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Abstract

In this paper, some results on the pathwise exponential stability are established for the weak
solutions of stochastic 2D Navier-Stokes equation driven by Lévy noise. Also, some results and
comments concerning the stabilizability and stabilization of these equations are stated.
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§1. Introduction

The long-time behaviour of flows is a very interesting and important problem in
the theory of fluid dynamics, as the vast literature shows (see [12, 13, 15] and among
others), and has been receiving very much attention in probability experts. In the last
two decades, many authors have researched exponential behaviour of stochastic partial
differential equations (see [1-4, 16], among others, and the references therein).

One of the most studied models is the Navier-Stokes model (and its variants) since it
provides a suitable model which covers several important fluids (see Temam (1995, 1988)
and the references therein). The Navier-Stokes equations are the fundamental model of the
fluids. Despite their great physical importance, existence and uniqueness results for the
equations in the three-dimensional case are still not known, and only the two-dimensional
(2D in short) situation is amenable to a complete mathematical treatment. In the past
years, many researchers studied this equation in the random situations. Most of the works
are with Gaussian white noise, e.g. [4, 6, 10, 11] and references therein. As we know,
there are a few articles for the non Gaussian white noise, see [7-9, 17, 18] for the Lévy
space-time white noise and Poisson random measure.
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In this paper, we shall show some aspects of the effects produced in the long-time
behaviour of the solution to a 2D Navier-Stokes equation under the presence of stochastic
perturbations driven by Lévy noise as Caraballo, Langa and Taniguchi did in [4], that
is, we shall prove the exponential behaviour and stabilizability of the weak solutions of
stochastic 2D Navier-Stokes equation driven by Lévy noise with o-finite intensity measure.

Let (Q,F,P) be a complete probability space equipped with a filtration {F;, ¢ > 0}
satisfying the usual conditions of completeness and right continuity, and let N(d¢,dz) be
a Poisson random measure with intensity measure dsA\(dz) on R* x U, where \(dz) is a
o-finite measure on a measurable space (U, B(U)). We denote N(dt,dz) by N(dt,dz) —
dtA(dz), the compensated Poisson measure. Suppose the operator @ € L(K, K), where K
is a real and separable Hilbert space. The K-valued W; is a (Q-Wiener process. Assume
Wy and N(dt,dz) are independent.

Let T? = R?/Z? be the torus. We consider a Hilbert space H which is a closed
subspace of L?(T?, R?)

H = {u € L%(T2,R?),divu = 0 and /

. u(x)dr = 0}.

The space H is endowed with the inner product and the norm of L?(T?,R?), which were
denoted by (-,-) and |- |. A closed sub-Hilbert space V of H is defined as

T {u e H'(T? R?),divu = 0 and /

- u(z)de = 0}

with the inner product and the norm

o) = 3 (G gl = uap

ij=1

Moreover, we set D(A) = H?(T?,R?) NV, and
Au = —PAu, u € D(A),

where P is the orthogonal projector from L?(T2,R?) onto H.

It is known that A is a self-adjoint positive operator with compact resolvent in H and
V coincides with D(A'Y?), |ju| = |AY?u| for u € V. We denote by 0 < A\j < Ap < ---
the eigenvalues of A and by eq,eq,... the corresponding complete orthonormal system of
eigenvectors.

Let V* be the dual space of V. Define

2
b(u,v,w) = > ui(x)

i,j=1JT2 81’2
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and the bilinear operator B(u,v) : Vx V — V*,
(B(u,v),w) = b(u,v,w), u,v,w € V.
If the fluid flow is incompressible, we have
(B(u,v),v) =0, (B(u,v),w) = —(B(u,w),v).

In this paper, we consider the stochastic 2D Navier-Stokes equation driven by Lévy

noise on T? for an incompressible fluid flow:

dX; + [VAXt + B(Xt) — h(Xt)]dt = / f(Xt_,’U,)N(dt, du) =+ g(t, Xt>th, (1 1)
U .

XOZxa

where X; represents the velocity of the particle at time ¢, the positive parameter v is the

kinematic viscosity, h is the external force field, and / F(Xe—, w)N(dt, du) + g(t, X;)dW,
U

is the random external force field.

For the need in the following, we list here some properties on trilinear form b:

ueH, vyweV = blu,v,w)=—blu,w,v),
wv,w €V = [b(u,v,w)| < Kylul2 ] 2|[v] w2 |w]|'/,
ueV,veDA), weH = |blu,v,w)| < Ki|ul"?|ul|?|v]"/?Av|"/?|w],
veH, veV = blu,v,v)=0,

where K is a positive constant.
Definition 1.1  Suppose X; is an H-valued F;-adapted cadlag process. If for ¢t > 0,
t
/ (X, 4+ |B(X,)| + [h(X,)[|ds < 400 and for & € D(A),
0

(Xn6) = (2.6 —v /0 (X, AE)ds — /0 (B(X.).€)ds + /0 (h(X.), €)ds
+ /0 /U (f(Xoer2), &) N(ds, dz) + /0 (€, (s, X.)dIT),

then X; is called the weak solution of (1.1).

Definition 1.2 We say that a weak solution X; of (1.1) converges to xo € H
exponentially stable in the mean square if there exist @ > 0 and My = M (Xo) > 0 such
that

EIX: — 2oo|? < Mpe™®,  t>0.
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In particular, if 2+, is a solution to (1.1), then it is said that x, is exponentially stable in
the mean square provided that every weak solution to (1.1) converges to x, exponentially

in the mean square with the same exponential order a > 0.

Definition 1.3 We say that a weak solution X; of (1.1) converges to zo € H
almost surely exponentially if there exists v > 0 such that

1
limsup¥1n|Xt—:L‘oo| < —x P—as..

t—o0

In particular, if 2, is a solution to (1.1), then it is said that x, is almost surely expo-
nentially stable provided that every weak solution to (1.1) converges to z« almost surely

exponentially with the same constant .

§2. The Exponential Stability of Solutions

We’ll introduce the following hypotheses:
(Hy) f(-,-) :H x U — H is a measurable function and there exists K3 > 0 such that

| 1@ = fo 2@ < Kol —yP, wye
(Hz) h(:):V — V*is a continuous function and there exists # > 0 such that
[7(u) = h()[lv- < Bllu =], wveV.

Remark 1  Under the condition (Hg), Caraballo, Langa and Taniguchi proved the
conclusion in [4]: If the function h satisfies that h(v,,) converges to h(v) weakly in V*

where {vp}n>1 C V converges to v € V weakly in V and strongly in H, then the equation
vAu+ B(u) = h(u) (equality in V*) (2.1)

has the properties:
(i) If v > 3, (2.1) has a stationary solution us € V.
(i) If v > (K1]|h(0)|lv+)/[V A1 (v — B)] + B, the stationary solution of (2.1) is unique.

Using these we can research the long-time behaviour of weak solutions X; of (1.1) un-
der some conditions for the kinematic viscosity v being sufficiently large. Hence throughout
this paper we assume that there exists a unique stationary solution us, € V for (2.1).

In the following, we need the conditions:

(H3) f(ueo,2)=0,V2z€U.
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(Hy) g(-,-) : [0,00) x V — L(K,H) is a continuous function and satisfies that there
exist nonnegative integrable functions ~(t), () and constants ¢; > 0, 6 > 0, M, > 1 and
Ms > 1 with

y(t) < Mye ™, §(t) < Mse™®,  t>0

such that
Hg(t,u)H%g <A(t) + (e1 + 6()|Ju — uso|?,

where ||g(t,u)||3, = Tr(g(t,u)Qg(t,u)*), v € V and L§ = Lo(QY?(K),H) is a Hilbert
2
space.

Theorem 2.1 Suppose 2v > 23 + 2)\;1/2

K1 ||too| + A H[0(s) + ¢1 + K3] and that
conditions (H;)—(Hy) are satisfied. Then, the weak solution X; of (1.1) converges to
exponentially in the mean square. That is, there exists real number a € (0,0), My =
My(Xop) > 0 such that

E|X; — tso|? < Mpe ™, t>0.

Proof Applying the Ité formula to e®|X; — us|? and taking the expectation, we

have
e™E| Xy — uoo|?
K 2K,
< E|X,— 2+/<a2+2+ )“SEX— 24
< E[Xo — uo| 0\ v+23 \/TIHUOOH e"E[| X5 — usol|"ds
t t
c1+94(s K
+/ e (s) + ato)g x, uoo||2]ds+/ e 2E|| X, — uoo|’ds
0 A1 o M
t t
< E|Xo — uso)? +/ e*vy(s)ds +/ E(s)e™E|| X, — toods, (2.2)
0 0
where (3)
a 2K, c1+94(s Ky
k(s) = — —2v+ 208 + ——|[toe|| + —— + .
By the assumptions we have that there exists a € (0,6) such that k(s) < 0. Hence, (2.2)
yields
at 2 2 MW
e"E| Xt — uco|® < E[ X0 — uoo| +0 .
—a

Put My = E|Xo — ueo|® + M, /(0 — a). We get
E|X; — too)? < Mpe™®, ¢ >0.

Which completes the proof. O

Theorem 2.2 Suppose that all the conditions in Theorem 2.1 are satisfied. Then

the weak solution X; of (1.1) converges to us almost surely exponentially.
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Proof Let N be a natural number. By the Burkholds-Davis inequality and the
Young inequality, we have that, for any ¢t > N,

t
E[ sup /(Xs—uoo,g(s,Xs)dWQ}
N<t<N+1JN

N+1 1/2
< 2\/65[/ X =t g (s, X,)|[3yls|
N
N+1 1
< 48/ Elg(s. Xo)[3gds + SE[  sup |X, — uscf’] (2.3)
N 2 8 Ln<i<n+1

and

E[ sup /]\:/U(XS_ —uoo,f(XS_,z)ﬂ\?(dz,ds)}

N<t<N+1

N+1 1/2
< 3E[/ X, — uoo|2\f(Xs_,z)\2A(dz)ds}
N U
N+1 1
< 9/ K2E|Xs—uoo|2ds—|—fE[ sup ]Xt—uooﬂ. (2.4)
N 4 Ly<i<sh+1
We also have
N+1 N+1
E/ |f( X, 2)°N(dz,ds) < KQ/ E| X, — uso|?ds. (2.5)
N U N

Therefore, by (2.3)-(2.5), the It6 formula yields

E[ sup |Xt—uoo|2}

N<t<N+1
N—+1
< BN w97 [ (0 + (e ) ELX: P
N
1 N+1
+7E[ sup ]Xt—uooﬂ —|—97/ KoE| X — oo |?ds.
N<t<N+1 N
This implies
1 N+1
fE[ sup | X — uooﬂ < E|XN — usol® + 97/ ~(t)dt
2 Ln<i<n+1 N

N+1
4 97/ ler + 6(t) + Ko]E|X: — e 2d1.
N

Since y(t) < Mye % and §(t) < Mse=%, a € (0,0), M, > 1, Ms > 1, we obtain, thanks to
Theorem 2.1, that there exists M7 = M;(Xy) such that

E sup | X — uoo|2] < Mje V.
N<t<N+1

Finally, using the Borel-Cantelli lemma one can easily finish the proof. ([
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Theorem 2.3  Assume that (H;)—(Hjs) are satisfied and that g(-,-) : [0,00) X V —
L(K,H) is a continuous function satisfying the following assumptions:

(a) g(t,us) =0,t>0;

(b) llg(t.2) — 9(t.9) 19 < Cyllz —yll. Cy > 0, 2,y € V.

Let X be a weak solution of (1.1). If

2K, Ky
2w > 28+ C? + = |luso|| + —,
/8 g \/)\71|| OOH )\1
then we have the followings:
(i) There exists real number v > 0 such that
E|X; — tuoo|? < E[Xg — uso?e™,  t>0.

(ii) If (x — v, (9(s,x) — g(s,¥))g) = 0 for z,y € V, g € K and s > 0, there exists a
real number vy > 0 such that

1
limsup = In | X}y — ueo| < —1, a.s..
t—+00 t 4
Proof (i) Arguing as before, we have
~1/2

[(B(Xs) — Blueo), Xs — Uoo)| < K1\ [[too [|[| Xs — UOO||2-

For v > 0 being small enough (fixed later), applying the It6 formula and taking expecta-

tion, as above calculation we obtain

thE|Xt — Uoo|2

IA

t t
E|X0—uoo|2+;/ eVSEHXs—uOOHst—Z// eVE|| Xy — too||?ds
1Jo 0
t t
+2ﬁ/ 675E||Xs—uoo||2ds—|—/ C2e7E|| Xy — oo %ds
0 0
t t
+ —eTE|| X —u ds+/u eTE| X5 —u ds
| 32 B —ulids + [ 22 el ELX, = ]
t
_ E|X0—uoo|2+0(7)/ | X, — un|2ds, (2.6)
0

where
C() = Aty = 20+ 28+ C2 + 207 V2K Juso|| + A K.

Since 26 — 2v + C} + 2)\171/2K1HUOOH + A\ 1Ky < 0, we get that there exists a real number

~ > 0 such that C'(y) < 0. Which completes the proof of the first part of the theorem.
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(ii) Let N be a natural number. By the Ité formula, it follows for any ¢ > N,

t
Xt —uoel? < !XN—uoo!2+/ [-2v+28+C2+ X = uee||*ds
N

rH ol
—|—2/J\:<Xs—uoo,g(s,X)dW //\f 2PN (dz, ds)

+2/N/U<XS_ oo, F(Xo, 2)) N (d, ds). (2.7)

26— 2v+ Cg + (2K1 /v A1) [uco|l + K2/ A1 < 0, (z—y, (9(s,2) —g(s,9))g) =0 for 2,y € V,
g€ K, s>0and (2.7) show

t
‘Xt_uoo‘2 < ’XN_'UJOOIQ"'//’f(Xs—yz)PN(d%ds)
N JU

+2/Nt/U<XS_ e, F(Xo_, 2)) N(d2, ds).

As the proof of (2.4) and (2.5), we have

1 N+1
7E[ sup | X — umﬂ < E|Xy — uoo|? + 13K2/ E| X, — uoo|dt.
2 Ly<t<ntl N

This yields, thanks to Theorem 2.3 (i), that there exists My = Ma(Xp) > 1 such that

E[ sup | Xg— uoo\Q] < Moe 7V,
N<t<N+1

By the Borel-Cantelli lemma one can finish the proof. O

In the final of this section we consider the case where the external force h can depend
on time, that is, h(-,-) : [0,00) x V — V*. In this case, we give the assumption:

(Hs) There exist integrable functions «(t),3(¢t) and real numbers d > 0, § > 0,
M, > 1 and Mg > 1 such that

(h(t, @), ) < a(t) + (d+ B(t) |z

and
at) < Mae™ ., B(t) < Mge ™,  t>0.

Theorem 2.4 Suppose that (H;) and (Hs) are satisfied and there exists a constant
¢ > 0 such that ||g(¢, u)||%g < y(t) + (¢ + 8(t))|ul?, where the functions ~(t),d(t) satisfy
the same conditions as that in (Hy). Furthermore, suppose 2A\;v > 2d + ¢ + K2 and
f(0,u) =0 for w € U. Then the weak solution X; of (1.1) converges to zero almost surely

exponentially.
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Proof By the hypotheses we have that there is a positive number a € (0, 6) such
that 2 \1v > 2d + ( + Ko + a. As the above proof, we can get

t t
eatE\Xt\Q < E\XO\Q—i—/[2a(s)+’y(s)]e“5ds+/[2ﬁ(s)+(5(s)]e“SE]Xs\2ds
0 0

t
—|—/ [a—2)\1V+2d+C+K2]E‘Xs|2dS-
0

Since a — 2\1v + 2d 4+ ¢ + Ko < 0, the Gronwall inequality yields

eE|Xq|? < [E|Xo|2 + L; - M”}e@MﬁMs)/@.
—a

Put Mz = [E|Xo|? + (2M, + M,,)/(0 — a)]e?Ms+Ms)/0 We have
E|X:|? < Mze ™, (2.8)

Let N be a natural number. By the It6 formula, it follows that, for ¢t > N,
¢ t
X < P2 [ (als)+a(s)ds+ [ (250 +8(s)) X,
N N
¢ _ t
2 [ X 0 ) Rz ds) + 2 [ (gl Xaw)
NJu

N
! 2
+ /N /U F(Xo, 2)2N(dz, ds). (2.9)

Furthermore, by the Burkholds-Davis inequality

E{ sup /t<X379(37Xs)dWS>}

N<t<N+1.JN
N+1 1

< 48/ E||g(s,Xs)||%Ods+fE{ sup |Xt|2} (2.10)
N 2 8 Ln<icni

and

e[am [ [ s

N+1
< 48/ K2E|XS|2ds+fE[ sup th|2] (2.11)
N 8 Ln<i<n+1

By (2.5) and (2.9)-(2.11), we obtain

E[ sup |Xif?]
N<t<N+1

N+1

N+1
< E|Xn|*+2 /N (as) +y(s))ds + / (26(s) + 6(s))E| X,|*ds

N

N+1 1 N+1
+96/ EHg(s,XS)H%ods—F—E[ sup \Xﬂ +97K2/ E|X|%ds.
N 2 2 In<i<nti N
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Hence, we have

1
fE[ sup ]Xtﬂ
2 LN<i<N+1

N+1

N+1
EIXn|* +2 /N (a(s) +(s))ds + /N (26(s) + 6(s))E| X,|*ds

IN

N+1 N+1
+96/ [v(s) + (C+5(s))E|X5|2]ds+97K2/ E|X|%ds.
N N

The conditions a(t) < Mae™%, B(t) < Mge™%, ~(t) < M,e=%, 5(t) < Mse™% (0 < a < )
and My A Mg A M, A Ms > 1 imply that there exists My = My(Xo) > 0 such that

E[ sup ]Xt]2 < Mye V.
N<t<N+1

Finally, using the Borel-Cantelli lemma, we have that

1
h?iiljp ;ln\Xt] < —Z.
Which completes the proof. U

83. Stabilizability and Stabilization of Solutions

In this section, we shall analyze some aspects related to the problem of stabilizability
and stabilization of our Navier-Stokes model. First, notice that the pathwise stability.
However, it may happen that a solution of a stochastic equation can be pathwise expo-
nentially stable and not exponentially stable in the mean square.

Indeed, let us consider the following scalar ordinary differential equation to illustrate
this fact,

dz; = axydt + bxydWy + cxy_d Ny, (3.1)

where a, b, c are real numbers and ¢ > —1, independent processes W; and N; are one
dimensional Wiener process and one dimensional Poisson process with intensity A > 0,

respectively. It’s easy to get the solution of (3.1)
zy = zo(c+ 1)M exp{(a — b*/2)t + bW, }.

Thus, it is obvious that the zero solution of (3.1) is pathwise exponentially stable with
probability one if and only if AIn(c+ 1) +a — b?/2 < 0.

Also, one can prove that

E|z¢|* = E|zo|? exp{[M(c? + 2¢) + 2a + b*]t}.
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Hence, the zero solution of (3.1) is exponentially stable in the mean square if and only if
A% +2¢) 4 2a + b? < 0. So, we observe that there exist many possibilities of being the
zero solution pathwise exponentially stable and, at the same time, exponentially unstable
in the mean square.

Consequently, it would be very interesting to obtain pathwise exponential stability
results by avoiding the method of using the mean square stability as previous step. This
will be one of the aims of this section. However, it is worth pointing out that to get
some results in this direction, we will need to assume some additional hypotheses on
the stochastic perturbation so that we can obtain better stability criteria but for mire
specific situations. In particular, in some of our situations, the noise is so special that one
can perform a time change, a substitution that transforms the stochastic equation into a
deterministic one. For example, the It6 formula for the logarithm in the proof of Theorem
3.1 in this section is one way to perform this transformation; another is to multiply by the
exponential to the noise (see Crauel and Flandoli (1994), p.382).

To this end let us first state the following condition:

(Hg) h(:) : H — H and g(¢,-) : H — L(K,H) satisfy that there exist constants ¢ > 0
and Cy > 0 such that

|h(u) — h(v)| < clu — v, u,v € H

and
llg(t,u) — g(t,v)[|g < Cglu — |, t>0, u,veH.
Theorem 3.1 In addition to (Hg), assume following conditions hold:
(1) There exists a function f(-) : U — K such that |f(z,2)| < \]?(z)|\w| and / ]]?(z)|4
‘A(dz) < oo; g
(2) h(0) =0, g(t,0) =0 for t >0, f(0,2) =0 for z € U and \(U) < 4o0;
(3) Put ¥(z) = |z|%. Suppose that there exists p > 0 such that

QU(s, ) := Tr[(Vy(w) ® Vu(@))(g(s,2)Qq(s,2)")] = p°|a|",

where (¥, (2) @ Uy(2))(h) = Va(a)(Vy(z), h) for z, h € H.
Then, there exists g C  with P(€g) = 0 such that for w ¢ Q there exists T'(w) > 0
such that any weak solution X (t) of (1.1) satisfies

1X % (w) < | Xo(w)|?e™ for all t > T(w),

where

7= M= 2= C3+ 5" = \U) — [ TG + FaPIA:).



162 N R G BTG

In particular, exponential stability of sample paths with probability one holds if v > 0.

Proof  Using It6 formula to the function In|X;|? and taking into account the

hypotheses, it follows

In|X,> < In|Xo]®+ Q/Ot | X[ = Mv + C} /2]| X [P ds — %p2t
+2 /0 t | X 72X, g(s, Xs)AWSs) + 2 /0 t /U (Xoo, f(Xom, 2))| X | 2N (dz, ds)
b e FOG P = 20 (X, ) 2N (210

IN

In | Xo[® + [2¢ — 2\ v + C'g2 — p%/2)t + Q/t | Xs|2(Xs, 9(5, X5)dWS)
. 0
+2/ / |<XS,,f(Xs,,z)>||XS,|_2[N(dz,ds) + A(dz)ds]
0 U
t
+ /0 /U F(Xoe, 2) 2| X | 2N(dz,ds) + N ([0, ] x U)

In | Xo|% + (2c —20v+C5 —1/2p° + 2/U yf(z)|A(dz))t + N([0,t] x U)

IN

2 / X 72X, g(s, Xo)dW,) +2 / 1)+ 1FPIN(0.1,d2).  (3.2)
0 U

t
Now, due to our assumptions, / | Xs|"2(Xs, g(s, X5 )dW,) is a real martingale and it is

not difficult to prove, by means ([))f the law of iterated logarithm,
lim / | Xs|72(Xs, 9(5, X5)dWs) = 0, a.s.. (3.3)

By using the Kolmogorov strong law of large numbers, we have

Jim N([0,t] x U) t] x U) _ D). (3.4)

tl}+moot/ |F(2)|N([0,4],dz) /]f )A(dz), a.s. (3.5)
and .

Jdim ¢ [N @O0 = [ (FoPA@),  as. (3:6)

Then, (3.3)-(3.6) imply that there exists a set Qg C Q with P(Qy) = 0 such that, for every
w ¢ Qp, there exists T'(w) > 0 such that, for all ¢ > T'(w),

: /0 XX gls, X)AW,) < LA, (3.7)
([0,¢]

N([0,t] x U)

1
; <AU) + A, (3.8)
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L[~ - 1

2 [ IFEN Q.2 < [ IFEnE) + (39)
and . .

i [ FERN Q.2 < [ 1R + (3.10)
Therefore, for any t > T'(w), (3.2) and (3.7)-(3.10) show
In | X |* < In|Xo[* - [Aly—Qc—Cg /yf )|A(d2) /|f 2A(dz) + p
Put

v == 20— CE M) —4 [ 1Fe)@) ~ [ 1T +

We obtain the first result.
Furthermore, if v > 0, it is easy to get that

lim sup — ln|Xt| < 7 a.s..

t——+o0 2
The proof is now completed. (|

Next we consider the following deterministic equation
dX; = [-vAX; — B(X;) + h(Xy)]dt. (3.11)

It obvious that the stationary solution of (3.11) may be not exponentially stable. However,
Theorem 10.2 in [14] (p.69) shows that, if the Lipschitz constant ¢ of the external force
field h is sufficiently small, that is, if Ay > Kjv/A1]|uco|| + ¢, then the stationary solution
to (3.11) is exponentially stable.

But if the Lipschitz constant c is sufficiently large, that is, A1 < K1v/A1 ||t ||+¢, then
we do not know whether u, is exponentially stable or not. However, by adding Wiener
noise or Lévy noise, the system can reach to stabilization, that is, us is exponentially
stable.

In the following theorem, we suppose K = R, @ = 1, W; and N; are one dimen-
sional Wiener process and one dimensional Possion process with the parameter A > 0,
respectively.

Theorem 3.2 Suppose that the function h satisfies condition (Hg), co = \v —
Kiv 1 |[uso|| > 0, Mv < K1V |Juso|| + ¢ and 2\1v — 2K1v/ A ||uco|| + 02 > 2¢ for some
o € R, then there exists 0y C Q with P(Q) = 0 such that, for all w ¢ o, there is
T'(w) > 0 such that

[ Xi(w) = uoo|* < [Xo(w) —use’e™,  ¢>T(w),
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where v > 0 is a constant, X; is a weak solution of (1.1), functions g and f are given by
g(t,x) = 0(r — uxo) and f(x) = 7(x — uso) with 7 > 0, respectively.

Proof Since
b(Xs — Uoo, Uoo, Xs — Uso) < Uso ||| Xs — Uso ||,
( ) \/)Tl” Il |
we have

—2v|| X, — uoo||2 + 2b( X5 — Uoo, Uoos Xs — Uso)

2K
< (=204 T ool 1%, — e
< (=20v 4 2KV ueo )| X s — oo .

This implies
In |Xt — Uoo|2
t
1
= In|Xo — uso|? —1—/ o5 2| Xs — Uool|? — 2b6(Xs — Uoo, Uoo, Xs — Uso)
0 ’Xs - uoo‘

+ 02| X5 — too|* + 2(h(Xs) — h(tioo), Xs — Uoo)]ds

7 Xso —uoo|? | = Lo | X — oo |? 1 (' 40%|Xs — uso|*
-|-2/ = dN, +2/ SoodW—/ — 2 ds
0 ’ 0 [Xs—usl? T2y X —usolt

t
+/ [ln|XS, + 7(Xso — Uoo) — Uoo|* = In | X — too|?
0

Xeo —u
_2<H7 X. — >} dN
DT A
< In|Xg — tso|? 4+ 20W; + 27N, + 2(In(7 + 1) — 7)N;
+(2¢ — 0% = 201 + 2K/ M\ ||[uso| )t
< In|Xo — uso|? + (2¢ — 2¢9 — 02 — 27 A)t 4+ 20W; + 2N, In(7 + 1). (3.12)
Since
N,
lim % =0, a.s., lim — = A, as.
t—oo t t—00

So there exists g C ©Q with P(€2p) = 0 such that, for w ¢ g, there exists T(w) > 0 such

that, for ¢t > T'(w),
Nt(LU)
t

<A+0%+2¢—2¢ (3.13)
and
[Wi(w)]
t
(3.12)-(3.14) yield that, for t > T'(w) (w ¢ Qo),

< o2 +2¢o — 2c. (3.14)

In | Xt (w) — too)?® < In|Xo(w) — uso|* = YN, (3.15)
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where —y(A\) = 2¢ — 2¢g — 0% + 2[In(7 + 1) — 7]\ + 2[|o| + In(7 + 1)](0? + 2¢p — 2¢).
Since In(7 + 1) — 7 < 0 for 7 > 0, we have that there is a large enough Ay > 0 such
that y(Ag) > 0. Taking v = v(\g). Which completes the proof. O
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LévyiZ 2R BIREH — 4 Navier-Stokes H 12 R ATIE 4 7S

ZFA%R  BHRER R HHE

(VLIRS R 2 HeE 5 geih 2 e, 1N, 221116)

ARICHFFE T Lévyid FEOR I BN 4ENavier-Stokes 5 FE S5 il AR BPE R, 45t T AR &AE R 7]
TEAS, KA T SCRRRRNS T T R IO REA B IR 4R B e 1.

X #EiR:  24ENavier-Stokes /7 FE, Lévyid 2, ek, ek tt.

FRASES: 0211.63, 0175.2.





