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Abstract
Recurrent event data are often encountered in longitudinal follow-up studies related to biomedical science, econometrics, insurance claims, reliability and demography. The longitudinal pattern
of gaps between successive recurrent events is often of great research interest. In this paper, we
propose an alternative model which can accommodate “cure fraction” in gaps, and a nonparametric
method is employed to the statistical inference. The proposed model and methodology are demonstrated by a small simulation result and the tumor recurrent data.
Keywords:

Correlated survival, frailty term, recurrent gap times, immune proportion, non-

parametric estimation.
AMS Subject Classification:

§1.

62N01, 62N02, 62G05.

Introduction

Recurrent event data arise frequently in longitudinal medical studies. Examples include repeated hospitalizations, medical cost data analysis, insurance claims, the occurrence of new tumors in patients with superficial bladder cancer and the occurrences of
opportunistic infections in HIV-infected subjects.
To analyze recurrent event data, the focus can be placed on three aspects: the first
is based on the rate function model in which the marginal expected number of recurrent
events up to t associated with covariate x is defined as multiplicative or additive hazard
structure (cf. Wang et al. (2001) and Schaubel et al. (2006)); the second is of interest
in the distribution function of the event times (cf. McDonald and Rosina (2001)) and the
third model of the recurrent event data is considered the gap times between successive
recurrent events (cf. Sun et al. (2006), Lin et al. (1999) and Schaubel and Cai (2004)).
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Recently there is much literature to investigate recurrent gap times, such as multivariate distribution function of the gap times of between successive recurrent events with
right censored follow-up time was estimated by Lin et al. (1999); multiplicative and additive hazard models of the gap times are proposed by Huang and Chen (2003) and Sun et
al. (2006) based on a renewal process, respectively; An alternative model with a propor-
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tional hazards of gap times without specifying the nature of the within-subject gap time
dependent structure has been discussed by Schaubel and Cai (2004). However, in this
paper, our interest is of nonparametric estimating method proposed by Wang and Chang
(1999), in which the distribution of the gaps between successive recurrent events with
possible right truncation data are provided via nonparametric method which is similar to
the Kaplan-Meier estimator in right censored data.
In many situations the complete observation of the gaps between successive recurrent
events may not be possible since some subjects, who are commonly referred as cure fraction
or long-term survivors, will never experience the events of interest up to the endpoint
observation and will be censored ultimately, which is recently attracted a great deal of
interests in the analysis of survival data due to its applications in wide range of areas,
including cancer treatment, AIDS study, criminology, marketing, engineering reliability,
etc. (cf. Maller and Zhou (1996), Zhao and Zhou (2006)). Hence, the observations of
recurrent events of these subjects will be censored at the right endpoint of observation,
that is the first recurrent times are censored at the follow-up time or the right endpoint
of observation.
In this paper, we propose an alternative model, which has not been considered by
any other authors, to fit jointly the gap times between recurrent events and long-term
survivors, which is an extension of Wang and Chang (1999) and Maller and Zhou (1996).
Nonparametric estimators of the proportion of immunes and the distribution function of
the gaps between successive recurrent events are obtained, and the asymptotic properties
of the estimated parameter and curve are established as well.
In Section 2 we specify the model, then estimations for the distribution of the gaps
between the recurrent events and the proportions of cure fraction are given in Section 2.
The asymptotic properties of the estimators are established in Section 3. In Section 4 we
report some simulation results and an example in Section 5 to illustrate our model and
related statistical inferences, followed by concluding remarks in Section 6.

§2.

Estimations of Survival Function and Cure Rate

In longitudinal studies, two sampling designs are commonly used for collection of
recurrent event data: The first design, which has been investigated by Wang and Chang
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(1999), uses the initial occurrence of an event as the enrollment criterion, and repeated
occurrences of the same event are observed within a time period. In this case, the occurrence time of the initial event is defined as the time origin, 0. In the second design,
subjects are sampled from a target population, and recurrence events are observed during
a follow-up period, in this case the occurrence of an initial event is not requirement for
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recruitment, and thus it is possible that no events occurred during the follow-up period
(Wang and Chang (1999)). In survival analysis, these subjects who never experience the
interest event during the sufficient follow-up time are termed as “long-term survivor”. The
second design has not been discussed so far by any other authors. This idea of recurrent
event data arise frequently in, such as criminology, migration data, insurance claims. In
these dataset, we often focus on recurrence event after the first occurrence, and then the
subjects who has not occurred the interest event after the first occurrence are also termed
as long-term survivors. To unify the above cases, in this paper, we call the subjects
long-term survivors, who never experience the interest events from any time origin of our
interest to a sufficient follow-up time.
Suppose there are n independent subjects. Denote i = 1, 2, · · · , n, the subject index,
and j = 0, 1, 2, · · · , the recurrent event index. For the ith subject, Tij denote the gap time
between the (j − 1)st and the jth recurrent event, j = 1, 2, · · · , where Ti0 = 0. Let Ci ,
the censoring time, be the time between the initial event and the end of follow-up, let G
be the distribution function of Ci . Denote Ni = {Tij : j = 1, 2, · · · }, and assume that
{(Ni , Ci ); i = 1, 2, · · · , n} are n independent and identical distribution (i.i.d.) replicates
of (N, C). Denote Mi to be the number of observed gap times for subject ith, the integer
satisfying
MP
i −1
j=1

Tij ≤ Ci

Mi
P

and

j=1

Tij > Ci .

Then observed data are {Ti1 , · · · , Ti,Mi −1 , Ci }. That is, the first Mi − 1 gap times are
MP
i −1
+
=
C
−
Tij . Just as illustrated in Wang and
observed, but Ti,Mi is censored at Ti,M
i
i
j=1

Chang (1999), the first gap for Mi = 1 and the last gap for Mi > 1 are always censored
and then biased, the exchangeability of observed complete gap times then suggest that the
subset {Tij , j = 1, 2, · · · , Mi∗ ; i = 1, 2, · · · , n} can be treated as clustered survival function
data, where, for j = 1, 2, · · · , Mi∗ ,

1,
Mi∗ =
M − 1,
i

if Mi = 1,
if Mi ≥ 2.

Of course the clustered size is informative, and the censored gap time needs to be removed
for Mi ≥ 2 (cf. Sun et al. (2006)). Using the above fact, Wang and Chang (1999) proposed
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a nonparametric estimator of the survival function of the gap times based on the following
two assumptions:
A1: There exists a baseline random variable or vector Xi , which may be unobservable
or partially observable, so that the recurrence times Ti1 , Ti2 , · · · are independent and
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identically distributed given Xi = xi .
A2: The censoring time Ci is independent of (Ni , Xi ).
Let FX (x) denote the distribution function of the baseline random vector Xi . Assume
the existence of the conditional density of Tij given xi , denoted by f0 (t|x). The marginal
distribution of Tij can be expressed as
Z nZ
S0 (t) = P(Tij > t) =

t

∞

o
f0 (u|x)du dFX (x).

(2.1)

If long-term survivors are allowed in model (2.1), then, the gap time is assumed to be of
the form
T = ηT ∗ + (1 − η)∞,

(2.2)

where T ∗ < ∞ denotes the gap time of a “susceptible” (who is not a long-term survivor)
and η indicates, by the values 1 or 0, whether the sampled subject is a susceptible or longterm survivor, which is independent of T ∗ and X. Let p = P(η = 1) denote the proportion
of susceptibles, p ∈ (0, 1]. Then the (marginal) cumulative distribution function (cdf) of
T , the gap time, is given by
Z
F (t) = P(T ≤ t) = P(T ≤ t|η = 1)P(η = 1) = p

{F0 (t|x)}dFX (x),

(2.3)

where F0 (t|x) is a conditional distribution of T given x, which is a proper cdf.
Using model (2.2) and (2.3) we can propose an alternative model for gaps to be
S(t) = 1 − F (t) = 1 − pF0 (t) = 1 − p + p[1 − F0 (t)] = 1 − p + pS0 (t),

(2.4)

where S0 (t) is defined in (2.1). In this paper we focus nonparametric estimation of p and
baseline S0 (t) based on the observed gaps with possibly censored observations.
Model (2.1) has been investigated extensively by Wang and Chang (1999), and a
nonparametric estimator of S0 (t) are obtained by using the pooled censored data without
the last censored gaps t+
ij excluded when Mi ≥ 2, and its asymptotic properties have been
given as well. In this paper, however, we do assume that there exist long-term survivors
in the data, that is, the first gaps for some subjects are censored at the endpoint of
observation. Obviously, this is corresponding to the case where there are some subjects
never experience the event of interest from the origin of our interest to a sufficient follow-up
time.
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tij ,
yij =
t+ ,
ij

163

if j = 1, 2, · · · , Mi − 1,
if j = Mi .
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The total mass of the risk set at t is calculated as
∗
i
n h α M
i
P
i P
I(y
≥
t)
,
R (t) =
ij
∗
i=1 Mi j=1

∗

and the mass evaluated at t is
i
n h α I(M ≥ 2) M
Pi
P
i
i
I(y
=
t)
,
d (t) =
ij
Mi∗
j=1
i=1
∗

∗

where αi a positive-valued and random weight function which may depend on the censoring
∗ be the ordered and distinct
variable Ci and satisfies E(αi2 ) < ∞. Let y1∗ , y2∗ , · · · , yK

uncensored gap times. Mocking nonparametric estimation of S0 (t) in Wang and Chang
(1999), the estimator of S(t) defined in (2.4) is given by
n
∗ ∗ o
b = Q 1 − d (yi ) ,
S(t)
R∗ (yi∗ )
y ∗ ≤t

(2.5)

obviously the estimator takes the product-limit expression.
Our suggested estimator of p is simply the maximum observed value of Fb(t), where
b with S(t)
b defined in (2.5). Thus, if Tn is the largest observed (Mi ≥ 2) or
Fb(t) = 1 − S(t)
censored (Mi = 1) gap time, that is Tn = max{Tij , i = 1, · · · , n; j = 1, · · · , Mi∗ }, we then
take
pb = Fb(Tn ).

(2.6)

Before closing this section, we mention that an alternative estimator of S0 (t) has
been given in Wang and Chang (1999), which is Kaplan-Meier estimator by using the first
gaps only, however, its variance-covariance is larger than that of the proposed estimator
defined in (2.5). Then we can define an estimator of p, but which induces to the estimator
proposed by Maller and Zhou (1996).

§3.

Asymptotic Results for Estimators

Define the functions Hα (t) = E[αi I(Tij ≥ t)I(Ci ≥ t)], Fα (t) = E[αi I(Tij ≤ t)I(Ci ≤
t)] and σ(t1 , t2 ) = S(t1 )S(t2 )E[φi (ti )φi (t2 )] with φi (t) defined as follow:
Z
φi (t) =

0

t

{Hα (u)}

−2

∗
∗
nα M
o
i
Pi
1
αi I(Mi ≥ 2) M
i P
I(Yij ≥ u) dFα (u) −
I(Yij < t).
∗
∗
Mi j=1
Mi
j=1 Hα (Yij )
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Denote τL the right extreme of the distribution function L(t). Then the asymptotic
b derived straight from Theorem 1 of Wang and Chang (1999). In order
properties of S(t)
to establish the asymptotic properties of pb, we need the following:

《应用概率统计》版权所用

The random variables Tij ’s are independent and identically
Z distributed. The cdf of
Tij is given by H(t) = 1 − (1 − pFe0 (t)(1 − G(t)), where Fe0 (t) = F0 (t|x)dFX (x) is defined
in (2.3). Mimicking Theorems 3.1–3.2 in Maller and Zhou (1996), we have the following
lemma.
Lemma 3.1

If τF0 (·|xi ) ≤ τG , sup|xi | < C, then Tn ↑ τG a.s..
i

Proof

∗

Note that sup τH = τG and P(Tn ≤ y) = [H(y)]nMn . Under the assumptions

of Theorem 3.1 below we have, for any y < τG ,
∞
P

So

P

n=1

P(Tn ≤ y) =

∞
P

∗

[H(y)]nMn < ∞.

n=1

P(Tn ≤ y) converges for y < τG and Tn ≤ τG a.s.. It then follows from the Borel-

Cantelli lemma that Tn → τG a.s..

¤

The asymptotic properties of pb are given in the next theorem.
Theorem 3.1

Assume that αi = αi (Ci ) is bounded function, and that τF (·|xi ) ≤
b − S(t)} for 0 ≤ t ≤ τF converges weakly
τG . As n → ∞, the random process n−1/2 {S(t)
to a mean zero Gaussian process W 0 with the variance-covariance function σ(t1 , t2 ).
Proof

It is sufficient to check the performance of the tail of the distribution
H(t) = 1 − [1 − pFe0 (t)][1 − G(t)]. This theorem also hold in Wang and Chang (1999) as
0 ≤ t ≤ t∗ where t∗ is define by t∗ < sup{t : [1 − pFe0 (t)][1 − G(t)] > 0}. However, in
our setting, 1 − F (τF0 ) = 1 − p > 0 with τF0 = ∧τF0 (·|x) , and then τH = τG , and hence
Theorem 3.1 holds provided that τF0 ≤ τG .
Theorem 3.2
Theorem 3.1, and

Assume that 0 < p < 1 and τG = ∞. Under the assumptions in
Z

t

0

then

¤

[1 − G(s−)]−1 dFe0 (s) < ∞,

√

n{Fb(Tn ) − p} → N (0, σ 2 ),
Z
2
2
2
e
where σ = (1 − p) E{φi (∞)} and F0 (t) = F0 (t|x)dFX (x).
Proof

Expression (3.2) will follow from
√
n{Fb(Tn ) − F (Tn )} → N (0, σ 2 )

in distribution, and

√

n{F (Tn ) − p} → 0

(3.1)

(3.2)

(3.3)

(3.4)
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in probability. To prove (3.3), note from Wang and Chang (1999) (cf. Wang and Chang
(1999), p.152) that:
n
P
Fb(t) − F (t) = n−1 {[F (t) − 1]φi (t)} + op (n−1/2 ),
i=1
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while the random variable n−1/2

n
P
i=1

{1−F (t)}φi (t) converges to I([0, +∞)){1−F (t)}Z(t)+

I({+∞}) limt→+∞ {1−F (t)}Z(t) in distribution by theorems of the empirical processes and
multivariate central limit theorem, where Z(t) is a zero mean Gaussian process on [0, ∞)
with variance function v(t) = E{φ2i (t)}. Since 1 − F (t) ≥ 1 − p > 0 and v = limt→∞ v(t)
is finite and since limt→∞ F (t) = p, then limt→∞ {1 − F (t)}Z(t) has a normal distribution
with mean zero and variance (1 − p)2 v. Consequently, as n → ∞, we have
n1/2 {Fb(Tn ) − F (Tn )} → lim {1 − F (t)}Z(t) = N (0, σ 2 ),
t→∞

this also from the fact that Tn → τH = τG = ∞ if τF0 (·|x) ≤ τG as n → ∞.
We can also prove (3.4) as that in (A.2) of Maller and Zhou (1992). First note that
(3.1) implies

Z
−1

[1 − G(t)]

[1 − Fe0 (t)] ≤

(t,∞)

[1 − G(s−)]−1 dFe0 (s)

(3.5)

as t ↑ τF0 (·|x) . Hence 1 − G(t) > 1 − Fe0 (t) for all t near τF0 . let an = an (²) be the value
satisfying

²
Fe0 (an −) ≤ 1 − √ ≤ Fe0 (an ),
p n

(3.6)

where ² > 0 is given. Then clearly an → τF0 as n → ∞. It follows from (3.5) and (3.6)
that, for n so large that 1 − G(an −) > 1 − Fe0 (an ),
n
√
² o
∗
≤ P{Tn < an } = H nMn (an −)
P{ n[p − F (Tn )] > ²} = P 1 − Fe0 (Tn ) > √
p n
∗

≤

n M
Q
Qn

i=1 j=1

{1 − [{1 − pFe0 (an −)}{1 − Fe0 (an −)}]}

³
n
³
² ´on
² ´oinMn∗
1− 1− √
1− 1−p 1− √
p n
p n
n
³
² ´ ² onMn∗
√
≤
1− 1−p+ √
→ 0.
n p n
h

≤

This completes the proof.

(3.7)

¤

§4.

Simulation Results

In this section we perform simulation studies in order to evaluate the finite-sample
properties of the inference procedures of model proposed in Section 3. The simulation
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conducted in this section is based on the model (2.4). Just as done in Wang and Chang
(1999), we generated 1000 simulated datasets, with n = 200 independent subjects under
a set of frailty values x1 , x2 , · · · , xn , which are generated from the gamma distribution
with parameters (a, b), where E(X) = ab and Var (X) = ab2 . Four sets of parameter
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values of (a, b) are chosen: (a, b) = (1/0.5, 0.5), (1/0.75, 0.75), (1, 1) and (1/1.25, 1.25),
then the estimators for the cure rate p are denoted by pb1 , pb2 , pb3 and pb4 , respectively.
The gamma frailty under the four models have the same mean 1, but different variances
(0.5, 0.75, 1, 1.25). Given x, the i.i.d. gap times ti1 , ti2 , · · · are generated by a Weibull
distribution with the survival function exp{−xi (t/2)1.5 }. The observation of recurrent
process is terminated by a censoring time Ci distributed as exponential with mean 5, and
all the observations are truncated at the observation endpoint τ = 10. The cure rate is
taken to be 1 − p = 0.3 and the random weight function αi is distributed as αi = 1 (cf.
Wang and Chang (1999), pp.150-151) in this simulation.
Table 1 Summary statistics of the simulation studies
pb1

pb2

pb3

pb4

mean

0.7025

0.7156

0.6853

0.6642

std

0.0542

0.0467

0.0452

0.0429

In the simulation of Wang and Chang (1999), three nonparametric estimators of S(t)
are compared, termed as the proposed estimator, Kaplan-Meier estimators I and II, in
which the Kaplan-Meier estimator I is obtained by using the pooled censored data, while
II is based on the pooled censored data but with the last censored gap times t+
i,j excluded
when Mi ≥ 2, and concluded that the bias from Kaplan-Meier I and II appear nonignorable
and the average of the proposed estimators can not be distinguished from the true curve.
In general, Kaplan-Meier estimator I is less bias than Kaplan-Meier II.
In our setting, the proposed estimators for p (cf. (2.6)) are given in Table 1 above
under the frailty to be αi = 1. We also make a comparison of Kaplan-Meier estimators
I, II and the proposed estimator of the survival function, which are displayed in Figure 1
below. We can see from Table 1 that the estimated parameter p performs well for some
frailty terms with small variances, also we found the similar results of Wang and Chang
(1999) from Figure 1 (a)-(d), that is, the proposed estimators are close to the true curves
for some frailty term with small variances, while, all the Kaplan-Meier estimators I, II have
larger deviations from the true curves. Furthermore, we can see that all the estimators
of Kaplan-Meier I and II might be better at earlier times but does not perform as well
at later times, this is an important issue, since the estimator of the cure rate p is from
the largest value of the estimated distribution function. Finally, we also found that the
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estimated curves are close to the Kaplan-Meier estimator I at earlier times but not at
later times, this might be explained by the fact that the recurrent events are sparse at
the later times and the estimated curve may be more appropriate for this case, especially
for the estimated cure rate which is defined through the tail of the estimated distribution
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function. Furthermore, the Kaplan-Meier I is not proposed in this paper, since their
variance is larger than that of the proposed estimator via (2.6) in Section 3.
X~Gamma(1/0.5,0.5)

X~Gamma(1/0.75,0.75)
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X~Gamma(1/1.25,1.25)
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Figure 1 Comparison of estimated curves and true curve

§5.

Re-analysis of Tumor Recurrent Data

We consider an example of the tumor recurrent data for bladder cancer patients. Byar
(1980) discussed a randomized trial, conducted by the Veteran’s Administration Cooperative Urological Group, among patients having superficial bladder tumors. One question
of main interest was the effect of the treatment thiotepa on the rate of tumor recurrence.
Tumors present at baseline were removed transurethrally prior to randomization. In ad-
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dition to the effect of treatment, there was interest in the relation of the recurrence rate
to the number of pre-randomization tumors, and to the size of the largest such tumors.
The dataset are found in Andrews and Herzberg (1985, pp.254-259) which presents
the recurrences times of tumors from Group 1 (placebo) and Group 2 (thiotepa). Because
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of the sparseness of the data beyond the fourth recurrences, only the first four recurrence
times are reported. Here each recurrence time of a patient was measured from the beginning of his treatment. The data was analyzed first by Byar (1980) to evaluate the
effectiveness of thiotepa based on the tumor recurrence times form patients in the two
groups.
0.8
0.7
0.6
0.5
0.4
0.3
0.2
KM−I
Estimated Curve
KM−II

0.1
0

0

5

10

15

20

25

30

35

40

Figure 2 Comparison of estimated curves
The data have been analyzed by many authors, such as Zhao and Zhou (2008) analyzed the data using discrete-time mixture model, while Wei, Lin and Weissfeld (1989)
investigated the data based on the marginal distribution of multivariate incomplete failure
time. However we can see from the dataset that some subjects never experience the event
up to the endpoint observation or to the end of the followup time. Further, since the
follow-up times of the subjects are encountered by the one of the censoring and death
time from bladder cancer or other unknown cause, model (2.4) with frailty term should
be considered. In this section, we re-analyze these data by taking the presence of longterm survivors into account. We may choose an arbitrary endpoint of observation, say
τ = 40, in this paper, then the proportion of the people which never experience the event
in the population is 0.6237. The Kaplan-Meier estimators I and II are also illustrated in
Figure 2, we can see from Figure 2 that the estimated curve proposed in this paper is less
than the curves of Kaplan-Meier II and I at earlier times, but is downwards close to the
Kaplan-Meier I, this can be explained by the fact that the recurrent events are sparse at
the later times, this is simular to that in simulation of Section 5.
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Concluding Remark

In this paper we review existing recurrent event data models, and then propose a
nonparametric gap times data model which can accommodates cure fraction. Nonparametric estimation has been applied to our statistical inference, the large sample properties

《应用概率统计》版权所用

of the parameters have been established as well. The simulation study indicates that the
proposed procedure can produce efficient estimators for proposed model.
In this paper, a latent renewal process given the frailty is assumed in the gap times.
However an alternative model for the gap times can be defined through the marginal rate
function of the form of E[N (t)|x, z] = xλ0 (t) exp(z > β) given in Wang et al. (2001), this
model can be also allow for covariate z, and then the gap times (waiting times) can be
defined via a nonstationary Poisson process (Ross (1996)). In order to identify the effect
of covariate, multiplicative and additive hazards model with cure fraction are of interest
issues (cf. Huang and Chen (2003) and Sun et al. (2006)), then inverse-probability-weight
and local likelihood estimation may be applied to our statistical inference. These may be
of interest problems to further study. Furthermore, in this section, we fit the data using
survival cure models, but are really there long-term survivors present in the data? This
is an important question as it will determine which model is more appropriate to describe
the data. Thus the test for the boundary case and goodness-of-fit (cf. Li and Sun (2002))
will be studied next.
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含有持久生存数据的复发事件的生存函数的一个非参数方法
肖翠柳1
(1 江南大学理学院, 无锡, 214122;

赵晓兵1,2
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王静龙3
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(3 华东师范大学金融与统计学院, 上海, 200241)
在生物学、社会科学、保险理赔、可靠性和人口统计学等的研究中, 我们经常会遇到复发事件数据的处理.
最近一段时间以来, 两个相邻复发事件的时间间隔的一个纵向数据模型已经引起统计工作者的广泛兴趣. 本
文中, 我们提议另一个复发事件时间间隔模型, 它可以用来模拟生存数据中带有所谓的持久生存者. 非参数方
法将用于我们所提议模型的统计推断, 模拟和现实数据的例子将用来评价模型和提议估计方法的小样本性质.
关 键 词:

相依生存数据, 脆弱因子, 复发间隔时间, 治愈比例, 非参数方法.
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