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Abstract
Stationary long memory process has been widely studied in the literature. In this article,
we considered the locally stationary long memory process with time-varying memory parameter.
A new wavelet-based algorithm was developed using log-linear relationship between the wavelet
coefficient variance and the scaling parameter. The consistency and the finite sample behavior
of the estimator have also been studied, which provide a good reference for the practitioner and
researchers. The new algorithm has also been applied to the YEN/USD exchange rate series, which
leads to some interesting results.
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Introduction

Long memory model has received considerable attentions since its first proposal by
Granger and Joyeux (1980) and Hosking (1981). It has been applied in a variety of fields,
for example, hydrology, geography, engineering, finance, economy, climatology, medicine,
biology, etc.. The most widely used stationary long memory model is the Fractionally
Integrated AutoRegressive Moving Average (FARIMA) model, defined by the following
equation:
(I − B)d Xt = εt ,
where εt is an ARMA(p, q) process, d ∈ (0, 0.5) and B is the backshift operator. Instead
of first-order difference, the series is d-th differenced.
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Intuitively, treating the long memory parameter as a constant implies that the long
range dependence structure of the underlying phenomenon persists over time. However,
sometimes the assumption of constant long memory parameter is too restrictive. In practice, the long memory pattern could change as a function of time, which means that the
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long range dependence changes as the phenomenon itself evolves. Permitting the differencing parameter to take on time-varying real values, we are capable of modeling complex
long memory behavior in a more parsimonious manner than traditional integrated autoregressive moving average models. Whitcher and Jensen (2000) first defined the locally
stationary fractionally integrated processes with time-varying fractionally differencing parameter function d(t):
(I − B)d(t) X(t) = ε(t),

(1.1)

where ε(t) is a sequence of mean zero normal random variables with variance σt2 and 0 <
d(t) < 0.5. This model belongs to the class of locally stationary long memory processes[4] .
The existing estimators of long memory parameter function d(t) in model (1.1) are mainly
based on semiparametric and parametric techniques using wavelet methods. Whitcher
and Jensen (2000) developed an ordinary least squares (OLS) estimator using the idea of
“cone of influence”. Cavanaugh et al. (2003) used the asymptotical self-similarity property
of model (1.1) to deduce the regression equation for parameter estimation. Beran (2009)
proposed an estimator based on the local infinite autoregressive representation of the
series. Roueff and Sachs (2011) estimated the time-varying parameter by a log-regression
of the wavelet scalogram series on to a range of scales. See also [2] for more reference.
However, we find that the result of some methods mentioned above depends strongly on
the choice of wavelet scale and the sample size, which leads to some inconvenience and
awkward in the application.
In this paper, we propose a new wavelet-based estimator for the long memory parameter function of the locally stationary fractionally integrated process, which is based
on the log-log linear relationship between local wavelet coefficient variances and wavelet
scales. The memory dynamic is precisely estimated on each partitioned subintervals. The
consistency of the estimator is proved and the robustness is verified via Monte Carlo
simulations. The results suggest that this new method offers an interesting alternative
competing framework in the description of the persistence dynamics of locally stationary
models.
The paper is organized as follows. Section 2 is the introduction of the model and a
brief theoretical background of wavelets. In Section 3, we establish a new algorithm of parameter estimation using wavelet-based log-linear regression. The asymptotic distribution
of the time-varying parameter function is also derived. Section 4 presents the finite sample
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behavior by Monte Carlo simulations, which addresses the issue of the wavelet estimator’s
robustness. The application result is presented in Section 5, which is comparable result of
that in [11]. Section 6 concludes.
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§2.
2.1

Preliminary

Locally Stationary Fractionally Integrated Process

The locally stationary fractionally integrated process {X(t)} defined in Equation (1.1)
could characterize at the same time the time-varying long range dependence and the nonstationarity, which could be calculated as follows:
X(t) = (I − B)−d(t) ε(t) ≡

∞
P

Γ(j + d(t))
ε(t − j),
j=0 Γ(j + 1)Γ(d(t))

(2.1)

where Γ(·) is the gamma function, “≡” means “equal by definition”. In the time domain,
the autocorrelation function of {X(t)} is as follows:
ρt (k) ∼ c(t)k 2d(t)−1 ,

as k → ∞,

where c(t) ≥ 0.

The slow hyperbolic decay of ρt (k) satisfies the long memory definition of Resnick (1987).
The time-varying spectral density function of {X(t)} is proved by Jensen (1999) that
f (λ, t) ∼ k(t)λ−2d(t) ,

as |λ| → 0.

Here “∼” means that the ratio of both sides tends to one. The power of {X(t)} is
concentrated near the zero frequency and the statistical property of the non-stationary
process (1.1) is a function of time.

2.2

Wavelet Transforms

Since wavelet is localized both in time and frequency, it is able to focus on a period
where the statistical properties are changing with time. At high scales, the wavelet has
a small centralized time support enabling it to focus on short-lived time phenomena such
as singularity point. At low scales, the wavelet has a large support allowing it to identify
periodic behavior. By moving from low to high scales, the wavelet zooms in a process’s
behavior, identifying singularities, jumps and cups[9, 10] , which appears pertinent for the
parameter estimation in non-stationary setting. Thus wavelet is a quite useful tool to
analyze the non-stationary time series. In this part, we make a brief introduction of the
Discrete Wavelet Transform (DWT) and the Maximal Overlap Discrete Wavelet Transform
(MODWT).
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Let {Xt } be an observation of arbitrary length N . Denote J(= [log2 N ]) as the integer
part of log2 N . The j-th level Discrete Wavelet Transform (DWT) wavelet and scaling
coefficients of are respectively vectors Wj and Vj of length N/2j whose elements are
Wj,t =

LP
j −1
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l=0

hj,l X2j (t+1)−1−l mod N

and

Vj,t =

LP
j −1
l=0

gj,l X2j (t+1)−1−l mod N ,

t = 0, . . . , Nj − 1, where Nj = 2J−j , Lj = (2j − 1)(L − 1) + 1, hj,l and gj,l are the j-th
level DWT wavelet and scaling filters. It has been proved that the DWT could approximately decorrelate the fractional integrated process, producing approximated uncorrelated
wavelet coefficients for a given scale, which is quite useful for model simulation and parameter estimation, see [7] for reference. An alternative wavelet transform is the Maximal
Overlap Discrete Wavelet Transform (MODWT) which can handle any sample size N .
The MODWT may be interpreted as applying the rescaled wavelet filters of the DWT to
the vector but not decimating (downsampling) the output after filtering. The j-th level
fj
MODWT wavelet and scaling coefficients are respectively the N dimensional vectors W
e j whose elements are
and V
Lj −1
fj,t = P e
W
hj,l Xt−l mod N

and

l=0

LP
j −1
Vej,t =
gej,l Xt−l mod N ,
l=0

t = 0, . . . , N − 1, where Lj = (2j − 1)(L − 1) + 1, e
hj,l and gej,l are the j-th level MODWT
wavelet and scaling filters. While both the DWT and the MODWT could perform the
analysis of variance on time series, the MODWT wavelet variance estimator is asymptotically more efficient than the same estimator based on the DWT. More details are refered
to in Chapter 5 in [10]. Thus, in the following estimation, we adopt the MODWT as the
wavelet transform for the parameter estimation.

§3.

Estimation and Consistency

For the stationary fractional integrated model with a constant long memory parameter
d, it has been found that there is a linear relationship between the wavelet coefficient
variance σ 2 (λj ) and the scale λj (on a log-log scale). Jensen (1999) proved that σ 2 (λj ) =
cλ2d−1
, as j → ∞, with 0 < d < 1/2. A reasonable regression model is therefore
j
log(σ 2 (λj )) = β0 + β1 log(λj ) + ej ,
where β1 = 2d − 1, λj = 2−j and ej is the model error. Hence, the unknown d of a fractionally integrated series can be estimated by OLS estimator, which provides an alternative choice for the estimation of the constant long memory parameter.
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Now assume that we observe a process following the locally stationary fractionally
integrated model (1.1). The long memory parameter d(t) could be of any type of function,
where the dependence pattern of the series evolves with time. Thus the global stationarity
could not be ensured. In order to obtain the estimation of long memory parameter function
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d(t), we could treat {X(t)} locally as a stationary fractionally integrated process, which
means the long range dependence structure does not change on a small time interval.
Therefore we could consider locally the regression model as follows:
log(σ 2 (λj , t)) = β0 + β1 (t) log(λj ) + ej ,

(3.1)

where σ 2 (λj , t) is the time-varying variance of the wavelet coefficients Wj,k associated at
time t, which is a function of the scaling parameter j, but is independent of the translation
parameter k, β1 (t) = 2d(t) − 1, λj = 2−j and ej is the model error. We could obtain the
OLS estimation of d(t) on each subinterval using all the information of the series. Finally,
we integrate the local estimates of the long memory parameter function.
In the following, we outline the implementation of estimation procedure for d(t) in
five steps using the MODWT.
1. Perform the MODWT on the series {X(t)} of length N to obtain the wavelet
fj,k } according to the definition of the MODWT described in Section 2.2.
coefficients {W
2. Partition the resampling interval [0, 1) into 2l nonoverlapping subintervals of equal
length, where l is an integer chosen such that 0 ≤ l ≤ (J − 1), J = [log2 N ]. “l” depends
on the length of the data set and the required precision. The 2l subintervals are of the
form Im = [m2−l , (m + 1)2−l ), m = 0, . . . , 2l − 1. Choose an integer J 0 ≤ (J − 1) such
0

that 2−J represents the largest scale to be used in the procedure.
fj,k on each subinterval Im . According to the
3. Locate the wavelet coefficients W
Heisenberg uncertainty principle, every DWT coefficient vector is mapped to a rectangle
(Heisenberg box) defined in the time-frequency plane with the boxes covering completely
fj with equal length N/2l and attach
the plane. Partition the elements of the vectors W
them sequently to the subintervals Im .
4. On each subinterval Im (m = 0, . . . , 2l − 1), pool together the attached wavelet
fj,k to construct the local estimate of d(t). We define the bivariate collection
coefficient W
of data
{Xm , Ym }
= {(log(λj ), log σ
b2 (λj , t))|[k2−j , (k + 1)2−j ] ∩ Im 6= ∅, 0 ≤ k ≤ 2j − 1, J 0 ≤ j ≤ J − 1},
where σ
b2 (λj , t) is the estimated variance of the MODWT coefficients associated at time t.
On each subinterval Im , we fit an ordinary least squares regression to {Xm , Ym } using the
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regression model (3.1), treating Xm as the regressor measurements. Thus we get 2l local
estimates for the slope and then 2l local estimates db1 , . . . , dbm .
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5. Remove the first and last estimates of d(t) to avoid the boundary effects. Smooth
the estimated 2l − 2 points db2 , . . . , dbm−1 by loess (Locally Weighted Scatter Plot Smoothb for the estimation of true parameter function
ing) method, then we get smoothed curve d(t)
b associated to the subinterval Im could be chosen as the
d(t). Here the time index for d(t)
midpoint of Im .
b which are not restricted by the type of
Thus we get the estimated curves of d(t)
function. Jensen (1999) proved that the wavelet-based OLS estimator of the stationary
fractionally integrated process is consistent. Thus, for the locally stationary fractionally
integrated process, we could easily prove that the consistency of the estimates still keeps
as our method is basically a finite combination of these local consistent estimates. For
more details, we could refer to the similar result in Section 4.2 of [8], since our model could
be regarded as a particular case of Gegenaber model (with Gegenbauer frequency 0).

§4.

Monte Carlo Simulation

In this section, we carry out the Monte Carlo simulations to verify the robustness of
the proposed algorithm. The simulation experiment is carried out on the computer Dell
Optiplex 760 written in language R using the package “waveslim”.
Without loss of generality, assume that εt is a Gaussian white noise. We simulate the
locally stationary fractionally integrated processes with sample size 211 and 212 using the
following functions for d(t):
d1 (t) = 0.2,
d2 (t) = 0.2t + 0.1,
d3 (t) = 0.3(t − 0.5)2 + 0.1,
d4 (t) = 0.01 × exp 4t + 0.25,
d5 (t) = 0.25(log(10t + 0.5) + 1).
Denote y1 , y2 , y3 , y4 , y5 the locally stationary processes with parameter function d1 (t),
d2 (t), d3 (t), d4 (t) and d5 (t).
To estimate the parameter function, we first partition the sampling interval into
2l

(l = 4, 5, 6, 7) subintervals. We perform the MODWT on the original series and locate

the wavelet coefficients on each subinterval. Through the OLS regression between the
wavelet variance and the wavelet scale on each subinterval, we get the 2l local estimates.
By some smoothing, we get the estimation for the parameter function.
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b using our method when the sample size
Table 1 Bias and RMSE of the estimated d(t)
equals 211
](subintervals) wavelet
level
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16 (l = 4)

32 (l = 5)

64 (l = 6)

128 (l = 7)

Considered function d(t)
Constant

Linear

Quadratic

Cubic

Logarithmic

Exponential

J =3

(-0.0481,0.1255) (-0.0001,0.1038)

(0.0723,0.2024)

(-0.0106,0.1165)

(-0.0461,0.1327)

(0.0272,0.1164)

J =4

(-0.0337,0.0832) (-0.0026,0.0639)

(0.0579,0.1586)

(-0.0129,0.0883)

(0.0183,0.0764)

(-0.0371,0.0939)

J =5

(-0.0300,0.0765) (-0.0133,0.0631)

(0.0465,0.1429)

(-0.0236,0.0937)

(0.0039,0.0674)

(-0.0438,0.0989)

J =6

(-0.0301,0.0780) (-0.0310,0.0801)

(0.0374,0.1562)

(-0.0438,0.1197)

(-0.0118,0.0757)

(-0.0599,0.1258)

J =7

(-0.0375,0.0904) (-0.0478,0.1210)

(0.0379,0.2269)

(-0.0537,0.1507)

(-0.0275,0.1181)

(-0.0727,0.1575)

J =8

(-0.0584,0.1265) (-0.0493,0.2221)

(0.0339,0.3307)

(-0.0281,0.2557)

(-0.0247,0.2257)

(-0.0746,0.2335)

J =3

(-0.0309,0.0419) (-0.0054,0.0720)

(0.0525,0.1409)

(-0.0193,0.0978)

(-0.0520,0.0989)

(-0.0168,0.0795)

J =4

(-0.0396,0.0618) (-0.0079,0.0445)

(0.0426,0.1159)

(-0.0190,0.0782)

(0.0100,0.0550)

(-0.0438,0.0746)

J =5

(-0.0401,0.0620) (-0.0222,0.0479)

(0.0288,0.1058)

(-0.0363,0.0855)

(-0.0082,0.0526)

(-0.0537,0.0813)

J =6

(-0.0464,0.0690) (-0.0417,0.0691)

(0.0168,0.1179)

(-0.0551,0.1066)

(-0.0263,0.0679)

(-0.0661,0.0981)

J =7

(-0.0720,0.1010) (-0.0607,0.1134) (-0.0066,0.1641) (-0.0601,0.1600)

(-0.0446,0.1196)

(-0.0836,0.1398)
(-0.1265,0.2340)

J =8

(-0.1341,0.1778) (-0.1099,0.2110) (-0.0625,0.2480) (-0.0923,0.2523)

(-0.0911,0.2091)

J =3

(-0,0318,0.0300) (-0.0197,0.0517)

(0.0346,0.0997)

(-0.0339,0.0793)

(-0.0646,0.0800)

(0.0021,0.0560)

J =4

(-0,0514,0.0519) (-0.0205,0.0356)

(0.0271,0.0845)

(-0.0324,0.0669)

(-0.0046,0.0409)

(-0.0541,0.0618)

J =5

(-0.0593,0.0581) (-0.0384,0.0450)

(0.0073,0.0794)

(-0.0507,0.0762)

(-0.0245,0.0462)

(-0.0643,0.0688)

J =6

(-0.0884,0.0883) (-0.0716,0.0751) (-0.0267,0.0932) (-0.0850,0.1051)

(-0.0589,0.0732)

(-0.0970,0.0991)

J =7

(-0.1664,0.1517) (-0.1407,0.1433) (-0.1008,0.1516) (-0.1384,0.1750)

(-0.1259,0.1402)

(-0.1647,0.1677)

J =8

(-0.2666,0.2408) (-0.2271,0.2342) (-0.2008,0.2482) (-0.2145,0.2599)

(-0.2137,0.2298)

(-0.2400,0.2578)

J =3

(-0.0950,0.0658) (-0.0414,0.0433)

(0.0080,0.0712)

(-0.0545,0.0663)

(-0.0194,0.0419)

(-0.0848,0.0679)

J =4

(-0.0735,0.0491) (-0.0403,0.0338)

(0.0040,0.0602)

(-0.0509,0.0572) (-0.0249,0.03343) (-0.0718,0.0551)

J =5

(-0.1118,0.0723) (-0.0843,0.0582) (-0.0423,0.0660) (-0.0939,0.0774)

(-0.0699,0.0544)

(-0.1112,0.0779)

J =6

(-0.2081,0.1322) (-0.1795,0.1174) (-0.1384,0.1101)

(0.1878,0.1337)

(-0.1654,0.1117)

(-0.2058,0.1361)

J =7

(-0.3262,0.2062) (-0.2883,0.1890) (-0.2569,0.1839)

(0.2865,0.2043)

(-0.2741,0.1839)

(-0.3131,0.2076)

J =8

(-0.4329,0.2732) (-0.3877,0.2583) (-0.3698,0.2634) (-0.3146,0.2687)

(-0.3748,0.2531)

(-0.4052,0.2741)

The values in the parentheses stand for the bias and the RMSE.

b using our method when the sample size
Table 2 Bias and RMSE of the estimated d(t)
equals 212
](subintervals) wavelet

16 (l = 4)

32 (l = 5)

64 (l = 6)

128 (l = 7)

Considered function d(t)

level

Constant

Linear

Quadratic

Cubic

Logarithmic

Exponential

J =3

(-0.0425,0.1007)

(0.0063,0.0812)

(0.0742,0.1922)

(-0.0045,0.0934)

(-0.0400,0.1066)

(0.0321,0.0981)

J =4

(-0.0325,0.0819) (-0.0031,0.0650)

(0.0569,0.1575)

(-0.0122,0.0872)

(0.0180,0.0770)

(-0.0371,0.0932)

J =5

(-0.0292,0.0762) (-0.0136,0.0633)

(0.0460,0.1432)

(-0.0248,0.0953)

(0.0042,0.0675)

(-0.0420,0.0970)

J =6

(-0.0312,0.0805) (-0.0303,0.0788)

(0.0385,0.1570)

(-0.0445,0.1202)

(-0.140,0.0754)

(-0.0596,0.1260)

J =7

(-0.0394,0.0930) (-0.0478,0.1209)

(0.0382,0.2232)

(-0.0540,0.1524)

(-0.0278,0.1192)

(-0.0730,0.1577)

J =8

(-0.0593,0.1286) (-0.0518,0.2186)

(0.0332,0.3298)

(-0.0294,0.2554)

(-0.0246,0.2259)

(-0.0732,0.2331)

J =3

(-0.0301,0.0408)

(0.0015,0.0554)

(0.0603,0.1375)

(-0.0086,0.0840)

(-0.0423,0.0829)

(0.0254,0.0693)

J =4

(-0.0380,0.0607) (-0.0070,0.0446)

(0.0427,0.1154)

(-0.0197,0.0780)

(0.0095,0.0538)

(-0.0427,0.0741)

J =5

(-0.0404,0.0621) (-0.0230,0.0493)

(0.0285,0.1060)

(0.0368,0.0860)

(-0.00766,0.0527)

(-0.0527,0.0803)

J =6

(-0.0466,0.0693) (-0.0414,0.0694)

(0.0167,0.1186)

(-0.0543,0.1058)

(-0.02719,0.0686)

(-0.0654,0.0976)

J =7

(-0.0718,0.1005) (-0.0625,0.1154) (-0.0069,0.1648) (-0.0597,0.1603)

(-0.0447,0.1188)

(-0.0844,0.1391)

J =8

(-0.1361,0.1805) (-0.1092,0.2105) (-0.0625,0.2506) (-0.0917,0.2521)

(-0.0900,0.2090)

(-0.1271,0.2339)

J =3

(-0.0303,0.2870) (-0.0037,0.0400)

(0.0473,0.1000)

(-0.0169,0.0674)

(-0.0477,0.0644)

(-0.0168,0.0489)

J =4

(-0.0519,0.0523) (-0.0202,0.0358)

(0.0267,0.0837)

(-0.0324,0.0664)

(-0.0042,0.0406)

(-0.0528,0.0609)

J =5

(-0.0588,0.0576) (-0.0393,0.0460)

(0.0069,0.0783)

(-0.0503,0.0758) (-0.02423,0.04574) (-0.0650,0.0694)

J =6

(-0.0898,0.0844) (-0.0727,0.0751) (-0.0260,0.0925) (-0.0853,0.1060)

(-0.0596,0.0737)

(-0.0976,0.0996)

J =7

(-0.1670,0.1523) (-0.1419,0.1445) (-0.1006,0.1507) (-0.1387,0.1731)

(-0.1250,0.1408)

(-0.1645,0.1676)

J =8

(-0.2661,0.2403) (-0.2284,0.2353) (-0.2009,0.2482) (-0.2147,0.2587)

(-0.2138,0.2305)

(-0.2453,0.2578)

J =3

(-0.0694,0.0474) (-0.0179,0.0306)

(0.0302,0.0688)

(-0.0304,0.0538)

(0.0021,0.0341)

(-0.0619,0.0534)

J =4

(-0.0747,0.0497) (-0.0403,0.0336)

(0.0025,0.0602)

(-0.0506,0.0568)

(-0.0241,0.0335)

(-0.0724,0.0557)
(-0.1124,0.0783)

J =5

(-0.1119,0.0724) (-0.0845,0.0584) (-0.0410,0.0658) (-0.0750,0.0777)

(-0.0094,0.0537)

J =6

(-0.2071,0.1316) (-0.1792,0.1173) (-0.1374,0.1100)

(0.1882,0.1340)

(-0.1649,0.1117)

(-0.2062,0.1365)

J =7

(-0.3260,0.2061)

(-0.2553,0.1830) (-0.2872,0.2046)

(-0.2740,0.1835)

(-0.3130,0.2076)

J =8

(-0.4337,0.2737) (-0.3861,0.2571) (-0.3707,0.2637) (-0.3758,0.2704)

(-0.3746,0.2528)

(-0.4033,0.2733)

(-0.2893,.1895)

The values in the parentheses stand for the bias and the RMSE.
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b using Cavanaugh et al. (2003)’s method
Table 3 Bias and RMSE of the estimated d(t)
(based on MODWT) when the sample size equals to 211
](subintervals) wavelet
level
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16 (l = 4)

32 (l = 5)

64 (l = 6)

128 (l = 7)

Considered function d(t)
Constant

Linear

Quadratic

Cubic

Logarithmic

Exponential

J =3

(-0.1770,0.1852) (-0.1550,0.1647) (-0.0953,0.1229) (-0.1621,0.1742) (-0.1830,0.1913) (-0.1345,0.1461)

J =4

(-0.1154,0.1243) (-0.1064,0.1164) (-0.0494,0.0876) (-0.1160,0.1294) (-0.1312,0.1392) (-0.0906,0.1033)

J =5

(-0.0727,0.0866) (-0.0799,0.0932) (-0.0165,0.0875) (-0.0877,0.1052) (-0.0960,0.1079) (-0.0662,0.0844)

J =6

(-0.0311,0.0780) (-0.0559,0.0946)

(0.0225,0.1380)

J =7

(0.0070,0.0889)

(-0.0014,0.1611)

(0.0604,0.2078)

(0.0280,0.1934)

(0.0129,0.1882)

(0.0129,0.1585)

J =8

(0.0243,0.0783)

(0.0279,0.1883)

(0.1010,0.2596)

(0.0622,0.1937)

(0.0437,0.2022)

(0.0388,0.1812)

(-0.0612,0.1056) (-0.0673,0.1057) (-0.0430,0.0927)

J =3

(-0.1753,0.1833) (-0.1527,0.1622) (-0.1021,0.1358) (-0.1614,0.1771) (-0.1795,0.1887) (-0.1369,0.1495)

J =4

(-0.1066,0.1167) (-0.0999,0.1115) (-0.0509,0.0985) (-0.1075,0.1282) (-0.1177,0.1300) (-0.0860,0.1017)

J =5

(-0.0656,0.0841) (-0.0725,0.0902) (-0.0184,0.1016) (-0.0799,0.1111) (-0.0871,0.1061) (-0.0618,0.0870)

J =6

(-0.0086,0.0916) (-0.0170,0.1251)

(0.0201,0.1512)

(0.0007,0.1817)

(-0.0003,0.1694) (-0.0118,0.1242)

J =7

(0.0120,0.0899)

(0.0158,0.1777)

(0.0409,0.2159)

(0.0414,0.2357)

(0.0379,0.2174)

(0.0184,0.1764)

J =8

(0.0229,0.0774)

(0.0357,0.2002)

(0.0489,0.2758)

(0.0640,0.2306)

(0.0613,0.2277)

(0.0329,0.1945)

J =3

(-0.1677,0.1762) (-0.1460,0.1568) (-0.1002,0.1385) (-0.1519,0.1730) (-0.1687,0.1812) (-0.1330,0.1466)

J =4

(-0.1023,0.1136) (-0.0942,0.1070) (-0.0509,0.1059) (-0.1014,0.1298) (-0.1121,0.1278) (-0.0825,0.1010)

J =5

(-0.0507,0.0817) (-0.0579,0.0887) (-0.0106,0.1096) (-0.0702,0.1203) (-0.0774,0.1076) (-0.0474,0.0892)

J =6

(-0.0063,0.0914) (-0.0052,0.1329)

(0.0142,0.1558)

(0.0144,0.2058)

(0.0118,0.1851)

(-0.0025,0.1349)

J =7

(0.0134,0.0892)

(0.0214,0.1832)

(0.0244,0.2206)

(0.0480,0.2570)

(0.0485,0.2333)

(0.0202,0.1848)

J =8

(0.0223,0.0761)

(0.0407,0.2046)

(0.0238,0.2904)

(0.0655,0.2497)

(0.0717,0.2402)

(0.0289,0.2014)

J =3

(-0.1638,0.1725) (-0.1409,0.1524) (-0.0992,0.1412) (-0.1461,0.1710) (-0.1651,0.1794) (-0.1267,0.1422)

J =4

(-0.0952,0.1082) (-0.0861,0.1029) (-0.0427,0.1048) (-0.0960,0.1297) (-0.1073,0.1258) (-0.0729,0.0969)

J =5

(-0.0427,0.0812) (-0.0404,0.0918) (-0.0086,0.1143) (-0.0437,0.1349) (-0.0502,0.1152) (-0.0339,0.0933)

J =6

(-0.0059,0.0898) (-0.0009,0.1372)

(0.0102,0.1574)

(0.0171,0.2136)

(0.0179,0.1901)

(0.0002,0.1401)

J =7

(0.0156,0.0880)

(0.0291,0.1869)

(0.0194,0.2230)

(0.0525,0.2669)

(0.0600,0.2410)

(0.0224,0.1870)

J =8

(0.0226,0.0754)

(0.0418,0.2051)

(0.0107,0.2993)

(0.0670,0.2584)

(0.0771,0.2467)

(0.0289,0.2051)

The values in the parentheses stand for the bias and the RMSE.

b using Cavanaugh et al. (2003)’s method
Table 4 Bias and RMSE of the estimated d(t)
(based on MODWT) when the sample size equals to 212
](subintervals) wavelet
level

16 (l = 4)

32 (l = 5)

64 (l = 6)

128 (l = 7)

Considered function d(t)
Constant

Linear

Quadratic

Cubic

Logarithmic

Exponential

J =4

(-0.1165,0.1209) (-0.1039,0.1091) (-0.0531,0.0792) (-0.1108,0.1199) (-0.1255,0.1300) (-0.0874,0.0948)

J =5

(-0.0815,0.0873) (-0.0787,0.0847) (-0.0255,0.0659) (-0.0875,0.0988) (-0.0993,0.1047) (-0.0649,0.0739)

J =6

(-0.0538,0.0637) (-0.0627,0.0721) (-0.0037,0.0779) (-0.0714,0.0865) (-0.0793,0.0875) (-0.0501,0.0648)

J =7

(-0.0253,0.0581) (-0.0506,0.0792)

(0.0275,0.1302)

(-0.0535,0.0903) (-0.0609,0.0885) (-0.0353,0.0778)

J =8

(0.0023,0.0688)

(0.0616,0.2001)

(0.0266,0.1758)

J =4

(-0.1148,0.1193) (-0.1025,0.1077) (-0.0566,0.0928) (-0.1101,0.1238) (-0.1239,0.1296) (-0.0882,0.0968)

J =5

(-0.0756,0.0822) (-0.0728,0.0802) (-0.0278,0.0798) (-0.0804,0.1000) (-0.0891,0.0979) (-0.0606,0.0732)

J =6

(-0.0493,0.0622) (-0.0590,0.0709) (-0.0053,0.0926) (-0.0656,0.0945) (-0.0715,0.0859) (-0.0481,0.0687)

J =7

(-0.0097,0.0684) (-0.0149,0.1068)

(0.0233,0.1435)

(0.0002,0.1588)

(-0.0054,0.1399) (-0.0080,0.1109)

J =8

(0.0081,0.0701)

(0.0411,0.2088)

(0.0410,0.2220)

(0.0309,0.1960)

J =4

(-0.1099,0.1146) (-0.0970,0.1031) (-0.0563,0.0986) (-0.1027,0.1232) (-0.1152,0.1243) (-0.0853,0.0956)

J =5

(-0.0728,0.0798) (-0.0696,0.0777) (-0.0285,0.0885) (-0.0767,0.1036) (-0.0848,0.0965) (-0.0601,0.0748)

J =6

(-0.0385,0.0602) (-0.0514,0.0698) (-0.0018,0.1015) (-0.0617,0.1020) (-0.0656,0.0864) (-0.0411,0.0719)

J =7

(-0.0044,0.0699)

(0.0001,0.1209)

(0.0185,0.1487)

(0.0159,0.1896)

(0.0128,0.1621)

(0.0031,0.1260)

J =8

(0.0091,0.0701)

(0.0254,0.1747)

(0.0269,0.2137)

(0.0488,0.2464)

(0.0432,0.2146)

(0.0241,0.1774)

J =4

(-0.1066,0.1115) (-0.0941,0.1004) (-0.0553,0.1023) (-0.0997,0.1233) (-0.1119,0.1224) (-0.0827,0.0940)

J =5

(-0.0667,0.0748) (-0.0651,0.0745) (-0.0230,0.0910) (-0.0740,0.1046) (-0.0804,0.0945) (-0.0548,0.0726)

J =6

(-0.0295,0.0597) (-0.0346,0.0720)

(0.0007,0.1065)

J =7

(-0.0041,0.0686)

(0.0298,0.1770)

(0.0147,0.1510)

(0.0157,0.1898)

(0.0194,0.1722)

(0.0063,0.1318)

J =8

(0.0117,0.0691)

(0.0298,0.1770)

(0.0223,0.2161)

(0.0534,0.2571)

(0.0520,0.2243)

(0.0266,0.1820)

(0.0005,0.1467)

(0.0184,0.1664)

(0.0062,0.1621)

(0.0155,0.1499)

(0.0219,0.1697)

(-0.0417,0.1130) (-0.0448,0.0924) (-0.0269,0.0772)

The values in the parentheses stand for the bias and the RMSE.

Besides, we also carry our the estimation algorithm using modified Cavanaugh et
al. (2003)’s method based on MODWT in order to make some comparison, where the way
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of partitioning time interval is the same as our new proposed method and wavelet level
could be J = 3, 4, 5, 6, 7, 8. The considered long memory parameter function is the same
as before.
In Table 1 and Table 2, we presented the simulation results, including the bias, the

《应用概率统计》版权所用

Root Mean Square Error (RMSE) of the estimated parameter using 1000 replications. In
Table 3 and Table 4, we presented the simulation results of the estimator using modified
Cavanaugh et al. (2003)’s method based on the MODWT. Here the computation of bias
and RMSE is a little different from those of the stationary process. They are related to
some extent with the estimation procedure. As described in Section 3, after smoothing
in step 5, we obtain 2l − 2 estimates dbi (t), i = 1, . . . , 5. And 2l is the number of the
partitioned subintervals. Thus we calculate the difference of the estimated parameter and
the true parameter dbi (t) − di (t), for t = 2, . . . , 2l − 1, i = 1, . . . , 5. Then the bias and the
root mean square error are calculated as follows:
s
l

−1
1 2P
(dbi (t) − di (t));
bias = l
2 − 2 t=2

RMSE =

l −1
1 2P
(dbi (t) − di (t))2 .
2l − 2 t=2

We find that the estimated parameter smoothed by the loess method performs a little
better than that smoothed by the spline method.
In summary, for our new proposed method,
1. It appears that each estimated curve approximates correctly the general shape of
the time-varying parameter function with a little underestimation. The rebuilding of the
smoothed curve using the loess method appears (graphically) better than that obtained
using the spline method.
2. When the sample size increases, the performance of our algorithm improves. The
small values for the bias and the RMSE of the estimated function suggest that our algorithm is robust. Practically, when d(t) is a constant, our wavelet-based OLS estimator
does not suffer from substantial bias. This result is quite different from Whitcher (2004)’s
result. We conjecture that the advantage of our method lies mainly in the local treatment
of the function d(t).
3. There is no restriction to apply our method whatever the function d(t) we want
to rebuild.
4. We provide a useful inference for the choice of interval partition and wavelet level
decomposition. Under the same sample size, the performance of the algorithm does not
improve with the increment of the number of the partitioned subintervals.
5. The bias of the estimator is mostly negative, i.e. d(t) tends to be underestimated
by the proposed estimator. For each value of l and J, when the sample size T increases,
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the bias is quite close, i.e., increasing the number of observations did not always lead to
an increase in the bias of the estimator. However, the RMSE has been obviously improved
by our method.
Compared with the simulation results (Table 3 and Table 4) of modified Cavanaugh
and RMSE. And both these two methods depend on the choice of scale.

§5.

Application

We now study the realized log volatility of the Japanese YEN versus US Dollar exchange rate between June 1986 and September 2004. The series length is 4470, which is
of the same order as the previously simulated series 4096.
Our proposed algorithm is applied to the estimation of the locally long memory parameter. We present in Figure 1 the corresponding estimation result. One can observe
b lies mostly in the interval [0.2, 0.6] while it exhibits more volatility than that
that here d(t)
in [11]. It seems to indicate that the long memory parameter is not constant over time,
which corresponds to the different regimes caused by the influence of changing market
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et al. (2003)’s method based on the MODWT, our method has greatly improved the bias
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Figure 1 Estimator of d using newly proposed algorithm
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Conclusion

In this paper, we have proposed a new wavelet-based algorithm for the time-varying
long memory parameter of locally stationary long memory process using log-linear relationships between wavelet coefficient variance and the scaling parameter. Through the
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simulation study, we found that our new estimator exhibits a substantial improvement
over the Cavanaugh et al. (2003)’s estimator. Furthermore, the small bias and reasonable
root mean squared error also makes our method competitive with the other estimator. In
the application of the exchange rate, the new algorithm has been used to estimate the
local dynamics of long memory parameter, which could also attract precisely the memory
dynamic compared with the result in [11].
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基于小波方法的时变长记忆参数的估计
陆智萍
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陶勤英
(华东师范大学数学系, 上海, 200241)
平稳长记忆过程已经被广泛研究. 本文中, 我们考虑带有时变参数的局部平稳长记忆过程. 我们运用小
波系数方差和尺度参数之间的对数线性关系提出了一个新的基于小波方法的参数估计方法. 我们也研究了该
算法的一致性和有限样本行为, 为理论研究者和实务实践者提供了很好的参考. 同时我们将该方法应用于日
元/美元的汇率序列中, 得到了有趣的结果.
关 键 词:

局部平稳长记忆过程, 半参数估计, 小波分析, 汇率.
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