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Abstract
To evaluate the randomness of a sequence, we propose a graphic approach based on spectral
density. When the scatter points in the graph exhibit a linear structure, we conclude that the
sequence is random. To illustrate the basic idea of this method, one synthetic example is carried
out to assess the randomness of pseudo-random sequence generator. This method is also applied to
a real data to investigate the serial correlation among a sequence. Both examples have evidenced
the efficacy of our proposed graphic approach.
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Introduction

All numbers are arbitrary, but some are more arbitrary than others. Below one
million, 170769 appears be more random than 888888, though a priori they are equally
probable. When randomness is not understood, it is more difficult to achieve than law
and order. The subject suffers from an excess of mathematical ingenuity which has made
straightforward ideas on randomness obsolete before they ever were formulated properly.
The problem of characterizing the randomness of finite sequence arises in cryptographic applications. However, what we would like is some test which will indicate whether
a sequence is “random”. The idea of randomness clearly reflects the difficulty of predicting
the next digit of a sequence from all previous one. Another way to understand a truly
random sequence of numbers is that such a sequence has an asymptotically flat power
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spectrum, or equivalently, we can say that an essentially random sequence is that it is
of uncorrelatedness. That is, a proper equivalent to uncorrelatedness is that the power
spectrum is flat.
This fact is used to devise a new test for checking the randomness of a specific se-
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quence. In the present article, we propose another randomness test equivalent to the
correlation test. A graphic approach for detecting the randomness of a stationary time
series is proposed in Section 2. It is pointed out that this test is very easy to implement
and very efficient. In Section 3, we conduct two finite sample studies. One of them is
a synthetic example which is presented in Section 3.1 to illustrate the application of our
proposed methods in checking the pseudo random numbers generator. In Section 3.2, a
real data is presented to explore the potential use of our method in detecting the existence of the long-term memory in a stationary time series. These examples evidence the
performance of our proposed graphic approach.

§2.

Method

We will illustrate the idea of our proposed graphic approach in this section. Let
{Xt , t = 0, ±1, ±2, · · · } denote a zero mean stationary process with the auto-covariance
function
γ(u) = E(Xs Xs+u ),

for u = 0, ±1, ±2, · · · .

Then, the periodogram for an observed sequence {X1 , · · · , Xn } is given by
I

(n)

¯2
n
1 ¯¯ P
¯
−iλt
e
Xt ¯ ,
(λ) =
¯
2πn t=1

for λ ∈ [0, π].

It is well known that the periodogram is approximately an unbiased estimator of the
spectral density
f (λ) =

1
2π

∞
P

γ(u)e−iuλ ,

for λ ∈ [0, π].

u=−∞

But, it is not a consistent estimator of f (λ). See, for example, Brillinger (1981), Priestley
(1981) and Brockwell and Davis (1991). Consistent estimator of f (λ) can be obtained
by smoothing the periodogram. Let λk = 2πk/n (k = 0, 1, · · · , [(n − 1)/2]) be a Fourier
frequencies and let N = [(n − 1)/2]. Given a stationary process {Xt }, it is known (See,
for example, Theorem 10.3.2 of Brockwell and Davis (1991)) that {I (n) (λk )} are asymptotically exponentially distributed with mean f (λk ) and that they are approximately independent. That is, with Rn,k denoting an asymptotically negligible term (see Lemma 1
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of Fan and Kreutzberger (1998)), we have
I (n) (λk ) = f (λk ) × Vk + Rn,k ,
where the random variables Vk ’s are independent having the standard exponential distri-
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bution for K = 1, · · · , N . Moreover, V0 and V[n/2] (if n is even) have a χ21 distribution. For
convenience, we will consider the periodogram I (n) (λk ) at frequencies λk , k = 1, · · · , N .
Davis and Jones (1968) showed that the logarithm of the periodogram exhibits the following regression model:

Yk =: log(I (n) (λk )) = m(λk ) + εk + γk ,
k = 1, · · · , N,
ε = log(V ) has a density function f (x) = ex−ex ,

(2.1)

ε

k

where m(λk ) = log(f (λk )) and γk = log[1+Rn,k /{f (λk )Vk }] is an asymptotically negligible
term. It is known that E(εk ) = c0 = −0.57721, an Euler constant, and Var (εk ) = π 2 /6.
When {Xt } is a totally random sequence, it is equivalent to say that
γ(u) = 0,

for any u 6= 0,

and hence I (n) (λ) is approximately an unbiased estimator of the spectral density
1
γ(0),
2π

f (λ) =

γ ∈ [0, π].

The logarithm of the periodogram in (2.1) becomes the following regression model
Yk = log

γ(0)
+ εk + γk ,
2π

where γk = log[1 + 2πRn,k /{γ(0)Vk }]. Note that
δk =: eεk =
=

1
1 + (2πRn,k )/[γ(0)Vk ]
1

1 + (2πRn,k )/[γ(0)Vk ]

×

eYk −log[γ(0)/(2π)]

2πI (n) (λk )
,
γ(0)

for k = 1, · · · , N

are independent having the standard exponential distribution Exp(1). Since the involved
Rn,k is asymptotically negligible, we can simply take
δk =

2πI (n) (λk )
γ(0)

(2.2)

and view it from a standard exponential distribution Exp(1). Therefore, to test the hypothesis
H0 : The sequence {Xt } is random,
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we can equivalently check whether δk ’s defined in (2.2) are from Exp(1). In the literature,
there are many techniques proposed to tackle this issue. For example, see Lawless (1982).
Specifically, the following procedure is recommended.
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1. Estimate γ(0) if necessary. Based on I (n) (λk ), we can have δk ’s.
2. Rearrange the sequence {δk , k = 1, · · · , N } in an ascending order, that is, δ(1) ≤
δ(2) ≤ . . . ≤ δ(N ) .
3. Observe that the survival function S(t) = e−t for standard exponential distribution
b (k) ), can be 1 −
Exp(1). An appropriate estimation of S(δ(k) ), indicated by S(δ
(k − 0.5)/N or 1 − k/(N + 1).
b (k) )], t = 1, · · · , N } should exhibit a linear
4. Under H0 , the scatter plot {[δ(k) , log S(δ
structure with slope −1 and intercept 0.

§3.

Applications

In this section, we will conduct two finite sample-size examples to evidence the performance of our proposed graphic methods. The first one is synthetic while the second is
based on a read data application.

3.1

On the Randomness of Pseudo-Random Numbers

So-called random number generators on computers are deterministic functions producing a sequence of numbers which mimic a sample of i.i.d. uniform distribution U (0, 1)
random variables.

That is why we call such a sequence is pseudo-random.

Specifi-

cally, the pseudo-random numbers are usually generated by using an iterative algorithm
xn+1 = f (xn , xn−1 , · · · , xn−k ). When an initial value {x−k , · · · , x−1 , x0 } is given, we can
have x1 , x2 , x3 , · · · . Intuitively, we are concerned with the randomness of such pseudorandom numbers. Aiming to this, we will check in this example whether the pseudorandom sequence generated by Matlab really looks random or not. Because many random
variables are generated based on uniform random variables supporting on [0, 1], we only
test whether the uniform random variable series {Xt } generated by Matlab
is of random¯P
¯
¯ n −iλk t ¯2
ness. In such a situation, we have γ(0) = 1/12 and then δk = (12/n) · ¯
e
xt ¯ for
λk = 2kπ/n, k = 0, 1, · · · , N .

t=1

b (k) )], k = 1, · · · , N } for a typical example with n = 1000
The scatter plot {[δ(k) , log S(δ
is shown in Figure 1(a). As we can see, the scatter points are almost around a straight
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line with slope −1 and intercept 0. This means that the generator in Matlab is capable
of producing a random sequence. We also repeat this procedure 100 times to generate
100 different samples, each linear is presented in Figure 1(b). As seen that all samples
lead to the same conclusion. Therefore, this simulated example describes a very simple
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approach, as well as some quite sophisticated tests, that sheds light on the suitability of
certain random number generators.
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Figure 1 (a): The scatter points indicate a linear relationship in a typical simulated
data. (b): All 100 simulated examples behave in the same manner. This simulated
example describes that our proposed graphic approach sheds light on the suitability of
certain random number generators in Matlab.

3.2

On the Correlation among the Inter-Spike-Interval Series

The second example is to check the existence of serial correlation among the mouse’s
inter-spike-interval (ISI) sequence which appears in the area of neuroscience. As to our
knowledge, the spontaneous in vivo activities of single neuron are less frequently studied
than the stimulus-induced activity because the spontaneous firing pattern of a neuron,
which is often irregular, is often assumed to be neuronal noise that can be modeled as a
renewal process (Fitzhugh (1957) and Tuckwell (1988)). That is, the process is essentially
memory-less; successive intervals in the ISI sequence are independent and identically distributed (Cox and Lewis (1966)). The assumption of identical distribution can be checked
by Q-Q plot (These plots are not shown here, our conclusion is that the sequences might
be sampled from the exponential distribution). However, the assumption of serial independence should be accompanied by a check whether it holds or not.
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For collecting the ISI sequence, a high-density recording technique has been developed
for mouse in Shanghai Institute of Brain Functional Genomics (SBG). The 96-channel
recording array (in stereotrode format) is constructed and then implanted onto the head
of C57BL/6 mouse. The electrodes are advanced slowly until reaching the CA1 regions of
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hippocampus. The time of spike train, which is also called timestamp, in freely behaving
mouse during sleeping is recorded by Plexon Systems (Plexon, Inc). Usually more than
200 ISI sequences can be recorded in a freely behavior mouse, but we only choose a typical
example with n = 9255. In this example, we replace γ(0) by its consistent estimation
n
P
γ
b(0) = (1/n) ·
x2t because {xt , t = 1, · · · , n} is a zero mean process. By using the
t=1

b (k) )], k =
same technique specified in Section 2, we can have the scatter plot {[δ(k) , log S(δ
1, · · · , N } in Figure 2(a). It is easy to see that it shows an obvious curvature. To verify
this argument, we shuffle this data (rearrange this sequence in a random order) and then
use the same technique. As seen in Figure 2(a), the shuffled sequence indicates a manner
of independence because the scatter plot indicates a linear structure. We shuffled this
sequence for 100 more times. As presented in Figure 2(b), each shuffled series behavior in
the same manner as each shows the same linear structure. This indicates that there exists
correlation among this inter-spike-interval data set.
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Figure 2 (a): The asterisk points (larger) are obtained based on the original data, which
show an obvious curvature. The dotted points (smaller) are obtained based on the shuffled
data, which exhibits a linear structure with slope around −1 and intercept around 0.
(b): The asterisk points are obtained based on the original data, which show an obvious
curvature. The dotted points are obtained based on 100 shuffled data sets, all of which
behave in a linear manner. This indicates that there exists serial correlation among this
inter-spike-interval data set.
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基于谱密度评价随机性
朱利平
(华东师范大学金融与统计学院, 上海, 200241)

林龙年
(上海市脑功能基因组学研究所, 华东师范大学教育部重点实验室, 上海, 200062)
为了评价一个平稳过程的随机性, 我们基于谱密度提出了一个图方法. 当图中的散点呈现线性关系的时
候, 我们可以判定这个序列是随机的. 为了说明这个思想, 我们用模拟的办法来检验伪随机数的随机性. 另外,
我们也用了一个实际数据来考察数据的相关性. 这两个例子都说明了我们的图方法是非常有效的.
关 键 词:

指数分布, 周期性, 随机性, 序列相关, 谱密度.
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