗(x) = B(x)(MTM)−1MTY 2. Ïd,

ĝ∗t = B(t/n)(MTM)−1MTY 2, 1 6 t 6 n. (9)
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I�`²�´, �2yL§ ζth
1/2
t �y4�q,�O�^|?1, (½5ª³¼ê gt

7Lä��£O5, �â g∗(x)=EY 2
t (x)=E{E[Y 2

t (x) |ht]}=E{E[g(x)htε
2
t |ht]}=g(x)Eht,

,
3¢S�O¥, Eht ´��þ, �â�. (5)��½ g(0) = 1, N´uy g∗(0) = Eht,

Ïd'X g(x) = g∗(x)/g∗(0), x ∈ (0, 1]¤á. ¤±, 3¢Sö�¥, ĝ(x) = ĝ∗(x)/ĝ∗(0),

x ∈ (0, 1], Ï
÷vþã�¦��²­©þ��O¼ê��½Â�

ĝt = ĝ(t/n) = ĝ∗(t/n)/ĝ∗(1/n), 1 6 t 6 n. (10)

�d, �©I�ïÄ(½5©þ/�²­©þ gt(·)�Oþ�5�.

b� 1 ±e´�©¤I��Eâ5b�:

(A1) {h1/2t }∞t=−∞î�²­.

(A2) �.ëê ω > 0, α > 0, β > 0. Ó� α+ β < 1.

(A3) Ý^� E(ζt)
4 <∞. E[ln(αζ2 + β)] < 0, ω� {ζt}Õá.

(A4) �²­©þ g(·) ∈ C(p−1)[0, 1], p = 2, 3, 4, �=�²­©þäk p− 1�ëY�ê.

(A5) f«m��Ý h ∼ n−1/(2p+1), �=!:��ê Ns ∼ n1/(2p+1).

^� (A1)´��IOb�, §kÏuí��Oþ�ìC5�, ^� (A2)�y
^�

�� ht > 0A�??¤á, �= P(ht > 0) = 1, ^� (A3) – (A5)´���²­©þìC5

��'�, Ù¥^� (A5)�Ñ
 B-spline�Oþ!:ê���. ±e�½n 2�ã
�²

­©þ� B-spline�Oþ��Âñuý¢��²­©þ¼ê.

½n 2 3b� (A1) – (A5)^�e,

sup
x∈[0,1]

|ĝ(x)− g(x)| = ‖ĝ − g‖∞ = Op(n
−1/2N1/2

s ln1/2 n).

���²­©þ gt ��Oþ��, �|^4�q,�O{¦) GARCH(1, 1)�.�

Xê ω, α, β. �e5·�ïÄ�.�Xê�O.

3�^²w¥, du!:ê Ns Ú�ê p�� B-spline�O�[Ü§Ý, K��ª�

�O(J, Ïd!:ê Ns Ú[Ü�ê p�ÀJ´'�¯K. !:ê Ns Ï~�À���

N�ëê, �©Äuýé��üÑÀ�. æ^�IO�: ­EO� G g, �Ð©!:ê

Ns ∈ [b2n1/(2p+1)c, b9n1/(2p+1)c], Ù¥ “b c”�L “�e��”, A^ B-spline¼ê[Ü�

²­©þ, ���O¼ê ĝ(·), 2A^ GARCH�.��O�{, ���.Xê��Oþ

ω̂i,j , α̂i,j , β̂i,j , i = 1, 2, . . . , G, j ∈ [b2n1/(2p+1)c, b9n1/(2p+1)c], ¦Ù��A�ý¢����
ýé��Ú��, éu i = 1, 2, · · · , G, 8I¼ê

Li = min
j∈[b2n1/(2p+1)c,b9n1/(2p+1)c]

(|ω̂i,j − ω|+ |α̂i,j − α|+ |β̂i,j − β|). (11)
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�â±þOKÀJÑ�`�1wzëê Ns,i = Li, i = 1, 2, · · · , G, �\ (9)Ú (10), ¿�

â4�q,�O{¦) GARCH(1, 1)�.�Xê ωi, αi, βi, ���A��.Xê�Oþ

ω̂i, α̂i, β̂i, i = 1, 2, · · · , G.

§4. ê��[

�
�Ð/w«�©��ëê�O�{3�C GARCH�.Xê�O¥�Ly, �©

À�ØÓ/G��²­©þ gt?1�[ïÄ. �Ä��²­ÅÄÇ�(�5âC�5�K

�, À�Xe/G��²­(½5©þ: 1�a� “�â”ª³¼ê

gt,1 = 3× [1− 100× (t/n− 0.3)2]3 × (|t/n− 0.3| 6 0.1) + 1 + 3t/n, (12)

1�a� “mâ”ª³¼ê

gt,2 = 3× [1− 100× (t/n− 0.7)2]3 × (|t/n− 0.7| 6 0.1) + 1 + 3t/n, (13)

1na� “Vâ”ª³¼ê

gt,3 = 3× [1− 100× (t/n− 0.3)2]3 × (|t/n− 0.3| 6 0.1) + 1 + 3t/n

+ 3× [1− 100× (t/n− 0.7)2]3 × (|t/n− 0.7| 6 0.1), (14)

n«ª³¼ê��ã 1 (a), (b), (c).
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(c) “Vâ”ª³¼ê gt,3

ã 1 ª³¼ê gt,k, k = 1, 2, 3

ê��[¥æ^ 1 000g­EÁ�. �
¿©�y�©¤ïÄ�.���5ÚO(5,

�©©OÀ�
 6|²­©þ�Xê� “�/ 1” – “�/ 6” (�L 1), ±9 3|�²­©þ

ª³¼ê gt,k, k = 1, 2, 3 (�ã 1)5?1�[. Ó�ò�½��©Xê�ÏL�.[Ü�
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���OXê�', ��BÐ«Ú�«��5Æ, �©� 1 000g�[Á��²þ�?1'

�, =n�²þ��' ω/ω̂, α/α̂, β/β̂. �â § 3, ω/ω̂, α/α̂, β/β̂ ��O�Xe:

ω̂/ω =
G∑
i=1

ω̂i/ωG, α̂/α =
G∑
i=1

α̂i/αG, β̂/β =
G∑
i=1

β̂i/βG, (15)

þª¥ G = 1 000. �[¢�O�Ú½�L 2.

L 1 ê��[�Xê��

�/ Xê (ω, α, β)

�/ 1 (ω = 0.1, α = 0.3, β = 0.4)

�/ 2 (ω = 0.1, α = 0.3, β = 0.1)

�/ 3 (ω = 0.1, α = 0.4, β = 0.1)

�/ 4 (ω = 0.000001, α = 0.3, β = 0.4)

�/ 5 (ω = 0.000001, α = 0.3, β = 0.1)

�/ 6 (ω = 0.000001, α = 0.4, β = 0.1)

L 2 ê��[O�Ú½

Step 1: �â�§ (2)9�§ (4), )¤ÕáÓ©Ù���S� {ζt};
Step 2: �â�§ (5)��., ­E 1 000g, )¤ 1 000|éA��]�ÂÃÇS� {Yt};
Step 3: z�gÁ��â�§ (11)ÀJ1wzëê p?1�ëê�O, O�éA��²­©þ ĝt;

Step 4: �â¦{©)Ú½O�éA�²­©þ ĥt;

Step 5: |^ GARCH(1, 1)�.[Ü, ��ÂÃÇS�Xê��O ω̂i, α̂i, β̂i, i = 1, 2, · · · , 1 000;

Step 6: � 1 000g­EÁ��²þ� ω/ω̂, α/α̂, β/β̂, ��§ (15).

Äu “�/ 1” – “�/ 3”, L 3Ì�'�
�Oþ3 B-spline1w�ê p = 2, 4���

�Ly. ��¡�Ä, Äu “�/ 1” – “�/ 6”, L 4¥Ì�'�
 B-spline1w�ê p = 3

�, �Oþ�ØÓ��Ly. ê�(JL²: (i)�CÅÄÇ�.¥n�Xê��Oþ�Ù

ý��'�3 1NCÅÄ, `²�O�{O�O(k�; (ii)�X��þ�O�, '� ω/ω̂,

α/α̂, β/β̂ ��Cu 1, Xê�O(J��O(, ÎÜëê�O����5Æ; (iii) B-spline

¼ê�1w�ê�p�, 'X p = 3, 4�� p = 2LyÐ, �=�O���Cý�, ù�L

²�é�©��CÅÄÇ�., �p�1w�êLy�Ð, �é'1w�ê p = 3� p = 4

�(Juy, üö�(J�~�C, Ïd�@� p = 3®���ëê1wz��¦.

��*w«Xê�O�O(5, ã 2±�
�²­¼ê9Ù B-spline[Ü¼ê; ã 3

Ð«
 “�/ 1”¥ØÓ��þeXê�Oþ�ý��' ω̂i/ωi, α̂i/αi, β̂i/βi, i = 1, 2, · · · ,
1 000���ã. �±uy, �é1w�ê p = 2, 3, 4��[¢�, �©� B-spline�{[

Ü�²­¼ê gt,1, gt,2, gt,3 ��ûÐ��O�J, cÙ1w�ê p = 3, 4�J�Ð. �[

¥·��é'
|O “�/ 2” – “�/ 6”��/, uy[Ü�J� “�/ 1”aq, 3dØ
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L 3 �.Xê�O�ê�Ly (B-spline�ê p = 2, 4)

� / gt,1 gt,1 gt,2 gt,2 gt,3 gt,3

��þ n = 1 000 n = 10 000 n = 1 000 n = 10 000 n = 1 000 n = 10 000

p = 2

ω̂ 0.133 0.099 0.142 0.101 0.146 0.099

�/ 1 α̂ 0.284 0.299 0.285 0.299 0.287 0.299

β̂ 0.381 0.401 0.383 0.400 0.401 0.401

ω/ω̂ 0.753 1.007 0.703 0.993 0.684 1.008

�/ 1 α/α̂ 1.056 1.005 1.051 1.004 1.047 1.004

β/β̂ 1.051 0.998 1.044 0.999 0.997 0.997

ω̂ 0.108 0.098 0.107 0.100 0.108 0.102

�/ 2 α̂ 0.269 0.299 0.274 0.299 0.271 0.298

β̂ 0.107 0.100 0.108 0.102 0.111 0.100

ω/ω̂ 0.925 1.024 0.930 0.998 0.929 0.983

�/ 2 α/α̂ 1.113 1.003 1.096 1.003 1.107 1.006

β/β̂ 0.930 1.003 0.929 0.982 0.898 0.997

ω̂ 0.134 0.099 0.117 0.101 0.131 0.099

�/ 3 α̂ 0.395 0.398 0.372 0.399 0.399 0.399

β̂ 0.123 0.101 0.107 0.101 0.128 0.102

ω/ω̂ 0.747 1.009 0.885 0.995 0.761 1.010

�/ 3 α/α̂ 1.014 1.004 1.076 1.003 1.001 1.004

β/β̂ 0.813 0.987 0.857 0.993 0.784 0.983

p = 4

ω̂ 0.146 0.102 0.139 0.100 0.108 0.102

�/ 1 α̂ 0.296 0.298 0.289 0.298 0.302 0.297

β̂ 0.393 0.401 0.392 0.401 0.408 0.400

ω/ω̂ 0.684 0.983 0.718 0.996 0.926 0.979

�/ 1 α/α̂ 1.012 1.006 1.040 1.007 0.995 1.009

β/β̂ 1.018 0.998 1.020 0.998 0.980 1.000

ω̂ 0.112 0.101 0.116 0.100 0.115 0.102

�/ 2 α̂ 0.273 0.298 0.280 0.298 0.258 0.298

β̂ 0.101 0.098 0.113 0.101 0.107 0.099

ω/ω̂ 0.891 0.985 0.862 1.004 0.873 0.982

�/ 2 α/α̂ 1.098 1.008 1.072 1.005 1.161 1.007

β/β̂ 0.991 1.023 0.887 0.990 0.936 1.010

ω̂ 0.100 0.101 0.105 0.100 0.116 0.101

�/ 3 α̂ 0.377 0.398 0.373 0.397 0.387 0.397

β̂ 0.140 0.102 0.128 0.101 0.144 0.101

ω/ω̂ 1.005 0.989 0.953 0.997 0.863 0.989

�/ 3 α/α̂ 1.060 1.005 1.071 1.008 1.034 1.008

β/β̂ 0.714 0.983 0.782 0.993 0.694 0.987
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L 4 �.Xê�O�ê�Ly (B-spline�ê p = 3)

� / gt,1 gt,1 gt,2 gt,2 gt,3 gt,3

��þ n = 1 000 n = 10 000 n = 1 000 n = 10 000 n = 1 000 n = 10 000

ω̂ 0.116 0.100 0.129 0.102 0.118 0.100

�/ 1 α̂ 0.291 0.297 0.288 0.298 0.293 0.297

β̂ 0.396 0.400 0.392 0.400 0.405 0.402

ω/ω̂ 0.862 1.002 0.775 0.984 0.847 1.004

�/ 1 α/α̂ 1.031 1.009 1.042 1.005 1.024 1.009

β/β̂ 1.010 1.000 1.020 1.000 0.988 0.999

ω̂ 0.104 0.098 0.100 0.100 0.102 0.098

�/ 2 α̂ 0.275 0.297 0.278 0.299 0.269 0.297

β̂ 0.115 0.098 0.117 0.102 0.120 0.099

ω/ω̂ 0.962 1.016 1.000 0.999 0.980 1.018

�/ 2 α/α̂ 1.091 1.010 1.079 1.002 1.115 1.009

β/β̂ 0.897 1.022 0.855 0.984 0.833 1.011

ω̂ 0.111 0.101 0.111 0.101 0.113 0.101

�/ 3 α̂ 0.366 0.396 0.378 0.398 0.366 0.397

β̂ 0.123 0.101 0.118 0.101 0.130 0.101

ω/ω̂ 0.901 0.995 0.901 0.989 0.885 0.995

�/ 3 α/α̂ 1.093 1.009 1.058 1.005 1.093 1.009

β/β̂ 0.813 0.990 0.847 0.994 0.769 0.987

ω̂ 0.00000092 0.00000103 0.00000108 0.00000102 0.00000092 0.00000103

�/ 4 α̂ 0.276 0.297 0.275 0.297 0.277 0.297

β̂ 0.402 0.400 0.405 0.400 0.407 0.401

ω/ω̂ 1.087 0.974 0.926 0.982 1.091 0.975

�/ 4 α/α̂ 1.087 1.011 1.091 1.011 1.083 1.010

β/β̂ 0.995 0.999 0.988 1.001 0.983 0.999

ω̂ 0.00000257 0.00000111 0.00000108 0.00000101 0.00000119 0.00000111

�/ 5 α̂ 0.244 0.298 0.261 0.299 0.245 0.299

β̂ 0.105 0.100 0.116 0.100 0.110 0.108

ω/ω̂ 0.389 0.901 0.926 0.987 0.840 0.902

�/ 5 α/α̂ 1.229 1.006 1.149 1.005 1.224 1.005

β/β̂ 0.952 1.000 0.862 1.000 0.909 0.992

ω̂ 0.00000141 0.00000111 0.00000108 0.00000101 0.00000107 0.00000108

�/ 6 α̂ 0.357 0.397 0.358 0.397 0.363 0.399

β̂ 0.132 0.103 0.129 0.102 0.145 0.105

ω/ω̂ 0.709 0.903 0.926 0.989 0.937 0.925

�/ 6 α/α̂ 1.120 1.006 1.117 1.008 1.103 1.003

β/β̂ 0.758 0.966 0.775 0.983 0.690 0.950
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(i) gt,3

ã 2 “�/ 1”¥�²­¼ê gt,i, i = 1, 2, 39Ù B-spline[Ü¼ê ĝt,i, i = 1, 2, 3

2��Ð«. Ó�, *	��ã�±uy: (i)�X��þ�O�, � n = 10 000�, '�

ω̂i/ωi, α̂i/αi, β̂i/βi, i = 1, 2, · · · , 1 000�� n = 1 000��C 1, Ó���ã�©Ù��

�8¥; (ii)'� α̂i/αi Ú β̂i/βi, i = 1, 2, · · · , 1 000, ØÓ B-spline1w�ê�Ly�~a
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(c) β̂i/βi, i = 1, 2, · · · , 1 000
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(e) α̂i/αi, i = 1, 2, · · · , 1 000
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(f) β̂i/βi, i = 1, 2, · · · , 1 000

ã 3 “�/ 1” ¥�.ëê�O��ý��' ω̂i/ωi, α̂i/αi, β̂i/βi, i = 1, 2, · · · , 1 000 ¤�¤�

��ã, î�I 2, 3, 4 ©OéA p = 2, 3, 4, (a) – (c) ��þ n = 1 000, (d) – (f) ��þ

n = 10 000

q, 
 ω̂i/ωi, i = 1, 2, · · · , 1 000¥, 1w�ê p = 2���ã©Ù��8¥; (iii)¤k�¥

 êÑ�~�C 1, Ù¥ α̂i/αi Ú β̂i/βi, i = 1, 2, · · · , 1 000���ã©Ù8¥, 
 ω̂i/ωi,

i = 1, 2, · · · , 1 000�©Ù�é©Ñ, Ïd α̂i/αiÚ β̂i/βi���ãLy�é�Ð.

ê��[(J¿©L², �©ïÄ��CÅÄÇ�.Xê�OO(k�, �^u¢�

ïÄ.

§5. ¢Sêâ©Û: þynÜ�êïÄ

�¢~±·I�@uÙ��¦½|�ê—þynÜ�ê�ïÄé�, §´±u1þ�

�ê�\�nÜ�d�ê, ÙO���ºX
þ°y �´¤!ýþ½��Ü�¦. �©

À��å�Ïm� 1990c 12� 19F� 2019c 10� 8F, �O 7 040�þyn�Â�d
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S�êâ. éþyn�Â�d?1�ã©Û, �ã 4 (a), �*	�ÙoN¥yÅÄ�ª³,

�êªÝl 99.98� 6 092.057. lã¥uy, 2007c 10�þy�êlp ew, �� 2008

c��¥7K�Å, þy�ê�u 2008c 11�O� 1 706:. ��q¥yÅÄþ,ª³,

3 2015c 6���º¸��úeü. Ïd3ù��mS�¥kü?²w�þ,r³, ©O

éA�´ 2007c 10�Ú 2015c 6�.

du]�ÂÃÇ�Ý]5�Ã', c�ê���é�, �~�É��5±9äk�Ð

�ÚO5�
´u?n, �©é�©êâ?1éêz?n, ¿^���©L«�¦FÂÃ

Ç, ÄuFÂÃÇS�, ·�òïÄ�©JÑ��O�{[ÜFÂÃÇS��Ly. UìÏ

~�7Kêâ?n�{, �©O�þyn�zFÂ�d�éêÂÃÇ, ddïáþyn�

Â�d�éêÂÃÇS�, �ã 4 (b). �U
�Ð/�xÅÄª³, �âê��[�(Ø,

�½ B-spline¼ê�1w�ê p = 3, ¿À�!:êÐ��� Ns ∈ [5, 300], ÏL!:êÀ

J�OK (11)�� Ns. �â�§ (9)Ú (10), �©æ^ B-spline¼êéþyn�Â�dS

���²­©þ gt?1�O, �� ĝt. ã 4 (c)±�
þyn�Â�dFÂÃÇS��²­

©þ�Oþ ĝt�ã�. ÏL�§ (8)��²­©þ ht, ¿d GARCH(1, 1)�.[Ü���

éA�Xê�O:

ω̂ = 7.0352× 10−6, α̂ = 0.1629, β̂ = 0.6452.

�âëê�O(J)¤�#ÂÃÇS�, òÙ��©þyn�FÂÃÇS�?1'�,

�ã 4 (d), Ù¥¢SÂÃÇ (�), �O�ÂÃÇ (�). '�ü|ÂÃÇS��ã�uy, ü

|ÂÃÇS��ÅÄª³�±��, FÂÃÇS���Oþ�Ð/�x
¢S�ÅÄª³.

d	, �â� "v<�ïÆ, ·�ò�©��{�DÚ GARCH(1, 1)��[Ü�(

J?1'�. DÚ GARCH(1, 1)[Ü�©þyn�FÂÃÇS��(JXã 4 (d)¤«,

Ù¥¢SÂÃÇ (�), GARCH(1, 1)�O�ÂÃÇ (7). '�uy, GARCH(1, 1)�O�

ÂÃÇS�ØUéÐ/�x¢SÂÃÇS��ÅÄ5Úª³, �Ï´�²­�Ï�vk�

Ä\S. ÏdÏLé�©¤J�{�DÚ GARCH(1, 1)��[Ü�J�'� (�ã 4 (d)

Ú 4 (e)), �±²wuy, �©�²­©þ�Ú\äk7�5, §3[Ü¢Sþyn�FÂ

ÃÇS��¡kâÑ�`³.

¢~©Ûuy, ¦^�©ïÄ�U?��CÅÄÇ�.?1�O�, �]�ÂÃÇS

���
ûÐ�[Ü, Ù�²­5Ú�PÁ5Ñ�±ÏL B-spline¼ê5£ã. ù«�

ëê�O�{Ø={ük�, 
��U~�Ø�. 38��ïÄ¥·�ò}ÁÏLO\

GARCH�.�ëê½À^Ù¦�.5Jp[Ü§Ý, ¿}Á?1ÚOíä, ïá�õ�

nØNX, äN�ïÄ3�±�?1.

§6. o (

�þ7KêâL², �]�ÂÃÇS�´�²­�, ÙÅÄÇ  äk�PÁ5. ù¦
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Dec 19 1990 Jan 02 1996 Jan 04 2000 Jan 02 2004 Jan 02 2008 Jan 04 2012 Jan 04 2016

The closing price of Shanghai Composite Index 1990−12−19 / 2019−10−08
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ã 4 1990 – 2019cþyn�Â�dêâ8�©Û



1 5Ï �ôý, �: Äu�ÂÃÇS�&E��CÅÄÇ�O9¢yïÄ 537

�üX� GARCH�.Ã{¿©[Üù«Cz, Ïd�©JÑ
U?��CÅÄÇ�..

�©òÅÄÇ���©)�^����Ã^����¦È, ¿ÏLÜn��.=z, ¦^

����Ì GARCHL§, Ã^���¦^�ëê�{ (B-spline¼ê)[Ü. ù«U?J

p
éÅÄÇ�[Ü§Ý, Ó��Ñ
 GARCH�."y�PÁ5�":, ¿��¦d�

ÅÄ�ýÿJø
k�óä. ÏLé¢S7Kêâ�ïÄ, �©�*:´Ã^���Cz

ÌÝ�O\�²LPòk�r��'5, z�7K�Å5�, ÂÃÇS��A/Ñyì�

ÅÄ. 38��ïÄ¥, ·�ò}ÁÏLO\ GARCH�.�ëê½À^Ù¦�.5Jp

[Ü§Ý, ¿}Á?1ÚOíä, ïá�õ�nØNX, äN�ïÄò3�Yó�¥Ny.

§7. N ¹

�!¥, Op (½ p)�L�ÅCþS��VÇäk,�ê. d	, Up �L�Å¼êS�

3Ù½Â�¥�VÇ��k.. é?¿�þ a = (a1, a2, · · · , an) ∈ Rn, ½Â�ê ‖a‖r =

(|a1|r + |a2|r + · · · + |an|r)1/r, 1 6 r < +∞, ‖a‖∞ = max(|a1|, |a2|, · · · , |an|). ½ÂÝ

 A = (aij)

m,n
i=1,j=1 � Lr �ê� ‖A‖r = max

a∈Rn,a6=0
‖Aa‖r‖a‖−1r , r < +∞, Ó� ‖A‖r =

max
16i6m

n∑
j=1
|aij |, r =∞.

�N¹ò�Ñ B-spline¼ê�Oþ���Âñ5.

1) B-spline�O

�â�§ (10), ĝ(x) = ĝ∗(x)/ĝ∗(1/n), �â�§ (9), Ø�Ä�.£O^��, P

ĝ∗(x) ≡
Ns+p∑̀
=1

β̂`,pB`,p(x),

Ù¥ β̂`,p�L B-spline¼ê�Oþ�Xê, �deª(½:

(β̂1,p, β̂2,p, · · · , β̂Ns+p,p)
T = argmin

(β1,p,β2,p,··· ,βNs+p,p)T∈RNs+p

n∑
i=1

[
Y 2
i −

Ns+p∑̀
=1

β`,pB`,p(i/n)
]2
.

d� B-spline�Oþ ĝ∗(x)���� ĝ∗(x) = B(x)T(MTM)−1MTY 2, Ù¥M ´ § 3

Ü©½Â� B-splineÄ¼êÝ
:

M =


B1,p(1/n) B2,p(1/n) · · · BNs+p,p(1/n)

B1,p(2/n) B2,p(2/n) · · · BNs+p,p(2/n)
...

...
. . .

...

B1,p(n/n) B2,p(n/n) · · · BNs+p,p(n/n)

 .
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d Y = (Y1, Y2, · · · , Yn)T, - B(x) = (B1,p(x), B2,p(x), · · · , BNs+p,p(x))T, Y 2 = (Y 2
1 , Y

2
2 ,

· · · , Y 2
n )T , ½Â L2[0, 1]�mþ¼ê�nØSÈ9nØ�êXe:

〈g1, g2〉 =

∫ 1

0
g1(x)g2(x)dx, ‖g‖22 = 〈g, g〉, (16)

éA�²�SÈ9²��êXe:

〈g1, g2〉n = n−1
n∑
j=1

g1(j/n)g2(j/n), ‖g‖22,n = 〈g, g〉n. (17)

dd�½Â B-splineÄ¼ê {B`,p(x)}Ns+p
`=1 �nØSÈÚ²�SÈÝ
�:

Vp = {〈B`,p, B`′,p〉}Ns+p
`,`′=1, V̂n,p = {〈B`,p, B`′,p〉n}Ns+p

`,`′=1. (18)

±eÚn�Ñ
²�SÈ�nØSÈ����d5, ±9 B-splineÄ¼ê���þ.

Úe..

Ún 3 3b�^� (A5) e, �3~ê 0 < cp < Cp < +∞, ¦�é¿©�� n,

∀λ = (λ1, λ2, · · · , λNs+p)
T ∈ RNs+p,

cp‖λ‖2 6 N1/2
s

∥∥∥Ns+p∑̀
=1

λ`B`,p(·)
∥∥∥
2
6 Cp‖λ‖2. (19)

� n→∞�,

max
16`6Ns+p

‖B`,p‖22 = O(N−1s ), max
16`6Ns+p

‖B`,p‖−22 = O(Ns), (20)

An,p = sup
g1,g2∈H (p−2)

∣∣∣〈g1, g2〉n − 〈g1, g2〉‖g1‖2‖g2‖2

∣∣∣ = O(Nsn
−1) = (1), (21)

max
16`6Ns+p

‖B`,p‖22,n = O(N−1s ), max
16`6Ns+p

‖B`,p‖−22,n = O(Ns). (22)

y²: d (16)½Â�nØSÈ,∥∥∥Ns+p∑̀
=1

λ`B`,p(·)
∥∥∥2
2

=

∫ 1

0

[Ns+p∑̀
=1

λ`B`,p(x)
]2

dx,

Ïd (19)��â©z [23]�½n 5.4.2í�, 
�§ (20)´� B-spline�Xê�þ�k�

���� 1, Ù{��� 0����AÏ�¹. �§ (21)�y²Ú½aqu©z [24]�Ú

n 2, 3dØ2Kã.

5¿�, ��¡

‖B`,p‖22,n 6 ‖B`,p‖22 +

∣∣‖B`,p‖22,n − ‖B`,p‖22∣∣
‖B`,p‖22

× ‖B`,p‖22 6 ‖B`,p‖22 × (1 +An,p).
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2�â (21)íÑ

max
16`6Ns+p

‖B`,p‖22,n 6 max
16`6Ns+p

‖B`,p‖22 × (1 +An,p) = O(N−1s )× (1 +An,p) = O(N−1s ).

,��¡,

‖B`,p‖22,n > ‖B`,p‖22 −
∣∣‖B`,p‖22,n − ‖B`,p‖22∣∣

‖B`,p‖22
× ‖B`,p‖22 > ‖B`,p‖22 × (1−An,p).

Ïd, d�§ (21)��

max
16`6Ns+p

‖B`,p‖−22,n 6 max
16`6Ns+p

‖B`,p‖−22 × (1−An,p)−1 = O(Ns)× (1−An,p)−1 = O(Ns).

�§ (22)�y. �

±eÚn�Ñ
²�SÈ�Ã¡�ê���ê Ns.½.

Ún 4 3b�^� (A5)e, �3��~ê Cp > 0, ¦�é¿©�� n,

‖V̂ −1n,p ‖∞ 6 2CpNs, (23)

sup
x∈[0,1]

sup
a∈RNs+p

‖a‖−1∞ |B(x)TV̂ −1n,p a| 6 2pCpNs. (24)

y²: �â (22)��é,�~ê Cp, V
−1
p �Ã¡�ê���êNs.½, = ‖V −1p ‖∞

6 CpNs. Ó��â B-splineÄ¼ê�5�, éu¿©�� n, (18)¥½Â� Vp 9 V̂n,p ÷

v: ‖Vp − V̂n,p‖∞ 6 Cpn−1, ‖V −1p ‖∞ 6 CpNs.

5¿� ‖V −1p ‖∞ 6 CpNs, éu?¿� (Ns + p)��þ a, ‖V −1p a‖∞ 6 CpNs‖a‖∞.

�
 ‖Vpa‖∞ > C−1p N−1s ‖a‖∞. é¿©�� n9?¿�þ a, �k

‖V̂n,pa‖∞ > ‖Vpa‖∞ − ‖Vpa− V̂n,pa‖∞ > 2−1C−1p N−1s ‖a‖∞.

Ïd ‖V̂ −1n,p ‖∞ 6 2CpNs.

5¿�é?¿ x ∈ [0, 1], B(x)¥�3�õ p�Ø�"��, 
�z��Ñ3 [0, 1]�

�, ¤±

‖B(x)TV̂ −1n,p a‖∞ 6 p‖V̂ −1n,p a‖∞ 6 p‖V̂ −1n,p ‖∞‖a‖∞ 6 2pCpNs‖a‖∞,

�
�y�:

sup
x∈[0,1]

sup
a∈RNs+p

‖a‖−1∞ |B(x)TV̂ −1n,p a| 6 2pCpNs.

Ún�y. �
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2)½n 2�y²

Ún 5 3b�^� (A1) – (A3)e, - σ = h20, ζ = ζ1, E(β + αζ2)q < 1, q ∈ [1,∞),

Ke�(Ø¤á: é, 1 6 m 6 bqc, E(σ2)m <∞. Ó�é÷vþãØ�ª�m,

E(σ2m) = [1− E(β + αζ2)m]−1
m−1∑
k=0

(
m

k

)
E(β + αζ2)kαm−kE(σ2k) <∞.

Ún 5´÷vb�^� (A1) – (A3)�, GARCH(1, 1)�.�Ä�5�, y²lÑ. �

âÚn 5, �m = 1�, e�(Ø¤á:

E(ζth
1/2
t )2 = E(ζ2t )E(ht) = (1− α− β)−1ω, (25)

�m = 2�, �â (25)�k

E(ζth
1/2
t )4 = E(ζ4t )E(h2t )

= 3
[
ω2 + 2E(ζth

1/2
t )2ω(α+ β)

]
(1− β2 − 2αβ − 3α2)−1

= 3ω2[1 + 2(1− α− β)−1(α+ β)](1− β2 − 2αβ − 3α2)−1

= 3ω2(1 + α+ β)[(1− α− β)(1− β2 − 2αβ − 3α2)]−1. (26)

Ún 6 3b�^� (A1) – (A5)e, Var (ĝ(x)) = Op(n
−1Ns).

y²: 5¿�é?¿ x ∈ [0, 1], d ĝ(x)�½Â, �3 0 6 sn 6 1/n¦�

|g(1/n)− g(0)| = |g′(sn)/n| = O(n−1). (27)

Ïd�Ä�.£O^� (10)�, 3y²¥�¦^ g(0)�O. �â (25), ��¡��:{
EBT(x)(MTM)−1

n∑
j=1

B`,p

( j
n

)
[Yj/g

1/2(0)]2
}2

=
[
BT(x)(MTM)−1

n∑
j=1

B`,p

( j
n

)
g−1(0)EY 2

j

]2
= Cg,ω,α,βn

−2V̂ −2n,p nN
−1
s = Cg,ω,α,βn

−1Ns = Op(n
−1Ns), (28)

Ù¥ Cg,ω,α,β = g−2(0)(1− α− β)−2ω2g2(j/n), ,��¡, �â (26), N´uy

E
{
BT(x)(MTM)−1

n∑
j=1

B`,p

( j
n

)
[Yj/g

1/2(0)]2
}2

= [B2(x)]T(MTM)−2
n∑
j=1

B2
`,p

( j
n

)
g−2(0)EY 4

j

= C ′g,ω,α,βn
−2V̂ −2n,p nN

−1
s = Op(n

−1Ns), (29)
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Ù¥ C ′g,ω,α,β = 3[g2(0)(1− α− β)(1− β2 − 2αβ − 3α2)]−1ωg2(j/n)(1 + α+ β). nÜ�§

(28) – (29),

Var (ĝ(x)) = E
{
BT(x)(MTM)−1

n∑
j=1

B`,p

( j
n

)
[Yj/g

1/2(0)]2
}2

−
{
EBT(x)(MTM)−1

n∑
j=1

B`,p

( j
n

)
[Yj/g

1/2(0)]2
}2

= Op(n
−1Ns).

Ïd Var (ĝ(x)) = Op(n
−1Ns). Ún�y. �

Ún 7 (©z [25]½n 5.1) 3b�^� (A1) – (A5)e, dÚn 3 – 4, e�(Ø¤á:

‖Eĝ − g‖∞ = sup
x∈[0,1]

|Eĝ(x)− g(x)| = Op(N
−p
s ). (30)

½Â an = ln(n)1/2(n−1Ns)
1/2±9 bn = an +N−ps .

Ún 8 3b�^� (A1) – (A5)e, ±e(Ø¤á:

‖ĝ − Eĝ‖∞ = sup
x∈[0,1]

|ĝ(x)− Eĝ(x)| = Op(an). (31)

y²: �©�b� (A1) – (A5)÷v©z [25]�^� 7.1, Ïd�â©z [25]�½n

7.1, �k: L ([Var (ĝ(x))]−1/2[ĝ(x) − Eĝ(x)])
d→ N(0, 1), n → ∞. A^ BernsteinØ�ª,

Ún(Ø¤á. �

½n 2 �y²: y3m©y²¼ê�Oþ�k�5. Äk ĝ(x)�©)3y²¥å

X'��^:

ĝ(x) = Eĝ(x) + [ĝ(x)− Eĝ(x)]. (32)

�â�§ (30) – (31), ±e(Ø¤á:

‖ĝ − g‖∞ = ‖(Eĝ − g) + (ĝ − Eĝ)‖∞ 6 ‖Eĝ − g‖∞ + ‖ĝ − Eĝ‖∞ = Op(bn).

qÏ�b� (A5)¥ Ns ∼ n1/(2p+1), ddíÑ

bn = [lnn/(nN−1s )]1/2 +N−ps = [lnn/(nN−1s )]1/2.

¤±, ‖ĝ − g‖∞ = Op(n
−1/2N

1/2
s ln1/2 n). �
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The Estimation of Time Varying Volatility Based on

the Long Stock Return Series with Its Application

WANG Jiangyan LIN Jinguan CHEN Xulan

(School of Statistics and Data Science, Nanjing Audit University, Nanjing, 211815, China)

Abstract: The price fluctuations in the stock market and the changes in the rate of return brought by it

have attracted the attention of experts. In this context, this paper focuses on the changes in the volatility

of long-term asset return series, and being used in analysis of the Shanghai Composite Index. Since the

most commonly used GARCH model is available when the observation period is short, and the volatility

for long-term asset return series tends to have long memory, this paper proposes an improved time varying

GARCH model. In order to fit the change of volatility well, we decompose the variance of volatility into

a conditional part and an unconditional part. Through reasonable model transformation, the conditional

variance follows the GARCH process, while the unconditional variance, which is changing smoothly over

time, is estimated by the nonparametric method (B-spline estimation). The simulation research shows

that the model proposed in this paper can better capture the change of volatility in a long run. In order to

verify the proposed estimation method, the daily return series of the Shanghai Composite Index are taken

for the empirical analysis. In the end, we found that: (i) The nonparametric estimation method proposed

in this paper performs well. (ii) The variation of the unconditional variance has a strong correlation with

the economic recession; (iii) An apparent variation in the time-varying GARCH model can be explained

by the variation of the non-stationary component.

Keywords: long financial time series; nonparametric estimation; GARCH model; B-spline estimation;

multiplication decomposition
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