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' (½=�G�k')�ò�Ïf, 3¢SA^¥w��k¿Â. éuò�Ïf�6G�Ú

1Ä� DTMDPs, Ì�k Schäl [12] ��ó�. �Ù�Å (½¤^)¼ê��¦´ke.½

kþ.�, 
�, �vkïá�`�§)���5¯K. éuò�Ïf�6uG��ò�

DTMDPs, WeiÚ Guo [13]ïÄ
 (lþÚle)Ã.��Å¼ê��/, 3Ü·^�e, y

²
�`(½5²­üÑ��35Ú�`�§)���5, ��Ñ
O��`� (��´

%C�`�)����{. �3þã©z¥, �Ä��m���õêÑ´(½�: k�½Ã

�. 
3¢SA^¥, ·�~I�3���Å�m��SéÑ�`üÑ. ~X: y´Ý]`

z¥, <�~~I�3��,�ÄO]�½ö»�c����|Ã, ùÒ´·��ïÄÄ

��.�8�. Cc5, 'u�Cò�ê¼ûüL§�Ä��.`z¯K�ïÄ, Ì�k©

z [14–16].

d	, é�Cò�Ïf�É�å DTMDPs�.�ïÄ�®��?Ð. ~X: é�êG

��mþ�ü�å�Cò�Ïf� DTMDPs, Huang� [17] y²
ÙÄ�8IOK�É

�å�`üÑ��35. éõ�å�/, Zhang [18] òà©Û�{uÐ�
 BorelG�Ú

1Ä�mþ�ke.¤��É�å DTMDPs, �3,
^�ey²
�`üÑ��35;

Wu� [16] é�êG��mÚ; Borel1Ä�mþ�Éõ�å!Ã.¤�!�6G�ò�

Ïf DTMDPsÄ��., y²
Ù�`�Ú�`�Å²­üÑ��35; 2020c, WuÚ

Guo [19]éÉ�å!�Cò� DTMDPs�., �Ñ
k�%C¯K��'(J.

�©ò3©z [16, 19]�Ä:þ, ?�ÚïÄ�êG��mÚ; Borel1Ä�mþ�É

õ�å!Ã.¤�!�6G�ò�Ïf DTMDPsÄ��.�Âñ¯K, �?�Ú��`

�Ú�`�Å²­üÑ�k�%Cê�O�JøÈ¢�nØÄ:.

§2. É�åÄ��.9Ä�8IOK

�ÄÉ�å DTMDPsÄ��.S� {Mn} (n ∈ N := N ∪∞)Xe:

Mn :=
{
Sn, An, An(i), Qn(j | i, a), B, α(i), c0

n(i, a), (cln(i, a), dln, 1 6 l 6 q), γn
}
, (1)

Ù¥, S∞ ��êG��m, �P� S∞ := {0, 1, 2, · · · }; Sn ´ S∞ �f8, � {Sn}n>1 ´

üN�~� (=éz� n > 1k Sn ⊆ Sn+1)÷v Sn ↑ S; B ���½�8I8; 1Ä�

m An ´ Borel�m, Ù Borel σ-��B(An); éz� i ∈ Sn, An(i)��#N1Ä8. éz

� i ∈ S∞, - n(i) := min{n > 1, i ∈ Sn}, �é i ∈ S∞ Ú n > n(i), b½ An(i)´ A∞(i)

��ÿf8, �kB(An(i)) = B(A∞(i)) ∩ An(i). - Kn := {(i, a) | i ∈ Sn, a ∈ An(i)}�
¤k�#NG� –1Äé�¤�8Ü, �b� Kn ´ Sn × An � Borel�ÿf8. =£Ç

Qn(j | i, a)´�½ (i, a) ∈ Kn Ú i, j ∈ Sn ½Â3 Sn þ��Ú (�à)=£VÇ. ò�Ïf
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α(i)´ Sn � (0, 1)þ�¢�¼ê. ,	, c0
n(i, a)Ú cln(i, a) (1 6 l 6 q)©O´8I¤�Ú

�å¤�¼ê, �éz��½� i ∈ Sn, Ù3 An(i)þ�ÿ. ��, ¢ê dln (1 6 l 6 q)��

å�, �- γn´ Snþ�Ð©©Ù.

éz� n ∈ N, - Hn,0 := Sn, �ém = 1, 2, · · · , Hn,m := Km
n × Sn. Mn ��Å{¤

�6üÑ8 Πn!�Å²­üÑ8 Φn��½Â�ë�©z [1, 2, 19,20].

é Sn þ�?¿Ð©©Ù γn Ú�Å{¤�6üÑ π = {πm} ∈ Πn, dÍ¶� Tulcea

½n (�©z [2; p.178]), 3�m (Ωn,Fn)þ�3���VÇ Pπγn (�©z [2; p.16])Ú�

�p��G� –1Ä�ÅL§ {im, am,m = 0, 1, · · · }, ¦�éz� C ⊆ Sn, Γ ∈ B(An)Ú

m > 0, k

Pπγn(i0 ∈ C) = γn(C),

Pπγn(am ∈ Γ |hm) = πm(Γ |hm),

Pπγn(im+1 ∈ C |hm, am) = Qn(C | im, am),

Ù¥, Eπγn ´ Pπγn �Ï". e γn´8¥3,�G� i?� DiracÿÝ, K Pπγn Ú Eπγn ©OP

� Pπi,nÚ Eπi,n.

½Â 1 éz� π ∈ Πn, 0 6 l 6 qÚÐ©©Ù γn, ½ÂÉ�å DTMDPs�Ä�8I

OK�:

V l
n(π) := Eπγn

[ τB−1∑
m=0

m−1∏
k=0

α(ik)c
l
n(im, am)

]
= Eπγn

[ ∞∑
m=0

I{i0∈Sn\B,i1∈Sn\B,··· ,im∈Sn\B}
m−1∏
k=0

α(ik)c
l
n(im, am)

]
, (2)

Ù¥, I{i∈Sn\B} ´«5¼ê, � τB := inf{m > 0 | im ∈ B}´G�L§ {im,m = 0, 1, · · · }
Äg?\8I8 B ��� (5½ inf ∅ =∞). d	, e γn8¥3,G� i�, V l

n(π)ÒP�

V l
n(i, π).

éz��½� n ∈ N, - Un := {π ∈ Πn |V l
n(π) 6 dln, 1 6 l 6 q} (Ï~b½ Un 6= ∅,

de©Ún 14U�yTb½¤á)´���.Mn ¤k�1üÑ8, �Mn ��`��:

V 0∗
n = inf

π∈Un

V 0
n (π). Ïd, (1)ª¥�Ä��.Mn �É�åÄ�8IOK`z¯K COPn

(constrained optimality problem)½Â�

COPn : min
π∈Un

V 0
n (π).


�, e π∗ ∈ Un ´3 π ∈ Un þ¦� V 0
n (π)�����üÑ, K¡ π∗ ´ COPn �É�

å�`üÑ. du c0
n(i, a)Ã., Ï
ÙU^�Å¼ê5O�, l
�A� COPn U�3

π ∈ Unþ¦� V 0
n (π)�����.
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^� 2 (a) �3~ê α ∈ (0, 1)¦� sup
i∈Sn\B

α(i) 6 α;

(b) �3�K~ê β ∈ (0, 1/α), p > 1Ú L > 0, ±9 Sn\B þ� Lyapunov¼ê ω (= ω

´üNØ~�, � lim
i→∞

ω(i) =∞)÷v ω > 1, ¦�:

∑
i∈Sn\B

ωp(i)γn(i) <∞, sup
a∈An(i)

|cln(i, a)| 6 Lω(i) (l = 0, 1, · · · , q),

�

sup
a∈An(i)

∑
j∈Sn\B

Qn(j | i, a)ω(j) 6 βω(i), ∀ i ∈ Sn\B.

(c) éz� i ∈ Sn\B, An(i)´;8;

(d) éz� 0 6 l 6 qÚ i ∈ Sn\B, ¤�¼ê cln(i, ·)Ú=£Ç Qn(j | i, ·) (∀ j ∈ Sn\B)3

An(i)þþëY;

(e) éz� i ∈ Sn\B, ¼ê
∑

j∈Sn\B
Qn(j | i, ·)ω(j)3 An(i)þëY.

5P 3 ^� 2 (c) `²
: éz� i ∈ Sn \B, P(An(i)) UÿÝfÂñÿÀ��

m´;�, Ù¥ P(An(i)) ´ B(An(i)) þ�¤kVÇÿÝ�8. l
, d Tychonoff ½

n, Φn �´;�. ,	, éz� i ∈ S∞ \B Ú n > n(i), du An(i) ⊂ A∞(i), w,k

P(An(i)) ⊂ P(A∞(i)).

§3. É�å DTMDPsÄ��.�Âñ(J

�!¥, ·�ò½Â�.S� {Mn}�ÓkÿÝ, ��ÓkÿÝ��'5��(J, ¿

±dy²d (1)½Â��.� {Mn}Âñ� {M∞}.

^� 4 (a) éz� i, j ∈ S∞\B Ú n > max{n(i), n(j)}, k

lim
n→∞

sup
a∈An(i)

∣∣Qn(j | i, a)−Q∞(j | i, a)
∣∣ = 0.

(b) é¤k i ∈ S∞\B, 0 6 l 6 qÚ n > n(i), k

lim
n→∞

sup
a∈An(i)

∣∣cln(i, a)− cl∞(i, a)
∣∣ = 0.

(c) éz� i ∈ S∞\B Ú n > n(i), k lim
n→∞

γn(i) = γ∞(i).

(d) éz� 1 6 l 6 q, k lim
n→∞

dln = dl∞.
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½Â 5 éz� n ∈ NÚüÑ π ∈ Πn, 'u COPn �üÑ π �ÓkÿÝ µπn(i,Γ)½

ÂXe:

µπn(i,Γ) := Eπγn

[ τB−1∑
m=0

m−1∏
k=0

α(ik)I{{i}×Γ}(im, am)
]
, ∀Γ ∈ B(An). (3)

w,, d^� 2 (a)��, µπn(i,Γ)´ Sn\B × An þ�k�ÿÝ. ¤kÓkÿÝ�8UÿÝ

fÂñÿÀ�¤��mP� Dn, � µπn(i,Γ)3 Sn\B þ�>�ÿÝ½Â�:

µ̂πn(i) := µπn(i, An(i)).

5P 6 (a) du µn ∈ Dn ´½Â3 K̃n := {(i, a) | i ∈ Sn \B, a ∈ An(i)} =

Kn ∩ (Sn\B ×An)þ�, Ø���5, ±e·�òÓkÿÝ µnw�´ K̃nþ�ÿÝ,

Ï
k

V l
n(π) =

∑
i∈Sn\B

∫
An(i)

cln(i, a)µπn(i,da).

(b) 4M (K̃n)´½Â3 K̃nþ�k�ÿÝ8, τ ´fÿÀ, K (M (K̃n), τ(M (K̃n)))´�

Ýþz�, Ï
�©ò (M (K̃n), τ(M (K̃n)))Ú (Dn, τ(Dn))þw�´Ýþ�m.

±e½n 7ÚíØ 8�©z [16]¥�½n 3.4ÚíØ 3.5aq, ·�Ñ�y²L§.

½n 7 3^� 2e, ±e(Ø¤á:

(a) éz� n ∈ NÚ πn ∈ Πn, ÓkÿÝ µπn÷v�§:

µ(i, An(i)) = γn(i) +
∑

j∈Sn\B

∫
An(j)

α(j)Qn(i | j, a)µ(j,da) ∀ i ∈ Sn\B, (4)

Ú ∑
i∈Sn\B

ω(i)µ(i, An(i)) 6
1

1− αβ
∑

i∈Sn\B
ω(i)γn(i) <∞. (5)

(b) ��, éz��½� n ∈ N, e K̃n þ�k�ÿÝ µ ÷v (4) – (5) ª, K�3�Å

²­üÑ ϕ ∈ Φn ¦� µ = µϕn, �=´, µ ´�ÓkÿÝ; �éz� i ∈ Sn\B k
µ̂(i) = µ̂ϕn(i), üÑ ϕ÷v©)ª: µ(i,da) = µ̂(i)ϕ(da | i), {P� µ = µ̂ ◦ ϕ.

(c) é�½� n ∈ NÚüÑ ϕ ∈ Φn, (µ̂ϕn(i), i ∈ Sn\B)´ Sn\Bþ¦�
∑

i∈Sn\B
ω(i)ν(i) <

∞¤á�k�ÿÝa¥÷ve��§���):

ν(i) = γn(i) +
∑

j∈Sn\B
α(j)Qn(i | j, ϕ)ν(j). (6)

íØ 8 b�^� 2÷v, é�½� n ∈ N, ±eäó¤á.
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(a) ÓkÿÝ8 Dn´à�.

(b) éz�üÑ π ∈ Πn, �3� (�Å)²­üÑ ϕ ∈ Φn, ¦�é¤k l = 0, 1, · · · , q,
V l
n(π) = V l

n(ϕ). 
�, e�3 COPn ����`üÑ π ∈ Πn, K7�3 COPn ��

`²­üÑ ϕ ∈ Φn.

(c) éz�²­üÑ ϕ ∈ Φn, �3���ÓkÿÝ µ ∈ Dn¦� µ = µ̂ ◦ ϕ.

5P 9 ½n 7�Ñ
 (3)¥ÓkÿÝ��½^�, �½n 7 (c)¥���5(Øò3

�y>�ÿÝ�'5��å�û½5�^.

±e�ÑÓkÿÝ��'5�.

Ún 10 - ϕn (∈ Φn)fÂñ� ϕ (∈ Φ∞), K±e(Ø¤á.

(a) e νn (∈M (Sn\B))fÂñ� ν (∈M (S∞\B)), �k µn := νn ◦ϕn9 µ := ν ◦ϕ, K

µnfÂñ� µ.

(b) e^� 2Ú 4¤á, Kéz� i, j ∈ S∞\B Ú n > max{n(i), n(j)}, k

lim
n→∞

Qn(j | i, ϕn) = Q∞(j | i, ϕ) � lim
n→∞

cln(i, ϕn) = cl∞(i, ϕ), 0 6 l 6 q.

y²: d©z [21]¥�Ún 4.6 (a)�� (a)¤á, d©z [22]¥�Ún 5.2 (ii)�y

²�� (b)�¤á. �

Ún 11 3^� 2Ú 4e, ±e(Ø¤á.

(a) éz� n ∈ N, e {µn} (µn ∈ Dn) ¦� µn fÂñ� µ (∈ D∞) ¤á, Kéz�

l ∈ {0, 1, · · · , q}, k

lim
n→∞

∑
i∈Sn\B

∫
An(i)

cln(i, a)µn(i,da) =
∑

i∈S∞\B

∫
A(i)

cl∞(i, a)µ(i,da).

(b) e ϕn (∈ Φn)fÂñ� ϕ (∈ Φ∞), Kk µϕn
n fÂñ� µϕ∞ (∈ D∞).

y²: (a) �½ l, -

fn :=
∑

i∈Sn\B

∫
An(i)

cln(i, a)µn(i,da) ∀n = 0, 1, · · · ,

Kd^� 2Ú (5)ª�� {fn}k.. é {fn}�?¿Âñf� {fnk
} (Ø��ÙÂñ�,~

ê c), d½n 7�: �3f� {ϕnk
} (ϕnk

∈ Φnk
)¦� µnk

= µ̂nk
◦ ϕnk

. d Φnk
�;5¿

|^é���{��: �3 {ϕnk
}�f� (Ø���5EP� {ϕnk

})¦� ϕnk
fÂñ�

ϕ (∈ Φ∞). qdu µnk
fÂñ� µ, �éz� i ∈ S\B Ú nk > n(i), k µ̂nk

(i)fÂñ�

µ̂(i). u´, dÚn 10 (a)�� µ = µ̂ ◦ ϕ.



604 A^VÇÚO 1 37ò

éz� µ̂nk
(k ∈ N), ½ÂÙ'éüÑ µ̃nk

Xe:

µ̃nk
(i) :=

µ̂nk
(i), i ∈ Snk

\B;

0, Ù§.

Kd^� 2Ú (5)ª��:∑
i∈S∞\B

ω(i)µ̂(i) 6 lim
k→∞

∑
i∈Snk

\B
ω(i)µ̃nk

(i) 6
1

1− αβ
∑

i∈Snk
\B
ω(i)γnk

(i) <∞.

u´, é?¿ ε > 0, �3��ê N ¦�:∑
i∈S∞\B, i>N

ω(i)µ̂(i) 6
ε

3
,

�k ∑
i∈S∞\B, i>N

ω(i)µ̃nk
(i) =

∑
i∈Snk

\B, i>N
ω(i)µ̂nk

(i)

6
1

ωp−1(N)

∑
i∈Snk

\B, i>N
ωp(i)µ̂nk

(i)

6
1

ωp−1(N)
· 1

1− αβ
∑

i∈Snk
\B, i>N

ωp(i)γnk
(i)

6
ε

3
.

qÏ� µ̂nk
(i) → µ̂(i), Kéz� i ∈ S∞\B Ú i < N , �3��êM(i)¦�� k > M(i)

�, k

|µ̃nk
(i)− µ̂(i)| 6 ε

3Nω(i)
.

Ïd, éz� k > max{M(i) : i 6 N − 1}, ·�k∣∣∣ ∑
i∈Snk

\B
ω(i)µ̂nk

(i)−
∑

i∈S∞\B
ω(i)µ̂(i)

∣∣∣
=
∣∣∣ ∑
i∈S∞\B

ω(i)µ̃nk
(i)−

∑
i∈S∞\B

ω(i)µ̂(i)
∣∣∣

=
∣∣∣ ∑
i∈S∞\B, i<N

ω(i)[µ̃nk
(i)− µ̂(i)] +

∑
i∈S∞\B, i>N

ω(i)[µ̃nk
(i)− µ̂(i)]

∣∣∣
6
∣∣∣ N∑
i=0

ω(i)[µ̃nk
(i)− µ̂(i)]

∣∣∣+
2ε

3
6 ε.

u´k ∑
i∈S∞\B

ω(i)µ̂(i) = lim
k→∞

∑
i∈Snk

\B
ω(i)µ̂nk

(i) <∞.
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5¿�, éz� 0 6 l 6 q, dÚn 10 (b)�� clnk
(i, ϕnk

) → cl∞(i, ϕ). Ïd, dí2�

��Âñ½n (�©z [23; Theorem A.2.6])��:∑
i∈Snk

\B
clnk

(i, ϕnk
)µ̂nk

(i)→
∑

i∈S∞\B
cl∞(i, ϕ)µ̂(i),

=

fnk
=

∑
i∈Snk

\B

∫
A(i)

cl(i, a)µnk
(i,da)→

∑
i∈S∞\B

∫
A(i)

cl(i, a)µ(i,da).

du {fnk
}´?¿À��, �k

fn =
∑

i∈Sn\B

∫
A(i)

cl(i, a)µn(i,da)→
∑

i∈S∞\B

∫
A(i)

cl(i, a)µ(i,da) = c, ∀ l = 0, 1, · · · , q.

(b) dÚn 10 (a) ��, ·��Iy² µ̂ϕn
n fÂñ� µ̂ϕ∞ =�. ?� {µ̂ϕn

n } �f�
{µ̂ϕnk

nk },�ÙÂñ�,� S∞\Bþ�ÿÝ ν. K,éz� j ∈ S∞\BÚ nk > max{n(i), n(j)},
d½n 7 (c), ·�k

µ̂
ϕnk
nk (i) = γnk

(i) +
∑

j∈Snk
\B
α(j)Qnk

(i | j, ϕnk
)µ̂
ϕnk
nk (j). (7)

,��¡, d (a)�y²L§, ·�k∑
j∈Snk

\B
α(j)Qnk

(i | j, ϕnk
)µ̂
ϕnk
nk (j) =

∑
j∈S∞\B

α(j)Q∞(i | j, ϕ)ν(j),

éá (7)��:

ν(i) = γ∞(i) +
∑

j∈S∞\B
α(j)Q∞(i | j, ϕ)ν(j).

Ïd, d½n 7 (c)��: é¤k i ∈ S∞\B, k ν(i) = µ̂ϕ∞(i)¤á. �

éz� n ∈ N, P

Fn :=
{
µn ∈ Dn

∣∣∣ ∑
i∈Sn\B

∫
An(i)

cln(i, a)µn(i,da) 6 dln, 1 6 l 6 q
}
,

K��å`z¯K COPn�dueãà�55y¯K:

COP′n : min
µn∈Fn

∑
i∈Sn\B

∫
An(i)

c0
n(i, a)µn(i,da).

Fn ¡�´ COP′n �¤k�1)�8, � COP′n ��`�P� inf COP′n. e�3 COP′n �

���1) µ ∈ Fn¦� ∑
i∈Sn\B

∫
An(i)

c0
n(i, a)µ(i,da) = inf COP′n,
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K µ¡�´ COP′n��`), �¤k�`)�8P�On. db� Un 6= ∅�� Fn 6= ∅.


�, é?¿ µ ∈ Fn, d^� 2 (b)Ú (5)ª��

∑
i∈Sn\B

∫
An(i)

c0
n(i, a)µ(i,da) 6 L

∑
i∈Sn\B

∫
An(i)

ω(i)µ(i,da) = L
∑

i∈Sn\B
ω(i)µ̂(i)

6
L

1− αβ
∑

i∈Sn\B
ω(i)γn(i) <∞, (8)

�k inf COP′n <∞.

½n 12 e^� 2Ú 4¤á, Kéz� n ∈ N, k:

(a) ÓkÿÝ�m DnÚ COP′n��1) FnUÿÝfÂñÿÀ�¤��mÑ´;�m.

(b) - µn ∈ Fn, K {µn}3 F∞¥´�é;�, � {µn}�?�à:Ñáu F∞.

y²: (a) d©z [16]¥�Ún 3.9Ú 4.1�� (a)¤á.

(b) - {µnk
}´ {µn}�?�f�. Kd½n 7 (b)�, �3 {ϕnk

} ∈ Φnk
¦� µnk

=

µ
ϕnk
nk . 
�, d Φn �;5, �3 {ϕnk

(· | i)}�f� (Ø�EP� {ϕnk
(· | i)})Ú ϕ(· | i) ∈

A∞(i), ¦� {ϕnk
(· | i)}fÂñ� ϕ(· | i). du S\B ´�ê8, dé���{�: �3f�

{ϕnks
}¦� {ϕnks

}fÂñ� ϕ ∈ Φ∞. éáÚn 11 (b)�� µnks
= µ

ϕnks
nks

fÂñ� µϕ∞.


�, dÚn 11 (a)��:

∑
i∈S∞\B

∫
A∞(i)

cl∞(i, a)µϕ∞(i,da) = lim
s→∞

∑
i∈Snks

\B

∫
Anks

(i)
clnks

(i, a)µ
ϕnks
nks

(i,da)

6 lim
s→∞

dlnks
= dl∞, ∀ 1 6 l 6 q.

�k µϕ∞ ∈ F∞, Ï
(Ø (b)¤á. �

^� 13 (Slater^�) �3üÑπ∈Π∞, ¦�é¤k 1 6 l 6 q, kV l
∞(π)<dl∞¤á.

e¡�Únaqu©z [22; ·K 5.1], ·�Ñ�y²L§.

Ún 14 e^� 2!4Ú 13¤á. K�3��ê N1!~ê δ > 0ÚüÑ ϕ̃n ∈ Φn,

¦�

V l
n(ϕ̃n) 6 dln − δ, ∀ 1 6 l 6 q, n > N1.

=, é¤k n > N1, Un 6= ∅.

½n 15 e^�2!4Ú13¤á, Kk±e(Ø:

(a) �3��ê N2, ¦�é¤k n > N2, k Fn 6= ∅.

(b) éz� µ ∈ F∞, �3��ê N3Ú µn ∈ Fn (n > N3)¦� µnfÂñ� µ.
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(c) - µn ∈ On (n > 1), K {µn}�?�à:ÑáuO∞.

y²: (a) dÚn 14, (Ø (a)w,¤á.

(b) - µ ∈ F∞, u´�3 Φ∞ ¥üÑ ϕ1 � ϕ2, ¦� µ = µϕ
1

∞ , �é¤k 1 6 l 6 q, �

3~ê C > 0¦� V l
∞(ϕ2) 6 dl∞ − C. éz� n > 1, i ∈ Sn\B Ú ϕk (k = 1, 2), �½Â

ϕkn (k = 1, 2)Xe

ϕkn(da | i) :=

ϕk(da ∩An(i) | i)/ϕk(An(i) | i), ϕk(An(i) | i) > 0;

I{an(i)}(da), ϕk(An(i) | i) = 0,

Ù¥ an(i) ∈ An(i)´?¿�½�. dué n > n(i)k An(i) ↑ A∞(i), �k ϕkn fÂñ�

ϕk (k = 1, 2)� ϕk ∈ Φ∞. u´, dÚn 11 (b)�� µ
ϕk
n
n → µϕ

k

∞ . Ï
, é¤k 1 6 l 6 q,

dÚn 11 (a)·�k

lim
n→∞

V l
n(ϕ1

n) = V l
∞(ϕ1) 6 dl∞,

lim
n→∞

V l
n(ϕ2

n) = V l
∞(ϕ2) 6 dl∞ − C.

Ïd, é?¿�½� 0 < ε < C/4, �3��êN(ε), ¦�éz� 1 6 l 6 qÚn > N(ε), k

|dln − dl∞| 6 ε, V l
n(ϕ1

n) 6 dl∞ + ε, � V l
n(ϕ2

n) 6 dl∞ − C + ε.

- νn := (1− θε)µϕ
1
n
n + θεµ

ϕ2
n
n , Ù¥ θε := 2ε/C < 1/2. K, éz� 1 6 l 6 qÚ n > N(ε),

·�k ∑
i∈Sn\B

∫
An(i)

cln(i, a)νn(i,da) = (1− θε)V l
n(ϕ1

n) + θεV
l
n(ϕ2

n)

6 (1− θε)(dl∞ + ε) + θε(d
l
∞ − C + ε) = dln.

u´, é¤k n > N(ε), k νn ∈ Fn.

?�Ú, éz� s > 3, � εs := C/(8s). dþã?Ø��, éz� s > 3, �3��ê

Ns (Ø���5, b� Ns3 s > 3þ�~)¦�:

νsn := (1− θs)µϕ
1
n
n + θsµ

ϕ2
n
n ∈ Fn, ∀n > Ns,

Ù¥ θs := 2εs/C. Ï
, éz� Ns 6 n < Ns+1, �� µn := νsn, Ké n > N3, k µn ∈ Fn.


�, du εs ↓ 0, �k µn → µϕ
1

∞ = µ. ¤±, (Ø (b)¤á.

(c) - µ∞ ´ {µn}�?�à:, =, �3 {µn}�f� {µnk
}¦� µnk

fÂñ� µ∞.

d½n 12 (b), w,k µ∞ ∈ F∞. ,��¡, é?¿ µ ∈ F∞, d (b)��: �3���ê N

Ú µ′n ∈ Fn, ¦�é¤k n > N , k µ′nfÂñ� µ. du µnk
∈ Onk

, �∑
i∈Snk

\B

∫
Ank

(i)
c0
nk

(i, a)µnk
(i,da) 6

∑
i∈Snk

\B

∫
Ank

(i)
c0
nk

(i, a)µ′nk
(i,da) ∀nk > N,
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(ÜÚn 11 (a)��:

∑
i∈S∞\B

∫
A∞(i)

c0
∞(i, a)µ∞(i,da) 6

∑
i∈S∞\B

∫
A∞(i)

c0
∞(i, a)µ(i,da).

=´, µ∞ ∈ O∞. �

e¡�ÑÂñ¯K�Ì�(J:

½n 16 e^� 2!4Ú 13¤á, K±e(Ø¤á.

(a) e V 0∗
∞ � V 0∗

n ©O´M∞�Mn��`�, Kk lim
n→∞

V 0∗
n = V 0∗

∞ .

(b) e π∗n (n > 1)´Mn��`üÑ, K {π∗n}�?¿à:þ´M∞��`üÑ.

y²: (a) - {V 0∗
nk
}´ {V 0∗

n }�?¿Âñf�, K�3f� {µ∗nk
} (µ∗nk

∈ Onk
)¦�:

V 0∗
nk

=
∑

i∈Snk
\B

∫
Ank

(i)
c0
nk

(i, a)µ∗nk
(i,da).

qd½n 12 (b)Ú 15 (c), �3 {µ∗nk
}�f� (Ø�EP���)¦�� k →∞� µ∗nk

fÂñ� µ∗∞, �k µ∗∞ ∈ O∞. éáÚn 11 (a)��:

lim
n→∞

V 0∗
nk

= lim
n→∞

∑
i∈Snk

\B

∫
Ank

(i)
c0
nk

(i, a)µ∗nk
(i,da)

=
∑

i∈S∞\B

∫
A∞(i)

c0
∞(i, a)µ∗∞(i,da) = V 0∗

∞ .

Ïd, d {V 0
nk
∗}�?¿5��(Ø (a)¤á.

(b) 5¿�: éz� n ∈ N, üÑ π∗n ´Mn ��`üÑ��=�Ù�A�Ókÿ

Ý µ
π∗n
n ∈ On. - π∗n (n > 1) ´Mn ��`üÑ, � π∞ ´ {π∗n} �?�à:, =, �3

{π∗n}�f� {π∗nk
}¦� π∗nk

fÂñ� π∞ (Ø���5, díØ 8·��b½ π∗n ∈ Φn �

π∞ ∈ Φ∞). KdÚn 11 (b)��: µ
π∗nk
nk fÂñ� µπ∞∞ . Ï� µ

π∗nk
nk ∈ Onk

, Kd½n 15 (c)

�� µπ∞∞ ∈ O∞. Ï
, π∞´M∞��`üÑ. �(Ø (b)¤á. �
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Abstract: In this paper, we study the convergence problem of a sequence of first passage Markov de-

cision processes with constraints and varying discount factors. Using the “occupation measures” and its

related properties, we transform the constrained optimality problems into linear programming problems

on the set of occupation measures (i.e., the convex analytic approach), and then prove that the optimal

values and optimal policies of the original first passage Markov decision processes converge respectively to

those of the “limit” one.

Keywords: first passage Markov decision processes; multiple constraints; state-dependent discount fac-

tors; convex analytic approach; convergence problem
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