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§1. Introduction

The long-time behaviour of flows is a very interesting and important problem in

the theory of fluid dynamics, as the vast literature shows (see [12, 13, 15] and among

others), and has been receiving very much attention in probability experts. In the last

two decades, many authors have researched exponential behaviour of stochastic partial

differential equations (see [1–4, 16], among others, and the references therein).

One of the most studied models is the Navier-Stokes model (and its variants) since it

provides a suitable model which covers several important fluids (see Temam (1995, 1988)

and the references therein). The Navier-Stokes equations are the fundamental model of the

fluids. Despite their great physical importance, existence and uniqueness results for the

equations in the three-dimensional case are still not known, and only the two-dimensional

(2D in short) situation is amenable to a complete mathematical treatment. In the past

years, many researchers studied this equation in the random situations. Most of the works

are with Gaussian white noise, e.g. [4, 6, 10, 11] and references therein. As we know,

there are a few articles for the non Gaussian white noise, see [7–9, 17, 18] for the Lévy

space-time white noise and Poisson random measure.
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In this paper, we shall show some aspects of the effects produced in the long-time

behaviour of the solution to a 2D Navier-Stokes equation under the presence of stochastic

perturbations driven by Lévy noise as Caraballo, Langa and Taniguchi did in [4], that

is, we shall prove the exponential behaviour and stabilizability of the weak solutions of

stochastic 2D Navier-Stokes equation driven by Lévy noise with σ-finite intensity measure.

Let (Ω,F ,P) be a complete probability space equipped with a filtration {Ft, t ≥ 0}
satisfying the usual conditions of completeness and right continuity, and let N(dt, dz) be

a Poisson random measure with intensity measure dsλ(dz) on R+ × U , where λ(dz) is a

σ-finite measure on a measurable space (U,B(U)). We denote Ñ(dt, dz) by N(dt, dz) −
dtλ(dz), the compensated Poisson measure. Suppose the operator Q ∈ L(K, K), where K

is a real and separable Hilbert space. The K-valued Wt is a Q-Wiener process. Assume

Wt and N(dt,dz) are independent.

Let T2 = R2/Z2 be the torus. We consider a Hilbert space H which is a closed

subspace of L2(T2,R2)

H =
{

u ∈ L2(T2,R2),divu = 0 and
∫

T2

u(x)dx = 0
}

.

The space H is endowed with the inner product and the norm of L2(T2,R2), which were

denoted by 〈·, ·〉 and | · |. A closed sub-Hilbert space V of H is defined as

V =
{

u ∈ H1(T2,R2),divu = 0 and
∫

T2

u(x)dx = 0
}

with the inner product and the norm

〈〈u, v〉〉 =
2∑

i,j=1

〈∂ui

∂xj
,
∂vi

∂xj

〉
, ‖u‖ = 〈〈u, u〉〉1/2.

Moreover, we set D(A) = H2(T2,R2) ∩ V, and

Au = −P4u, u ∈ D(A),

where P is the orthogonal projector from L2(T2,R2) onto H.

It is known that A is a self-adjoint positive operator with compact resolvent in H and

V coincides with D(A1/2), ‖u‖ = |A1/2u| for u ∈ V. We denote by 0 < λ1 ≤ λ2 ≤ · · ·
the eigenvalues of A and by e1, e2, . . . the corresponding complete orthonormal system of

eigenvectors.

Let V∗ be the dual space of V. Define

b(u, v, w) =
2∑

i,j=1

∫

T2

ui(x)
∂vj(x)

∂xi
wj(x)dx

《
应
用
概
率
统
计
》
版
权
所
用
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and the bilinear operator B(u, v) : V× V→ V∗,

(B(u, v), w) = b(u, v, w), u, v, w ∈ V.

If the fluid flow is incompressible, we have

〈B(u, v), v〉 = 0, 〈B(u, v), w〉 = −〈B(u,w), v〉.

In this paper, we consider the stochastic 2D Navier-Stokes equation driven by Lévy

noise on T2 for an incompressible fluid flow:




dXt + [νAXt + B(Xt)− h(Xt)]dt =
∫

U
f(Xt−, u)Ñ(dt, du) + g(t,Xt)dWt,

X0 = x,

(1.1)

where Xt represents the velocity of the particle at time t, the positive parameter ν is the

kinematic viscosity, h is the external force field, and
∫

U
f(Xt−, u)Ñ(dt, du) + g(t,Xt)dWt

is the random external force field.

For the need in the following, we list here some properties on trilinear form b:

u ∈ H, v, w ∈ V ⇒ b(u, v, w) = −b(u,w, v),

u, v, w ∈ V ⇒ |b(u, v, w)| ≤ K1|u|1/2‖u‖1/2‖v‖|w|1/2‖w‖1/2,

u ∈ V, v ∈ D(A), w ∈ H ⇒ |b(u, v, w)| ≤ K1|u|1/2‖u‖1/2‖v‖1/2|Av|1/2|w|,
u ∈ H, v ∈ V ⇒ b(u, v, v) = 0,

where K1 is a positive constant.

Definition 1.1 Suppose Xt is an H-valued Ft-adapted càdlàg process. If for t > 0,∫ t

0
[|Xs|+ |B(Xs)|+ |h(Xs)|]ds < +∞ and for ξ ∈ D(A),

〈Xt, ξ〉 = 〈x, ξ〉 − ν

∫ t

0
〈Xs, Aξ〉ds−

∫ t

0
〈B(Xs), ξ〉ds +

∫ t

0
〈h(Xs), ξ〉ds

+
∫ t

0

∫

U
〈f(Xs−, z), ξ〉Ñ(ds,dz) +

∫ t

0
〈ξ, g(s,Xs)dWs〉,

then Xt is called the weak solution of (1.1).

Definition 1.2 We say that a weak solution Xt of (1.1) converges to x∞ ∈ H
exponentially stable in the mean square if there exist a > 0 and M0 = M(X0) > 0 such

that

E|Xt − x∞|2 ≤ M0e
−at, t ≥ 0.
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In particular, if x∞ is a solution to (1.1), then it is said that x∞ is exponentially stable in

the mean square provided that every weak solution to (1.1) converges to x∞ exponentially

in the mean square with the same exponential order a > 0.

Definition 1.3 We say that a weak solution Xt of (1.1) converges to x∞ ∈ H
almost surely exponentially if there exists γ > 0 such that

lim sup
t→∞

1
t

ln |Xt − x∞| ≤ −γ P− a.s..

In particular, if x∞ is a solution to (1.1), then it is said that x∞ is almost surely expo-

nentially stable provided that every weak solution to (1.1) converges to x∞ almost surely

exponentially with the same constant γ.

§2. The Exponential Stability of Solutions

We’ll introduce the following hypotheses:

(H1) f(·, ·) : H× U → H is a measurable function and there exists K2 > 0 such that
∫

U
|f(x, z)− f(y, z)|2λ(dz) ≤ K2|x− y|2, x, y ∈ H.

(H2) h(·) : V→ V∗ is a continuous function and there exists β > 0 such that

‖h(u)− h(v)‖V∗ ≤ β‖u− v‖, u, v ∈ V.

Remark 1 Under the condition (H2), Caraballo, Langa and Taniguchi proved the

conclusion in [4]: If the function h satisfies that h(vm) converges to h(v) weakly in V∗

where {vn}n≥1 ⊂ V converges to v ∈ V weakly in V and strongly in H, then the equation

νAu + B(u) = h(u) (equality in V∗) (2.1)

has the properties:

(i) If ν > β, (2.1) has a stationary solution u∞ ∈ V.

(ii) If ν > (K1‖h(0)‖V∗)/[
√

λ1(ν − β)] + β, the stationary solution of (2.1) is unique.

Using these we can research the long-time behaviour of weak solutions Xt of (1.1) un-

der some conditions for the kinematic viscosity ν being sufficiently large. Hence throughout

this paper we assume that there exists a unique stationary solution u∞ ∈ V for (2.1).

In the following, we need the conditions:

(H3) f(u∞, z) ≡ 0, ∀ z ∈ U .
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(H4) g(·, ·) : [0,∞) × V → L(K,H) is a continuous function and satisfies that there

exist nonnegative integrable functions γ(t), δ(t) and constants c1 > 0, θ > 0, Mγ ≥ 1 and

Mδ ≥ 1 with

γ(t) ≤ Mγe−θt, δ(t) ≤ Mδe
−θt, t ≥ 0

such that

‖g(t, u)‖2
L0

2
≤ γ(t) + (c1 + δ(t))|u− u∞|2,

where ‖g(t, u)‖2
L0

2
= Tr(g(t, u)Qg(t, u)∗), u ∈ V and L0

2 =̂ L2(Q1/2(K),H) is a Hilbert

space.

Theorem 2.1 Suppose 2ν > 2β + 2λ
−1/2
1 K1‖u∞‖+ λ−1

1 [δ(s) + c1 + K2] and that

conditions (H1) – (H4) are satisfied. Then, the weak solution Xt of (1.1) converges to u∞
exponentially in the mean square. That is, there exists real number a ∈ (0, θ), M0 =

M0(X0) > 0 such that

E|Xt − u∞|2 ≤ M0e
−at, t ≥ 0.

Proof Applying the Itô formula to eat|Xt − u∞|2 and taking the expectation, we

have

eatE|Xt − u∞|2

≤ E|X0 − u∞|2 +
∫ t

0

( a

λ1
− 2ν + 2β +

2K1√
λ1
‖u∞‖

)
easE‖Xs − u∞‖2ds

+
∫ t

0
eas

[
γ(s) +

c1 + δ(s)
λ1

E‖Xs − u∞‖2
]
ds +

∫ t

0
eas K2

λ1
E‖Xs − u∞‖2ds

≤ E|X0 − u∞|2 +
∫ t

0
easγ(s)ds +

∫ t

0
k(s)easE‖Xs − u∞‖2ds, (2.2)

where

k(s) =
a

λ1
− 2ν + 2β +

2K1√
λ1
‖u∞‖+

c1 + δ(s)
λ1

+
K2

λ1
.

By the assumptions we have that there exists a ∈ (0, θ) such that k(s) < 0. Hence, (2.2)

yields

eatE|Xt − u∞|2 ≤ E|X0 − u∞|2 +
Mγ

θ − a
.

Put M0 =̂ E|X0 − u∞|2 + Mγ/(θ − a). We get

E|Xt − u∞|2 ≤ M0e
−at, t > 0.

Which completes the proof. ¤

Theorem 2.2 Suppose that all the conditions in Theorem 2.1 are satisfied. Then

the weak solution Xt of (1.1) converges to u∞ almost surely exponentially.

《
应
用
概
率
统
计
》
版
权
所
用



156 应用概率统计 第二十九卷

Proof Let N be a natural number. By the Burkholds-Davis inequality and the

Young inequality, we have that, for any t ≥ N ,

E
[

sup
N≤t≤N+1

∫ t

N
〈Xs − u∞, g(s,Xs)dWs〉

]

≤ 2
√

6E
[ ∫ N+1

N
|Xs − u∞|2‖g(s,Xs)‖2

L0
2
ds

]1/2

≤ 48
∫ N+1

N
E‖g(s,Xs)‖2

L0
2
ds +

1
8
E
[

sup
N≤t≤N+1

|Xt − u∞|2
]

(2.3)

and

E
[

sup
N≤t≤N+1

∫ t

N

∫

U
〈Xs− − u∞, f(Xs−, z)〉Ñ(dz, ds)

]

≤ 3E
[ ∫ N+1

N

∫

U
|Xs − u∞|2|f(Xs−, z)|2λ(dz)ds

]1/2

≤ 9
∫ N+1

N
K2E|Xs − u∞|2ds +

1
4
E
[

sup
N≤t≤N+1

|Xt − u∞|2
]
. (2.4)

We also have

E

∫ N+1

N

∫

U
|f(Xs−, z)|2N(dz, ds) ≤ K2

∫ N+1

N
E|Xs − u∞|2ds. (2.5)

Therefore, by (2.3)-(2.5), the Itô formula yields

E
[

sup
N≤t≤N+1

|Xt − u∞|2
]

≤ E|XN − u∞|2 + 97
∫ N+1

N
[γ(t) + (c1 + δ(t))E|Xt − u∞|2]dt

+
1
2
E
[

sup
N≤t≤N+1

|Xt − u∞|2
]

+ 97
∫ N+1

N
K2E|Xs − u∞|2ds.

This implies

1
2
E
[

sup
N≤t≤N+1

|Xt − u∞|2
]
≤ E|XN − u∞|2 + 97

∫ N+1

N
γ(t)dt

+97
∫ N+1

N
[c1 + δ(t) + K2]E|Xt − u∞|2dt.

Since γ(t) ≤ Mγe−θt and δ(t) ≤ Mδe
−θt, a ∈ (0, θ), Mγ ≥ 1, Mδ ≥ 1, we obtain, thanks to

Theorem 2.1, that there exists M1 = M1(X0) such that

E
[

sup
N≤t≤N+1

|Xt − u∞|2
]
≤ M1e

−aN .

Finally, using the Borel-Cantelli lemma one can easily finish the proof. ¤
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Theorem 2.3 Assume that (H1) – (H3) are satisfied and that g(·, ·) : [0,∞)×V→
L(K,H) is a continuous function satisfying the following assumptions:

(a) g(t, u∞) ≡ 0, t ≥ 0;

(b) ‖g(t, x)− g(t, y)‖L0
2
≤ Cg‖x− y‖, Cg ≥ 0, x, y ∈ V.

Let X be a weak solution of (1.1). If

2ν > 2β + C2
g +

2K1√
λ1
‖u∞‖+

K2

λ1
,

then we have the followings:

(i) There exists real number γ > 0 such that

E|Xt − u∞|2 ≤ E|X0 − u∞|2e−γt, t ≥ 0.

(ii) If 〈x − y, (g(s, x) − g(s, y))g̃〉 = 0 for x, y ∈ V, g̃ ∈ K and s ≥ 0, there exists a

real number γ > 0 such that

lim sup
t→+∞

1
t

ln |Xt − u∞| ≤ −γ

4
, a.s..

Proof (i) Arguing as before, we have

|〈B(Xs)−B(u∞), Xs − u∞〉| ≤ K1λ
−1/2
1 ‖u∞‖‖Xs − u∞‖2.

For γ > 0 being small enough (fixed later), applying the Itô formula and taking expecta-

tion, as above calculation we obtain

eγtE|Xt − u∞|2

≤ E|X0 − u∞|2 +
γ

λ1

∫ t

0
eγsE‖Xs − u∞‖2ds− 2ν

∫ t

0
eγsE‖Xs − u∞‖2ds

+2β

∫ t

0
eγsE‖Xs − u∞‖2ds +

∫ t

0
C2

geγsE‖Xs − u∞‖2ds

+
∫ t

0

K2

λ1
eγsE‖Xs − u∞‖ds +

∫ t

0

2K1√
λ1
‖u∞‖eγsE‖Xs − u∞‖2ds

= E|X0 − u∞|2 + C(γ)
∫ t

0
eγsE‖Xs − u∞‖2ds, (2.6)

where

C(γ) = λ−1
1 γ − 2ν + 2β + C2

g + 2λ
−1/2
1 K1‖u∞‖+ λ−1

1 K2.

Since 2β− 2ν + C2
g + 2λ

−1/2
1 K1‖u∞‖+ λ−1

1 K2 < 0, we get that there exists a real number

γ > 0 such that C(γ) < 0. Which completes the proof of the first part of the theorem.
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(ii) Let N be a natural number. By the Itô formula, it follows for any t ≥ N ,

|Xt − u∞|2 ≤ |XN − u∞|2 +
∫ t

N

[
− 2ν + 2β + C2

g +
2K1√

λ1
‖u∞‖

]
‖Xs − u∞‖2ds

+2
∫ t

N
〈Xs − u∞, g(s,Xs)dWs〉+

∫ t

N

∫

U
|f(Xs−, z)|2N(dz, ds)

+ 2
∫ t

N

∫

U
〈Xs− − u∞, f(Xs−, z)〉Ñ(dz, ds). (2.7)

2β− 2ν +C2
g +(2K1/

√
λ1)‖u∞‖+K2/λ1 < 0, 〈x− y, (g(s, x)− g(s, y))g̃〉 = 0 for x, y ∈ V,

g̃ ∈ K, s ≥ 0 and (2.7) show

|Xt − u∞|2 ≤ |XN − u∞|2 +
∫ t

N

∫

U
|f(Xs−, z)|2N(dz, ds)

+ 2
∫ t

N

∫

U
〈Xs− − u∞, f(Xs−, z)〉Ñ(dz, ds).

As the proof of (2.4) and (2.5), we have

1
2
E
[

sup
N≤t≤N+1

|Xt − u∞|2
]
≤ E|XN − u∞|2 + 13K2

∫ N+1

N
E|Xt − u∞|2dt.

This yields, thanks to Theorem 2.3 (i), that there exists M2 = M2(X0) ≥ 1 such that

E
[

sup
N≤t≤N+1

|Xs − u∞|2
]
≤ M2e

−γN .

By the Borel-Cantelli lemma one can finish the proof. ¤

In the final of this section we consider the case where the external force h can depend

on time, that is, h(·, ·) : [0,∞)× V→ V∗. In this case, we give the assumption:

(H5) There exist integrable functions α(t), β(t) and real numbers d > 0, θ > 0,

Mα ≥ 1 and Mβ ≥ 1 such that

〈h(t, x), x〉 ≤ α(t) + (d + β(t))|x|2

and

α(t) ≤ Mαe−θt, β(t) ≤ Mβe−θt, t ≥ 0.

Theorem 2.4 Suppose that (H1) and (H5) are satisfied and there exists a constant

ζ > 0 such that ‖g(t, u)‖2
L0

2
≤ γ(t) + (ζ + δ(t))|u|2, where the functions γ(t), δ(t) satisfy

the same conditions as that in (H4). Furthermore, suppose 2λ1ν > 2d + ζ + K2 and

f(0, u) ≡ 0 for u ∈ U . Then the weak solution Xt of (1.1) converges to zero almost surely

exponentially.
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Proof By the hypotheses we have that there is a positive number a ∈ (0, θ) such

that 2λ1ν > 2d + ζ + K2 + a. As the above proof, we can get

eatE|Xt|2 ≤ E|X0|2 +
∫ t

0
[2α(s) + γ(s)]easds +

∫ t

0
[2β(s) + δ(s)]easE|Xs|2ds

+
∫ t

0
[a− 2λ1ν + 2d + ζ + K2]E|Xs|2ds.

Since a− 2λ1ν + 2d + ζ + K2 < 0, the Gronwall inequality yields

eatE|Xt|2 ≤
[
E|X0|2 +

2Mα + Mγ

θ − a

]
e(2Mβ+Mδ)/θ.

Put M3 = [E|X0|2 + (2Mα + Mγ)/(θ − a)]e(2Mβ+Mδ)/θ. We have

E|Xt|2 ≤ M3e
−at. (2.8)

Let N be a natural number. By the Itô formula, it follows that, for t ≥ N ,

|Xt|2 ≤ |XN |2 + 2
∫ t

N
(α(s) + γ(s))ds +

∫ t

N
(2β(s) + δ(s))|Xs|2ds

+2
∫ t

N

∫

U
〈Xs−, f(Xs−, z)〉Ñ(dz, ds) + 2

∫ t

N
〈Xs, g(s,Xs)dWs〉

+
∫ t

N

∫

U
|f(Xs−, z)|2N(dz, ds). (2.9)

Furthermore, by the Burkholds-Davis inequality

E
[

sup
N≤t≤N+1

∫ t

N
〈Xs, g(s,Xs)dWs〉

]

≤ 48
∫ N+1

N
E‖g(s,Xs)‖2

L0
2
ds +

1
8
E
[

sup
N≤t≤N+1

|Xt|2
]

(2.10)

and

E
[

sup
N≤t≤N+1

∫ t

N

∫

U
〈Xs−, f(Xs−z)〉Ñ(dz, ds)

]

≤ 48
∫ N+1

N
K2E|Xs|2ds +

1
8
E
[

sup
N≤t≤N+1

|Xt|2
]
. (2.11)

By (2.5) and (2.9)-(2.11), we obtain

E
[

sup
N≤t≤N+1

|Xt|2
]

≤ E|XN |2 + 2
∫ N+1

N
(α(s) + γ(s))ds +

∫ N+1

N
(2β(s) + δ(s))E|Xs|2ds

+96
∫ N+1

N
E‖g(s,Xs)‖2

L0
2
ds +

1
2
E
[

sup
N≤t≤N+1

|Xt|2
]

+ 97K2

∫ N+1

N
E|Xs|2ds.
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Hence, we have

1
2
E
[

sup
N≤t≤N+1

|Xt|2
]

≤ E|XN |2 + 2
∫ N+1

N
(α(s) + γ(s))ds +

∫ N+1

N
(2β(s) + δ(s))E|Xs|2ds

+96
∫ N+1

N
[γ(s) + (ζ + δ(s))E|Xs|2]ds + 97K2

∫ N+1

N
E|Xs|2ds.

The conditions α(t) ≤ Mαe−θt, β(t) ≤ Mβe−θt, γ(t) ≤ Mγe−θt, δ(t) ≤ Mδe
−θt (0 < a < θ)

and Mα ∧Mβ ∧Mγ ∧Mδ ≥ 1 imply that there exists M4 = M4(X0) > 0 such that

E
[

sup
N≤t≤N+1

|Xt|2
]
≤ M4e

−aN .

Finally, using the Borel-Cantelli lemma, we have that

lim sup
t→∞

1
t

ln |Xt| ≤ −a

4
.

Which completes the proof. ¤

§3. Stabilizability and Stabilization of Solutions

In this section, we shall analyze some aspects related to the problem of stabilizability

and stabilization of our Navier-Stokes model. First, notice that the pathwise stability.

However, it may happen that a solution of a stochastic equation can be pathwise expo-

nentially stable and not exponentially stable in the mean square.

Indeed, let us consider the following scalar ordinary differential equation to illustrate

this fact,

dxt = axtdt + bxtdWt + cxt−dNt, (3.1)

where a, b, c are real numbers and c > −1, independent processes Wt and Nt are one

dimensional Wiener process and one dimensional Poisson process with intensity λ > 0,

respectively. It’s easy to get the solution of (3.1)

xt = x0(c + 1)Nt exp{(a− b2/2)t + bWt}.

Thus, it is obvious that the zero solution of (3.1) is pathwise exponentially stable with

probability one if and only if λ ln(c + 1) + a− b2/2 < 0.

Also, one can prove that

E|xt|2 = E|x0|2 exp{[λ(c2 + 2c) + 2a + b2]t}.
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Hence, the zero solution of (3.1) is exponentially stable in the mean square if and only if

λ(c2 + 2c) + 2a + b2 < 0. So, we observe that there exist many possibilities of being the

zero solution pathwise exponentially stable and, at the same time, exponentially unstable

in the mean square.

Consequently, it would be very interesting to obtain pathwise exponential stability

results by avoiding the method of using the mean square stability as previous step. This

will be one of the aims of this section. However, it is worth pointing out that to get

some results in this direction, we will need to assume some additional hypotheses on

the stochastic perturbation so that we can obtain better stability criteria but for mire

specific situations. In particular, in some of our situations, the noise is so special that one

can perform a time change, a substitution that transforms the stochastic equation into a

deterministic one. For example, the Itô formula for the logarithm in the proof of Theorem

3.1 in this section is one way to perform this transformation; another is to multiply by the

exponential to the noise (see Crauel and Flandoli (1994), p.382).

To this end let us first state the following condition:

(H6) h(·) : H→ H and g(t, ·) : H→ L(K,H) satisfy that there exist constants c > 0

and Cg > 0 such that

|h(u)− h(v)| ≤ c|u− v|, u, v ∈ H
and

‖g(t, u)− g(t, v)‖L0
2
≤ Cg|u− v|, t > 0, u, v ∈ H.

Theorem 3.1 In addition to (H6), assume following conditions hold:

(1) There exists a function f̃(·) : U → K such that |f(x, z)| ≤ |f̃(z)||x| and
∫

U
|f̃(z)|4

·λ(dz) < ∞;

(2) h(0) = 0, g(t, 0) = 0 for t ≥ 0, f(0, z) = 0 for z ∈ U and λ(U) < +∞;

(3) Put Ψ(x) = |x|2. Suppose that there exists ρ > 0 such that

Q̃Ψ(s, x) := Tr[(Ψx(x)⊗Ψx(x))(g(s, x)Qg(s, x)∗)] ≥ ρ2|x|4,

where (Ψx(x)⊗Ψx(x))(h̃) = Ψx(x)(Ψx(x), h̃) for x, h̃ ∈ H.

Then, there exists Ω0 ⊂ Ω with P(Ω0) = 0 such that for ω /∈ Ω0 there exists T (ω) > 0

such that any weak solution X(t) of (1.1) satisfies

|Xt|2(ω) ≤ |X0(ω)|2e−γt for all t ≥ T (ω),

where

γ = λ1ν − 2c− C2
g +

1
2
ρ2 − λ(U)−

∫

U
[4|f̃(z)|+ f̃(z)|2]λ(dz).
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In particular, exponential stability of sample paths with probability one holds if γ > 0.

Proof Using Itô formula to the function ln |Xt|2 and taking into account the

hypotheses, it follows

ln |Xt|2 ≤ ln |X0|2 + 2
∫ t

0
|Xs|−2[c− λ1ν + C2

g/2]|Xs|2ds− 1
2
ρ2t

+2
∫ t

0
|Xs|−2〈Xs, g(s,Xs)dWs〉+ 2

∫ t

0

∫

U
〈Xs−, f(Xs−, z)〉|Xs−|−2Ñ(dz, ds)

+
∫ t

0

∫

U
|Xs− + f(Xs−, z)|2 − 2〈Xs−, f(Xs−, z)〉|Xs−|−2N(dz, ds)

≤ ln |X0|2 + [2c− 2λ1ν + C2
g − ρ2/2]t + 2

∫ t

0
|Xs|−2〈Xs, g(s,Xs)dWs〉

+2
∫ t

0

∫

U
|〈Xs−, f(Xs−, z)〉||Xs−|−2[N(dz, ds) + λ(dz)ds]

+
∫ t

0

∫

U
|f(Xs−, z)|2|Xs−|−2N(dz, ds) + N([0, t]× U)

≤ ln |X0|2 +
(
2c− 2λ1ν + C2

g − 1/2ρ2 + 2
∫

U
|f̃(z)|λ(dz)

)
t + N([0, t]× U)

+ 2
∫ t

0
|Xs|−2〈Xs, g(s,Xs)dWs〉+ 2

∫

U
[|f̃(z)|+ |f̃(z)|2]N([0, t],dz). (3.2)

Now, due to our assumptions,
∫ t

0
|Xs|−2〈Xs, g(s,Xs)dWs〉 is a real martingale and it is

not difficult to prove, by means of the law of iterated logarithm,

lim
t→+∞

1
t

∫ t

0
|Xs|−2〈Xs, g(s,Xs)dWs〉 = 0, a.s.. (3.3)

By using the Kolmogorov strong law of large numbers, we have

lim
t→+∞

N([0, t]× U)
t

= λ(U), a.s., (3.4)

lim
t→+∞

1
t

∫

U
|f̃(z)|N([0, t],dz) =

∫

U
|f̃(z)|λ(dz), a.s. (3.5)

and

lim
t→+∞

1
t

∫

U
|f̃(z)|2N([0, t], dz) =

∫

U
|f̃(z)|2λ(dz), a.s.. (3.6)

Then, (3.3)-(3.6) imply that there exists a set Ω0 ⊂ Ω with P(Ω0) = 0 such that, for every

ω /∈ Ω0, there exists T (ω) > 0 such that, for all t ≥ T (ω),

1
t

∫ t

0
|Xs|−2〈Xs, g(s,Xs)dWs〉 ≤ 1

4
λ1ν, (3.7)

N([0, t]× U)
t

≤ λ(U) +
1
4
λ1ν, (3.8)
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1
t

∫

U
|f̃(z)|N([0, t],dz) ≤

∫

U
|f̃(z)|λ(dz) +

1
8
λ1ν (3.9)

and
1
t

∫

U
|f̃(z)|2N([0, t],dz) ≤

∫

U
|f̃(z)|2λ(dz) +

1
4
λ1ν. (3.10)

Therefore, for any t ≥ T (ω), (3.2) and (3.7)-(3.10) show

ln |Xt|2 ≤ ln |X0|2 −
[
λ1ν − 2c− C2

g − λ(U)− 4
∫

U
|f̃(z)|λ(dz)−

∫

U
|f̃(z)|2λ(dz) +

1
2
ρ2

]
t.

Put

γ = λ1ν − 2c− C2
g − λ(U)− 4

∫

U
|f̃(z)|λ(dz)−

∫

U
|f̃(z)|2λ(dz) +

1
2
ρ2.

We obtain the first result.

Furthermore, if γ > 0, it is easy to get that

lim sup
t→+∞

1
t

ln |Xt| ≤ −γ

2
, a.s..

The proof is now completed. ¤

Next we consider the following deterministic equation

dXt = [−νAXt −B(Xt) + h(Xt)]dt. (3.11)

It obvious that the stationary solution of (3.11) may be not exponentially stable. However,

Theorem 10.2 in [14] (p.69) shows that, if the Lipschitz constant c of the external force

field h is sufficiently small, that is, if λ1ν > K1

√
λ1‖u∞‖+ c, then the stationary solution

to (3.11) is exponentially stable.

But if the Lipschitz constant c is sufficiently large, that is, λ1ν ≤ K1

√
λ1‖u∞‖+c, then

we do not know whether u∞ is exponentially stable or not. However, by adding Wiener

noise or Lévy noise, the system can reach to stabilization, that is, u∞ is exponentially

stable.

In the following theorem, we suppose K = R, Q = 1, Wt and Nt are one dimen-

sional Wiener process and one dimensional Possion process with the parameter λ > 0,

respectively.

Theorem 3.2 Suppose that the function h satisfies condition (H6), c0 =̂ λ1ν −
K1

√
λ1‖u∞‖ > 0, λ1ν ≤ K1

√
λ1‖u∞‖ + c and 2λ1ν − 2K1

√
λ1‖u∞‖ + σ2 > 2c for some

σ ∈ R, then there exists Ω0 ⊂ Ω with P(Ω0) = 0 such that, for all ω /∈ Ω0, there is

T (ω) > 0 such that

|Xt(ω)− u∞|2 ≤ |X0(ω)− u∞|2e−γt, t ≥ T (ω),
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where γ > 0 is a constant, Xt is a weak solution of (1.1), functions g and f are given by

g(t, x) = σ(x− u∞) and f(x) = τ(x− u∞) with τ > 0, respectively.

Proof Since

b(Xs − u∞, u∞, Xs − u∞) ≤ K1√
λ1
‖u∞‖‖Xs − u∞‖2,

we have

−2ν‖Xs − u∞‖2 + 2b(Xs − u∞, u∞, Xs − u∞)

≤
(
− 2ν +

2K1√
λ1
‖u∞‖

)
‖Xs − u∞‖2

≤ (−2λ1ν + 2K1

√
λ1‖u∞‖)|Xs − u∞|2.

This implies

ln |Xt − u∞|2

= ln |X0 − u∞|2 +
∫ t

0

1
|Xs − u∞|2 [−2ν‖Xs − u∞‖2 − 2b(Xs − u∞, u∞, Xs − u∞)

+σ2|Xs − u∞|2 + 2〈h(Xs)− h(u∞), Xs − u∞〉]ds

+2
∫ t

0

τ |Xs− − u∞|2
|Xs− − u∞|2 dÑs + 2

∫ t

0

σ|Xs − u∞|2
|Xs − u∞|2 dWs − 1

2

∫ t

0

4σ2|Xs − u∞|4
|Xs − u∞|4 ds

+
∫ t

0

[
ln |Xs− + τ(Xs− − u∞)− u∞|2 − ln |Xs− − u∞|2

− 2
〈 Xs− − u∞
|Xs− − u∞|2 , τ(Xs− − u∞)

〉]
dNs

≤ ln |X0 − u∞|2 + 2σWt + 2τÑt + 2(ln(τ + 1)− τ)Nt

+(2c− σ2 − 2λ1ν + 2K1

√
λ1‖u∞‖)t

≤ ln |X0 − u∞|2 + (2c− 2c0 − σ2 − 2τλ)t + 2σWt + 2Nt ln(τ + 1). (3.12)

Since

lim
t→∞

Wt

t
= 0, a.s., lim

t→∞
Nt

t
= λ, a.s..

So there exists Ω0 ⊂ Ω with P(Ω0) = 0 such that, for ω /∈ Ω0, there exists T (ω) > 0 such

that, for t ≥ T (ω),
Nt(ω)

t
≤ λ + σ2 + 2c0 − 2c (3.13)

and
|Wt(ω)|

t
≤ σ2 + 2c0 − 2c. (3.14)

(3.12)-(3.14) yield that, for t ≥ T (ω) (ω /∈ Ω0),

ln |Xt(ω)− u∞|2 ≤ ln |X0(ω)− u∞|2 − γ(λ)t, (3.15)
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where −γ(λ) = 2c− 2c0 − σ2 + 2[ln(τ + 1)− τ ]λ + 2[|σ|+ ln(τ + 1)](σ2 + 2c0 − 2c).

Since ln(τ + 1) − τ < 0 for τ > 0, we have that there is a large enough λ0 > 0 such

that γ(λ0) > 0. Taking γ = γ(λ0). Which completes the proof. ¤
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of Differential Equations, 251(2011), 196–222.

[10] Flandoli, F., Dissipativity and invariant measures for stochastic Navier-Stokes equations, NoDEA:

Nonlinear Differential Equations and Applications, 1(1994), 403–423.

[11] Hairer, M. and Mattingly, J.C., Ergodicity of the 2D Navier-Stokes equations with degenerate stochas-

tic forcing, Annals of Mathematics, 164(2006), 993–1032.

[12] Hale, J., Asymptotic Behavior of Dissipative Systems (Mathematical Surveys and Monographs, 25),

American Mathematical Society, Providence, 1988.

[13] Ladyzhenskaya, O., Attractors for Semigroups and Evolution Equations, Cambridge University Press,

Cambridge, UK, 1991.

[14] Temam, R., Navier-Stokes Equations and Nonlinear Functional Analysis (2nd Edition), SIAM

Philadelphia, 1995.

[15] Temam, R., Infinite Dimensional Dynamical Systems in Mechanics and Physics, Springer-Verlag,

New York/Berlin, 1988.

《
应
用
概
率
统
计
》
版
权
所
用



166 应用概率统计 第二十九卷

[16] Tindel, S. and Viens, F., Almost sure exponential behaviour for a parabolic SPDE on a manifold,

Stochastic Processes and their Applications, 100(2002), 53–74.

[17] Truman, A. and Wu, J.L., Stochastic Burgers Equation with Lévy Space-Time White Noise,
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Lévy过程驱动的随机二维Navier-Stokes方程解的指数性态

李月玲 吕洪风 孙晓斌 谢颖超

(江苏师范大学数学与统计学院, 徐州, 221116)

本文研究了Lévy过程驱动的随机二维Navier-Stokes方程弱解的指数性态. 给出了不同条件下解的长时间

形态, 获得了一些特殊情形下解的样本轨道的指数稳定性.

关键词: 2维Navier-Stokes方程, Lévy过程, 稳定性, 指数稳定性.
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