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§1. Ú ó

O�­��.dWishartu1938c3ïÄØÓ|mÄ�Ô�)��¹�ÄgÚ\, ´

�«2Âõ���©Û�., 3y��Æ!à�9)Ô�+�¥kX2��A^.

���O�­��.(GCM)�

Yp×n = Xp×mBm×rZr×n + εp×n, εp×n ∼ Np×n(0, In ⊗ Σ), (1.1)

Ù¥Y´*ÿÝ
, XÚZ´�OÝ
, Rank(X) = m < p, Rank(Z) = r < n, B´��ë

êÝ
, ε´�ÅØ�Ý
, Σ´p× p��½Ý
, ⊗L«Kronecker¦È.

A�c5, NõÚOÆ[éd�.�
�þïÄ, �Ñ
T�.3NõØÓ^�eé

��ëê�4�q,�O(MLE). ISÆö�ï#(1988)?Ø
O�­��.�£8ëê

3“trace”¿Âe�2Â���¦�O(GLSE). ·IÆöÜF��(1988)ïÄ
3¢SA^

¥, eΣØ�Ù½Σ−1Ø´O��, ^���¦�O�O�Z�5Ã �O¤�É���¯

K.

3¢SA^¥, ïÄö��õê´æ^Rao (1965)¤JÑ����N���{=ÏL

À�p�õ�ª��ª5¼�'�°(�é��ëêÝ
B��O. �,ù«�{��


2�A^Úí2, �E�3éõ"�: (1)�¦õ�ªäk?¿��ê, ��¦���ê?

?�3, ,
�õê¢S¯KéJ÷vù��¦; (2)XÛÜn�(½õ�ª��ê'�(

∗I[g,�ÆÄ7�8(11171112)ÚI[ÚOÛ­:�ï�8(2011LZ051)]Ï.

�©2013c8�28FÂ�, 2013c10�22FÂ�?Uv.
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J, p��êò�5ëê�O\Ú�.�Ø­½, 
$��ê�5�´�.Ø��O\;

(3)É~:�K�, É~:¬éõ�ª�/ªk���K�, ���.�Ø­½; (4)õ�ª

�b�k�Ø�Ün. X|é�(2003)JÑ�hXmu�I�O�­�:

Np = Nmax

{
sin
[π

2
(1− a−t)

]}b
,

Ù¥Np�\È�hþ, Nmax����æ;þ. hX\O�þ!;æ'�mæ�I��m�

m÷v�«n�¼ê'X.

�u±þ"�, �©ò�ëê£8�{Ú\�O�­��.¥, JÑ�ëêO�­�

�.(nonparametric growth curve model)�

Yp×n = ηp×rZr×n + εp×n, εp×n ∼ Np×n(0, In ⊗ Σ), (1.2)

Ù¥Y´*ÿÝ
, Z´��r (r < n)��OÝ
, n =
r∑
i=1

ni, η(t) = [η1(t), η2(t), . . . , ηr(t)],

ηi(t) (i = 1, 2, . . . , r)´1i|�1wO�­�.

·��8�´¦ÑO�­�¼êη(t)±9§��¼êη(v)(t)��O�. 1�!�Ñ


�ëêO�­��.�ÛÜõ�ª�O. 1n!/�FanÚGijbels (1996)�ïÄ�{, é�

ëêO�­��.�ÛÜõ�ª�O�ìC5�?1
?Ø. 3�ëê£8¥, ��­�

�¯K´I°�ÀJ. 1o!¥?Ø
�ëêO�­��.�O�I°ÀJ¯K. du�

þ�ý¢êâ'�J¼�, 31Ê!æ^�[��{éëê�OÚ�ëê�O?1
'�.

l�[�(J�±wÑ�©¤æ^��ëê£8�{'DÚ�ëê�O�{�J�Ð, l


�y
#�{�`³¤3.

§2. �ëêO�­��.�ÛÜõ�ª�O

-t0�?¿�½��m:, b�η(t)3t0?äk(m+ 1)�ëY�ê, Ù¥m��K�ê.

dTaylorÐmª, η(t)�±3t0�ÛÜCqÐm�m�õ�ª, =

η(t) ≈ η(t0) + η′(t0)(t− t0) +
η′′(t0)

2!
(t− t0)2 + · · ·+ η(m)(t0)

m!
(t− t0)m

≡
m∑
j=0

βTj (t− t0)j ,

Ù¥βTj = η(j)(t0)/j!.

-β = [β0, β1, . . . , βm]T , d�.í���5�K:

tr(Q(β)) = tr{(Y −XβZ)TW (Y −XβZ)}, (2.1)

Ù¥X = (xij)p×(m+1), xij = (ti − t)j−1, W = diag{Kh(ti − t)}p×p, Kh(·) = K(·/h)/h,

i = 1, 2, . . . , p, j = 1, 2, . . . ,m+ 1, K(·)�Ø¼ê, h��°.

β̂ = [β̂0, β̂1, . . . , β̂m]T´�4�z(2.1)���β��O, =β̂ = arg min{tr(Q(β))}.
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½n 2.1 3�ëêO�­��.(2.1)¥, η(t)9η(v)(t)��O�©O�

η̂(t) = eT1 β̂, η̂(v)(t) = v!eTv+1β̂, v = 0, 1, . . . ,m.

y²: w,tr(Q(β))�±©)�

tr(Q(β)) = tr(Y TWY )− 2tr(Y TWXβZ) + tr(ZTβTXTWXβZ).

q

tr(Y TWXβZ) = vec(β)Tvec(XTWY ZT ),

tr(ZTβTXTWXβZ) = vec(β)T [ZZT ⊗XTWX]vec(β),

k

∂tr(Y TWXβZ)/∂β = vec(XTWY ZT ),

±9

∂tr(ZTβTXTWXβZ)/∂β = 2vec(XTWXβZZT ).

qβ̂´e¡�§�):

∂Q(β)/∂β = 0,

K´�vec(XTWY ZT ) = vec(XTWXβZZT ), =k

XTWY ZT = XTWXβZZT .

Ïd

β̂ = (XTWX)−1XTWY ZT (ZZT )−1. (2.2)

?
´�

η̂(v)(t) = v!eTv+1β̂, v = 0, 1, . . . ,m. (2.3)

AO/, -v = 0, ·�kη̂(t) = eT1 β̂. �

-D = {ti, i = 1, 2, . . . , p}�¤k*ÿ:|¤�8Ü, K´k

E(η̂(v)(t)|D) = v!eTv+1(X
TWX)−1XTWη

= η(v)(t) + v!eTv+1(X
TWX)−1XTWR,

±9

Cov (η̂(v)(t)|D) = v!2(ZZT )−1 ⊗ [eTv+1(X
TWX)−1XTWΣWX(XTWX)−1ev+1],

Ù¥R = η −Xβ.
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§3. �ëêO�­��.�O�ìC5�

31�!¥�,��
�Oη̂(v)(t)�°(Ï"Ú��, �´¢SA^¥ØU��¦^

§�, Ï�Ù¥¹k����: í�v!eTv+1(X
TWX)−1XTWRÚ���Σ. 3�!·�?

Ø�Oη̂(v)(t)��
ìC5�.

e¡£ãA�b�:

A1: *ÿ�m:ti (i = 1, 2, . . . , p)ÕáÓ©Ù, �Ý¼ê�f(·), |S���

Σ = diag(σ2(t1), σ
2(t2), . . . , σ

2(tp));

A2: �½*ÿ�m:t3f(·)�;| p, �f(t) > 0, f ′(t)�3;

A3: f(·), η(m+1)(·), f ′(·), η(m+2)(·)±9σ2(·)3t�,��¥Ñ´ëY�;

A4: h→ 0�ph→ +∞.

·�P

µi =

∫
uiK(u)du, vi =

∫
uiK2(u)du;

S = (µj+l)0≤j,l≤m, S̃ = (µj+l+1)0≤j,l≤m, S∗ = (vj+l)0≤j,l≤m;

Sp,j =
p∑
i=1

Kh(ti − t)(ti − t)j , S∗p,j =
p∑
i=1

(ti − t)jK2
h(ti − t)σ2(ti);

cm = (µm+1, . . . , µ2m+1)
T , c̃m = (µm+1, . . . , µ2m+1);

cp = (Sp,m+1, . . . , Sp,2m+1)
T , c̃p = (Sp,m+1, . . . , Sp,2m+1);

σ2 = WΣW = diag{σ2(t1)K2
h(t1 − t), . . . , σ2(tp)K2

h(tp − t)};

Sp = XTWX, S∗p = XTσ2X;

βm+1 = η(m+1)(t)/(m+ 1)! =
[
η
(m+1)
1 (t)/(m+ 1)!, . . . , η(m+1)

r (t)/(m+ 1)!
]
;

H = diag(1, h, . . . , hm).

½n 3.1 3b�A1-A4¤á�^�e, k

Cov (η̂(v)(t)|D) = (ZZT )−1 ⊗
[
v!2eTv+1S

−1S∗S−1ev+1
σ2(t)

f(t)ph2v+1
+ op

( 1

ph2v+1

)]
. (3.1)

�m− v�Ûê�, k

Bias(η̂(v)(t)|D) = v!eTv+1S
−1cmβm+1h

m+1−v + op(hm+1−v); (3.2)

�m− v�óê�, k

Bias(η̂(v)(t)|D) = v!eTv+1S
−1c̃m

{
βm+2 +

f ′(t)

f(t)
βm+1

}
hm+2−v + op(hm+2−v). (3.3)
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y²: ´�

(XTWX)−1XTσ2X(XTWX)−1 = S−1p S∗pS
−1
p .

éu?¿�ÅCþξ, eÙ���Ýk�, Kk

ξ = E(ξ) +Op(Var 1/2(ξ)).

�âþª, k

Sp,j = E(Sp,j) +Op{Var 1/2(Sp,j)}

= phj
∫
ujK(u)f(t+ hu)du+Op

{√
pE[(t1 − t)2K2

h(t1 − t)]
}

= phj{f(t)µj + o(1) +Op(1/
√
ph)}

= phjf(t)µj{1 + op(1)}, h→ 0, ph→ +∞.

´�

Sp = pf(t)HSH{1 + op(1)}.

Ón, k

S∗p,j = phj−1f(t)σ2(t)vj{1 + op(1)},

S∗p = ph−1f(t)σ2(t)HS∗H{1 + op(1)}.

d±þnª, ·�k

S−1p S∗pS
−1
p =

σ2(t)

phf(t)
H−1S−1S∗S−1H−1{1 + op(1)}.

�\Cov (β̂|D)ÚCov (η̂(v)(t)|D), k

Cov (β̂|D) = (ZZT )−1 ⊗
[ σ2(t)
phf(t)

H−1S−1S∗S−1H−1{1 + op(1)}
]
,

9

Cov (η̂(v)(t)|D) = v!2(ZZT )−1 ⊗
[
eTv+1

σ2(t)

phf(t)
H−1S−1S∗S−1H−1{1 + op(1)}ev+1

]
= (ZZT )−1 ⊗

[
v!2eTv+1S

−1S∗S−1ev+1
σ2(t)

f(t)ph2v+1
+ op

( 1

ph2v+1

)]
.

éu �, ©m− v�Ûê�´óêü«�¹?Ø.

(1) �m− v�Ûê�:
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dTaylorÐmª, ´�β̂�^� �S−1p XTWR�±L«�Xe/ª:

S−1p XTWR = S−1P XTW
{

[(ti − t)m+1]1≤i≤pβm+1 + [op((ti − t)m+1)]1≤i≤p1
}

= S−1p {cpβm+1 + op(phm+1)}

= H−1S−1cmβm+1h
m+1{1 + op(1)}.

¤±

Bias(β̂|D) = H−1S−1cmβm+1h
m+1{1 + op(1)}.

?
, k

Bias(η̂(v)(t)|D) = eTv+1S
−1cmβm+1h

m+1−v + op(hm+1−v).

(2) �m− v�óê�:

Sp,j = phj{f(t)µj + hf ′(t)µj+1 +Op(an)},

Ù¥an = h2 + 1/
√
ph. Kk

Sp = ph{f(t)S + hf ′(t)S̃ +Op(an)}H.

¦^p���TaylorÐmª, β̂�^� �S−1p XTWR�±L«�

S−1p XTWR = S−1p XTW{[(ti − t)m+1]1≤i≤pβm+1 + [(ti − t)m+2]1≤i≤pβm+2

+ [op((ti − t)m+2)]1≤i≤p1}

= S−1p {cpβm+1 + c̃pβm+2 + op(phm+2)}.

¤±

Bias(β̂|D) = H−1{f(t)S + hf ′(t)S̃ +Op(an)}hm+1

·{f(t)cmβm+1 + hc̃m[f ′(t)βm+1 + f(t)βm+2] +Op(an)}

= hm+1H−1{S−1cmβm+1 + hb(t) +Op(an)},

Ù¥

b(t) = S−1c̃m
f ′(t)βm+1 + f(t)βm+2

f(t)
− f ′(t)

f(t)
S−1S̃S−1cmβm+1.

qη̂(t) = eTv+1β̂�S
−1cmÚS

−1S̃S−1cm�1v + 1����0, Ïd´�

Bias(η̂(v)(t)|D) = eTv+1h
m+2H−1S−1c̃m

{
βm+2 +

f ′(t)

f(t)
βm+1

}
+ op(hm+2−v)

= eTv+1S
−1c̃m{βm+2 +

f ′(t)

f(t)
βm+1}hm+2−v + op(hm+2−v). �
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½n 3.2 3b�A1-A4¤á�^�e, �m− v�Ûê, h→ 0, ph→ +∞�, k

η̂(v)(t)→ N1×r(η
(v) + bv(t), (ZZ

T )−1 ⊗ σ2v(t)), (3.4)

Ù¥

bv(t) =
{∫

tm+1K∗v (t)dt
}v!ηm+1(t)

(m+ 1)!
hm+1−v + op(hm+1−v),

σ2v(t) =

∫
K∗v

2(t)dt
v!2σ2(t)

f(t)ph2v+1
+ op

( 1

ph2v+1

)
,

K∗v (t) = eTv+1S
−1(1, t, . . . , tm)TK(t).

y²: d½n3.1�, �m− v�Ûê�,

Bias(η̂(v)(t)|D) = v!eTv+1S
−1cmβm+1h

m+1−v + op(hm+1−v),

Cov (η̂(v)(t)|D) = (ZZT )−1 ⊗
[
v!2eTv+1S

−1S∗S−1ev+1
σ2(t)

f(t)ph2v+1
+ op

( 1

ph2v+1

)]
.

P

K∗v (t) = eTv+1S
−1(1, t, . . . , tm)TK(t),

K´�

Bias(η̂(v)(t)|D) =
{∫

tm+1K∗v (t)dt
}v!ηm+1(t)

(m+ 1)!
hm+1−v + op(hm+1−v),

Cov (η̂(v)(t)|D) = (ZZT )−1 ⊗
∫
K∗v

2(t)dt
v!2σ2(t)

f(t)ph2v+1
+ op

( 1

ph2v+1

)
.

d(2.3)��ëê�Oη̂(v)(t)´*ÿÝ
Y��5¼ê, ¤±´�

η̂(v)(t)→ N1×r(η
(v) + bv(t), (ZZ

T )−1 ⊗ σ2v(t)),

Ù¥

bv(t) =
{∫

tm+1K∗v (t)dt
}v!ηm+1(t)

(m+ 1)!
hm+1−v + op(hm+1−v),

σ2v(t) =

∫
K∗v

2(t)dt
v!2σ2(t)

f(t)ph2v+1
+ op

( 1

ph2v+1

)
. �

§4. I°�ÀJ

3¢SA^¥, I°h�ÀJé­�: eI°À�L�, ¬¦�Ð��O(J¹kéõ

�DÑ, Úå���O��; eI°À�L�, K¬Lu1wêâ��¢��©êâ¥éõ

­�&E, Úå���O �. éÛÜõ�ª�O, FanÚGijbels (1992)?Ø
'unØ~
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êI°!ÛÜ�`I°±9�Û�`I°�ÀJ. ·�?Ø�m − v�Ûê�ÛÜ�`I
°�ÀJ¯K, éuÙ§I°�ÀJ�±ëìFanÚGijbels (1992)¦^aq��{¼�.

�âFanÚGijbels (1996), 3½n3.1¥η̂v(t)�ìC �ÚìC����±L«�Xe

/ª:

Bias(η̂(v)(t)|D) =
{∫

xm+1K∗v (x)dx
}
v!hm+1−vβm+1 + op(hm+1−v),

±9

Cov (η̂(v)(t)|D) = (ZZT )−1
[ ∫

K∗
2

v (x)dx
v!2σ2(t)

f(t)ph2v+1
+ op

( 1

ph2v+1

)]
.

ÏdMSE�±Cq�L«�{∫
xm+1K∗v (x)dx

}2
v!2h2(m+1−v)βTm+1βm+1+

[ ∫
K∗2v (x)dx

v!2σ2(t)

f(t)ph2v+1

]
(ZZT )−1

=
{∫

xm+1K∗v (x)dx
}2
v!2βTm+1βm+1h

2(m+1−v)+
[ ∫

K∗
2

v (x)dx(ZZT )−1
v!2σ2(t)

f(t)p

]
h2v+1.

3“trace”¿Âe4�zþ¡�ìCMSE, �±��ÛÜ�`I°�

hopt(t) =
( 2v + 1

2(m+ 1− v)

)1/(2m+3)
(tr(a−1b))1/(2m+3),

Ù¥

a =
{∫

xm+1K∗v (x)dx
}2
v!2βTm+1βm+1, b =

∫
K∗

2

v (x)dx(ZZT )−1
v!2σ2(t)

f(t)p
.

�ù�ÛÜ�`I°�6u�
��þ, X�O�Ý¼êf(·)!^���σ2(·)±9
η̂(m+1)(t), ÏdØU��¦^. 3¢SA^¥, I°�ÀJ��Ñæ^��Ø¢{(cross

validation, {¡CV)½2Â��Ø¢{(generalized cross validation, {¡GCV).

�©¥·�æ^CV{¼��`ÛÜI°, ½ÂCV�©�

CV(h) =
1

np

n∑
i=1

p∑
j=1

[yij − η̂(−i)i (tj)]
2, (4.1)

Ù¥η̂
(−i)
i (t)��K1i�êâ:�, d�e�êâ�OÑ�ηi(t)�[Ü�. 4�zþ¡½Â

�CV(h), =�¼�¤I�ÛÜ�`I°hopt.

§5. �[�©Û

ù!·�æ^�[��{éëê�OÚ�©JÑ��ëê�O?1'�. ë�WuÚ

Zhang (2006)¥��[�.�

yi(t) = βi0 + βi1 cos(2πt) + βi2 sin(2πt) + εi(t), i = 1, 2, . . . , r, (5.1)
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Ù¥r´o|ê, βiÚεi(t)�pÕá, �βi = [βi0, βi1, βi2]
T ∼ N((ai0, ai1, ai2),diag(σ20, σ

2
1,

σ22)), εi(t) ∼ N(0, σ2ε · t), E(βi, βj) = 0, i 6= j, E(εi(t), εj(t)) = 0, i 6= j, t = i/(m + 1),

i = 1, 2, . . . ,m, Ù¥m�¯k�½����ê.

´��[�þ�¼êÚ���¼ê, ±9DÑÜ©���¼ê©O�

ηi(t) = ai0 + ai1 cos(2πt) + ai2 sin(2πt); (5.2)

γ(s, t) = σ20 + σ21 cos(2πs) cos(2πt) + σ22 sin(2πs) sin(2πt), s 6= t; (5.3)

γε(t, t) = σ2ε · t. (5.4)

ØJuy, �σ21 6= σ22�, ���¼êγ(s, t)Ø´~�, ��σε 6= 0�, DÑÜ©���

γεØ´àg�, Ïd�.U�L��a¢S��/. ´�yi(s)�yi(t)��'Xê.

AO/, �σ21 = σ22 = σ2�, k

Cor{yi(s), yi(t)} =
σ20 + σ2 cos{2π(s− t)}

[(σ20 + σ2 + σ2ε s)(σ
2
0 + σ2 + σ2ε t)]

1/2
, s 6= t. (5.5)

3�[¥, -(a10, a11, a12) = (4, 2, 4), (a20, a21, a22) = (3, 2, 5), σ20 = 0.4, σ21 = σ22 =

0.1, n1 = 50, n2 = 50±9m = 200. ½Â²þþ�Ø�(average square error, {¡ASE):

ASE =

√
n∑
j=1

m∑
i=1

(yij − η̂(ti))2/nm. (5.6)

ã1´ëê�OÚ�ëê�O�[Üã, ã2´ëê�OÚ�ëê�O�ASE�/ã.

lùü�ãÑU��(Ø, éuù��[�., �©¤æ^��ëê£8�{'DÚ�ë

ê�O�{�J�Ð.

§6. ( Ø

î8��, éO�­��ïÄéõ, ��õêÑ´^ëê�{ïÄ, ^�ëê�{ïÄ

�A�vk. �©Ägò�ëê�O�{A^�O�­��.¥. l�[�(J�±é�

Ù�wÑ�©¤æ^��ëê£8�{'DÚ�ëê�O�{�J�Ð.

�õ�ª�b�éêâ�[ÜØ2Ü·��ÿ, �ëê�{´�éÐ�ÀJ. 3�ë

ê£8�.¥, £8¼ê�/ªgd, �å��, Ó�éêâ�©Ù��Ø�?Û�¦, �

ù«�.�°ÝÚ­è5Ñ�p. ÛÜõ�ª�Oäk�é�� �Ú��!ØÉ>.�

A�K�!·^u�«�O�`:. Ïd, �Ø©3éO�­�?1�O�¦^ÛÜõ�

ª�{. 38�, �±?�ÚïÄ�ëêO�­��.����OÚ ��O, ���Ä^

Ù§�{UYïÄù��..
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Nonparametric Regression Method for Growth Curve

Model

Gao Caiwen

(School of Mathematics and Computer Science, Shanxi Datong University, Datong, 037009 )

Gan Hualai

(School of Finance and Statistics, East China Normal University, Shanghai, 200241 )

In the research it is frequently assumed that the growth curve is a polynomial in time. In practice,

researchers mainly use higher-order polynomials to obtain more precise estimates. But this method has

many defects, such as the model can be easily affected by outliers and the polynomial hypothesis may be

much strong in practice. So in this paper we first proposed nonparametric approach, local polynomial,

instead of parametric method for estimation in growth curve model. We give the nonparametric growth

curve model, and its nonparametric estimation. Then discuss the large sample character of local polyno-

mial estimate. The ideal theoretical choice of a local bandwidth is also discussed in detail in this paper.

Finally, through the simulation study, from the fitting curve and average square error box plot we can

clearly see that the performance of nonparametric approach is much better than parametric technique.

Keywords: Growth curve model, nonparametric estimation, local polynomial smoother, ideal

choice of bandwidth.
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