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&7 % X HAE K
(W78 KFE R Z= R 5 ENURH 2B, KIE, 037009) (BRI R SRS it %0, L, 200241)

=

Ky 2 7 T 70 O A e TR 1) 22 TR 3R, K 22 B 7 A T o i B B 2 )
TR i il THIEORS 5. AFX P 7 VA AP AE IR 2 BB, QA2 5 52 S s s o, 22 T A e R e 2.
A UG A 2 T Rl AR S Bl 5 8 B A B 2R B, SR T AESHO K 2R Y 45
H T BRI 2 A, He 7 s R S 5E (kB B xS EUE AR S S
THEEAT TAERL LS, MAUL A BERISF 35 3 07 3 22 46 T B8 B 2510 2 3R S b TH O B i

XA WRKMEA, S8, R, Rl .

ZERAES: 02127

§1. 3 =

FEA i 2Rt Wishart 719385 LE BT TEA [ AL 1R S A O A I DU B R BIN, 72
— M X Z e TR, FEEUREE A A R A E SR E T I N
BRI i 2R (GCM)

va><n = pXmBerZan + €pxn, €pxn ™~ prn(oa I, ® Z)v (11)

HAY @ WM, XA Z 2B THERE, Rank(X) = m < p, Rank(Z) = r < n, B& KRS
BOERE et FENLIRZEFERE, SiEp x pB IEE R, @F/~mKroneckerefi.

JUTAER, 2 it % SO0 B R T ORI AL, 45 T BRIV 2 AR 264 R0
RENZH RN TH(MLE). [ A 27250 88T (1988) 11 it 1 3G Hh B AL 1) [l 14 2 8%
1E “trace” B BT /N Zeflivh(GLSE). & E 23 5k HAUEE (1988) W 41 1 71 S Fr v
i, ESAEREES U G B, B el v A e M T A T T 5 52 AR R 1]
.

TESEBRI BT AR 2 502 K FHRao (1965) BT 32 i 1B 5 22 1 8 (1) 5 725 B o
I HE B 22 T J7 2R IRAF EEBORS 1 B6 R AN S HOE FE B Al E. AR Fh 74331 1
I N FHETT B AAER Z 8P (1) ER Z OB AT BN S48, HERSH FHL
SEAFAE, SRR 22 B80S B I AR M 2 X — 0K (2) ane] & BRI i€ 22 U B £t 3 I

K AR AR S H (11171112) ME K Ge it )= F S RHITI% H (2011LZ051) % Bl
A3 20134E8 H 28 HY F, 20134£10 H 22 H ik B & 4.
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HME, TR B 0K T R S O 3G D0 AR B AN R E, TER 8% 9 0T Sk 1) R AR AR iR 222 11 38
(3) 5 mUf s, S Rt 2 WU A K B2, SBR[ ATRE; (4) 2 Wisk
A I AR A B, WA 5 28 (2003 ) 45 H A0 i FE & F A 38 K il 28 -
N, = Nmax{ sin [gu - a_t)} }b,
HA N, N B, Npax NERK ARG R, W B0~ &, R ST R e s Sl iE 2
)35 2 —Fh = A RO R
ST DL BB, AR AESER A7 I A B K Al et A ) 1R RS HOG K h 26

114 (nonparametric growth curve model) N
prn = 77p><7~Zr><n + €pxn, Epxn ™ prn(07 I, ® 2)7 (1-2>

SohY ROLISERE, Z BB (r < n)IRHERE, = 3 e, n(t) = (), ma(®), - me (8],
() (i = 1,2, .. r) RS Y K i 2 =

FRAT I I 062 s EH 0 KK 2 85 (1) A % 2 10 5 6 () () O R L. 585 =8l T
SR R 1 R 2 TR A T 55 = T S Fan FIGijbels (1996) 9B 5 173, %43k
SO R 1 R 3 2 TR A TR MR AT T 6. TSR S R, A
B I 4 9 R, SR DI TR T T S MO K R 0 5 R B BB B TR
B B SR H B AR, 7 55 T SRR T S R RIS R T AT T L.
WK 45 5L T DA AR SO A2 B0 0107 v B A B B M+ 7 8 R B, A
TR T 35777 VAR 38 4E

§2. FSHIBKIMLEENHE ST

Lto MR E I 18] 1L, By (8) fEto AL BA (m + 1) BriE 8 S 4, Hrhm R 7B 4L
M Taylor EJT 3, n(t) W] LAFEL 15 LRI Jymbir 22 301K, B

" (m)
00 = alte) + 1)t — t0) + e =t 4ot T
= > A1)
=0
Hergl = (to) /5.
8 = [Fo.Br.... BT, EIBURIR LR MO
(@) = tr{(Y ~ X52)TW(Y ~ X52), )

HiX = (xij)px(erl)a Tij = (ti - t)j_lv W = diag{Kh(ti - t)}pXP? Kh() = K(/h)/h7
P12 =12 1, KN WA,
B =1[Bo,B1.- .., Brm] T RAMME(2.1) 132 B, BIB = arg min{tr(Q(B))}.
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FIE 2.1 AR HE KR (2.1) %, n(t) Fon™ (¢) KIS THE 2 58
Aty =elB, V() =vlel 1B, v=0,1,....m.
HWERR: RSt (Q(B)) T LA RN

tr(Q(B)) = tr(YIWY) — 2tr(YIW X BZ) + tr(ZT BT XTW X BZ).

X
tr(YIWXBZ) = vec(B) T vee(XTWY ZT),
tr(ZT BT XTWXBZ) = vee(B) T[22 @ XTW X]vec(B),
f
otr(YIWXBZ)/08 = vec(XTWY ZT),
PR
otr(ZT BT XTW X BZ) /0B = 2vec(XTWXBZZT).
B R TR AR

9Q(B)/0p =0,
M 5 13vec(XTWY ZT) = vec( XTWXBZZT), Bif5

XTwyz" = x"wxpzz".

Ptk
B=X"wx)'x"wyz%(zz") . (2.2)
B 515
A =vlelt B, v=0,1,...,m. (2.3)
R, v =0, |ATAEN(t) = e{a a

LD = {t;,i=1,2,..., py NI MM S AR IS, WA

EGW(6)|D) = wlel ((XTWX) ' X Wy
= ) +olel  (XTWX) I XTWR,

PL K&
Cov (W (#)|D) = v2(Z2ZT) L @ [l (XTW X)L XTWEW X (XTWX) Leyp1],

HPR=n—-XB.
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§3. IESHIEKEZRE MG AVAIEME R

PS8 T RIS B 1A R (¢) MRS B 1B RN 22, ELRE SRR S A i LB 4
EAL, BN EE R MR Kol (XTWX)LXTW RFIW) 77 28, TEARTIATH
WA TR (¢) i — LE T 1 R

TR LM

Al MBS E] 5ty (0= 1,2,...,p) MO E A, BEREERECN £ (), N7 2

¥ = diag(o®(t1), 0% (t2), .., o (tp));

A2: 2558 LIS B] RUeAE f () SCHE L, Hof(¢) > 0, f/(6)FF1E;

A3: (), nFD), (), nmF2 (B B o?(-) FELRIFEAR I A1 % 4211
A4: h — 0Hph — +oo.

FA1id

pi= [wE@dn w= [ WK

S = (1j11)o<ji<m, S = (jrie1)o<jicms  S* = (Vj11)o<ji<m;
p . p .
Spg =X Kn(ti—t)(ti—t), Sy ;= 32 (ti — ) Kj(ti — )0’ (t);
=1 =1
Cm = (Pm+1,- - >M2m+1)T7 Cm = (Mm+17 e 7N2m+1)§
Cp = (Sp,erl» R Sp,2m+1)Ta e = (Sp,m+1a cee 7Sp,2m+1)§

o2 = WEW = diag{c?(t1)Kf(t1 — t),...,0%(t,) Ki(t, —t)};

S, =XTWX, Sy =X"o"X;

Brsr = 10 (@) /(m+ 1)1 = [V @)/ (m+ 1)L D (8) / (m 4+ DY
H = diag(1,h,...,A™).

EIE 3.1  ERWAL-AABLHI%MHT, A

Cov (i) ()| D) = (227) 7 @ [v12el,, 571575 e o) +on( ! )| 6D
n = eyt L )ph2o P\pp2o+1 )]~

B — v R FHO, AT
Bias(7") ()| D) = vleg 1S~ B st h™ 7+ op(h 1Y), (3:2)

Mm — v BRET, B

Bias(7®) (t)|D) = v!ef+ls—15m{ Bnsa + %ﬁm+l}hm+2—v Fop(h™H2TY). (3.3)
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MERR: SN
(XTWX) ' XTe? X (XTWX) ™! = 5,888,
TR RS, FH—HEA R, WA
¢ = E(€) + Op(Var 2(€)).
s B A

Spj = E(Sp;) + Op{Var 1/2(Sp,j)}
_ o / WK (u) (¢ + hu)du + Op{\[pE[(ty — K2 (11 — 1))}

= ph{f(t)u; +o(1) + Op(1/\/ph)}
= phjf(t),uj{1+0p(1)}, h — 0, ph — +oo.

Sp =pf(t) HSH{1 + op(1)}.

S5 = PR O (#)ui {1+ op(1)},
S, = ph™ f(t)o?(t)HS*H{1 + op(1)}.

HElE=5, BATH

2
—1axo—1 g (t) —1go—1coxa—177—1

= H H 1 1)}
S, 8,8, 0 S—8*S {1+ o0p(1)}

R\ Cov (B|D)FiCov (1) (t)| D), &

Cov (B|D) = (2Z7) ' & [ (1) H1S71$* S H {1 + op(1)}],

phf(t)
M
~(v) 2 7 Ty —1 i ) D
Cov(7®(t)|D) = o*(zZ") ®[ev+1phf(t)H ST ST + op(1)}eu |
_ 1 e cam 2(t 1
= (zz)7'e [U!QQ;];_’_lS 1g*s 1ev+1f(gp22)v+l+op<

RETR 22, Srm — vl 2O R R b 5
(1) 2m — v AT

ph2v+1

)
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i TaylorEIF 2, 5 51 BHIA LIRS, L X TW RAT LA R 9t TR

SOIXTWR = Sp'XTW{[(t — )™ i<icpBmsr + [op((t — )™ H)]1<icpl }
= 8, {cpBmy1 + op(ph™ )}
= H 'S lenBuph™ {1+ op(1)}.

v LA
Bias(3|D) = H 'S ey Bmgr K™ {1 + op(1)}.

HETT, 47
Bias(7”)(1)|D) = ef415 ™ emBun g1 7Y + op(h" ),

(2) 2m — v EE:
Spj = PR {f(t)pj + hf (t) i1 + Oplan)},
Hra, = h?+1//ph. WE
Sp = ph{f(t)S + hf'(t)S + Op(an)} H.
{4 B — B i Taylor B FF X, BRSPS, X TW RAT LA RN

SOAXTWR = SUXTWAL(t — 0™ M i<icpBmar + (L — 1) li<i<pBma2
+ [op((ti = )™ ) 1<i<pl}
= Sp_l{cpﬁerl + CpBmt2 + 0p(phm+2)}.

it LA
Bias(B|D) = H '{f(t)S+ hf'(t)S + Op(an) ™
Af @) emBma1 + hem [ f'(t) Bma1 + f(t) Bmaz] + Op(an)}
= hm+1H_1{S_lcmﬁm+1 + hb(t) + Op(an)},
Hr

b(t) = S~ F'®)Bmer + F(O)fmiz _ F(#) ¢

f@) f(t)
Xi(t) = el BHS e, FIST1SS e, [R50 + 1 TEE N0, 515

188 e Brngt.

!

Bias(7”)(1)|D) = evT+1hm+2H_15_IEM{5m+2 + j}((f))ﬁm+1} + op(R™T27Y)

= ) 15 e Bmr2 + ';((gﬁmﬂ}hmw_” + op(RTTY). O
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EIE 3.2  TEBUEAL-A4BSLINEMEFT, 2m — v NAEL h — 0, ph — +oolth,

7(t) = Niser (™) + bo(1), (227) 7 @ 03 (1)), (3.4)

|

bv(t) = {/tm+1K:(t)dt}’U(':ZLmill()t') pmtl—v + Op(hm+1*v),

2 2 v1202(t) 1
Uv(t) o /Kv (t)dtf(t)ph%-i—l + Op<ph2v+1>’
Ki(t)=el 1S~ (1,t,... ™K ().

WERR:  FHAEEES.LANL, Mm — v AR,

Bias(") ()| D) = vlel 1.8 e B 1 A Y 4 op(RTHITY),

Cov (F) ()| D) = (227) " @ [v1%eL,, 87155~ evﬂ%ﬂp(miﬂﬂ.
i
Kit)=el ST (1L,t,... . t™TK(®),
215

BlaS( ( )|D) {/tm+1K:(t)dt}l;('n n 1())hm+1 v _'_Op(hm—&-l—v)7

12 2 1
Cov (W (t)|D) = (22T~ /K*2 = Uh%)ﬂ —i—op(W).
F (2.3) FIAES UG T ) () R AR R Y 12k PR B, Bl 575

7 (E) = Nixr () +0,(1), (227) 7 © 03(8)),

/\E{:‘
bv(t>—{/t +1Kv(t)cht} e 4 op(hTTTY),
. 1202(t 1
o2(t) = /Kv2(t)dtf§t);h2(vll +op<ph2v+1). O

§4. HEFIHIIERF

TESERRB A, B AR PR AR B A SRR N, SRS RS ERZ
IR, SRS R IIAL TH 7 22, 35 & Sk it ok, W&t THOis 2l S 8us K R G B iR 2
FEFE, FIRRKEME TR Z. XEE 2 01T, FanflGijbels (1992)17 18 1 ¢ THIGH
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i, REs s T DA R A R i R R Kk . RATTPR Mm — ooy A B R B A
B PRI A 0] R, oof 18 T B R e 23 AT BLZ: B Fan M1 Gijbels (1992) 18 FH R ALK 77 153K 45.
R Fanfl Gijbels (1996), 75 BE3. 17, (¢) 1 0 f 22 F1T U B 75 22 7T AR R AR
B
Bias(7(®) (t)|D) = { / meK;(x)dx}vmm“-v@mH + op(h™ 1),
A V1202 (t) 1
F(t)ph2+1 T op(ph%ﬂﬂ :

Cov (7”)|D) = (227)'[ [ K ()da

PHEMSE T A B sy

V202 (t _
f(t)th(v?i-l] (ZZT) !
202 ()7, 9,

1 o ]h2 +1

2
{ [t f verm gt g+ | K@
2
— { / xm+1K;;(;n)dm} v!2T Hﬁmﬂh?(m“—“)ﬂ / K (2)dx(22Z7)

1 “trace” 5 U R/ME LT FJHTEMSE, W] LAAS 21 J5) 5 5 0 B 98 8

W41\ 1/C@m+3)
hopt (t) = (2( )

—1p))1/(2m+3)
S (tr(a™1b))/2m49),

o
_vl?0?(t)

fp

(EX AN J5) 8 foe D0 2 B8 A T — SR AN, Ik E R L () SR AFTT Zo? () UL K
nmHD(¢), RIS BE BB . ESERR N 3 5 K i B — MO R FH 28 A% 529 (cross
validation, FIFRCV)E"™ XA X %5237 (generalized cross validation, EiF#RGCV).

AP EATRH CVIESRAF AR &R & 98, & LCVAF N

a= {/meK;'j(x)dx}Qv!zﬁ;gHﬁmH, b= /Kf(x)dm(ZZT)

OV (h) = nlp > z iy — )1, (4.1)
i=1j=

e~ (6) Ry AR H R, TR (OB (5 O, () LA (8. /A T 52
HICV (h), BIVAT A3 105 S35 L 0 9E P
§5. RS0

X AT FRATTR AU, (1) 77 326 S HU Ak v FAR SRt I HE S B T3 AT L. S35 Wkl
Zhang (2006) H FIALFLEE AL Ny

yi(t) = Bio + Bi1 cos(2mt) + Bio sin(27t) + € (), i=1,2,...,m (5.1)
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Horbr SV, Bl (DM TS, BB = [Bio, Bir, Bie)t ~ N((aio, air, aiz), diag(od, o3,
3)), €i(t) ~ N(0,02 - 1), E(Bi, B;) = 0, @ # j, Eei(t), ¢;(t)) = 0, i # j, t = i/(m + 1),
i=1,2,...,m, EHmAFERLEN— IR

A B ) S5E eR BOR J7 22 R B, AR 23590 1 7 22 eR L7 0l N

ni(t) = aip + a;1 cos(2mt) + a;o sin(27t); (5.2)
v(s,t) = 08 4 o3 cos(2ms) cos(27t) + o3 sin(27s) sin(27t), s # t; (5.3)
Ye(t,t) = o2 - t. (5.4)

RAE R, Bo? # o3, P72 REy (s, ) AT, HEoo # O, W35 5855 %
Ve ANRETFURI, R R AR — KIS SEBRIITETE. 5153 (s) Sys (t) IR R B
ek, Yo? = 02 = o0, H

02 + % cos{2m(s — t)}
(08 + 0% + 025)(0§ + 0% + o20)] /2

Cor{yi(s), yi(t)} = s 7 t. (5.5)

TERH, 2 (a0, a11, a12) = (4,2,4), (a0, az1,a22) = (3,2,5), 03 = 0.4, 03 = 03 =
0.1, n1 = 50, ne = 504 fem = 200. & X F3#575 1% 2% (average square error, EFKASE):

ASE — é i (yij — A(£:))2 /nm. (5.6)

KLE ST S H b T L E B, E22 S8 T REES Bfs T ASERE E K.
MIXPIA B REAS B 4518, X T IX MR, A SCHER AR S HLm A5 L AR e i 2
A 7 IR RO E T

§6. % 1P

25Nk, MK 2w FAR 2, (BR 2 B2 F 2807 78, HARS 80530 7T
RILT-BE . ASCE YR AEZS KAl T 05 105 FH 2R i 2 AR e AR 45 R w] LR
FEIFE AR A ARS8 A 77 i B A% GO S Bl o 5 R BOR BT

2% BRSO Bl A& A B S @ I iR, IS HOER MR IFRER. £1:5
e AR R ) [E R B B, QAR R HdE 1 0 A AU T 225K, B
SRR RS L AR M AR . R e 22 Al T AT AR N R Z AT 22, AN 210 53
RLEIL TSR R DRI, ARV SCAE RS R i 2R BEAT i v s =) i 2 0
Xk, AL, A At — DAt AR S HOE K it 2 R (5 Z A T AR Z A T, ) 5 8 H
Foe 7 ik 4k B T X AR,
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Parametric estimation for GCM Nonparametric estimation for GCM
Group 1 -7 mean Group 1 -7 mean
@ — real curve o — real curve
— fitted curve — fitted curve
o 0 - w
3
]
=3
R +
I
@
E
(=R ™
o o
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0.0 0.2 0.4 08 1.0 0.0 0.2 0.4 08 0.8 1.0
=TT mean EmupZ =TT mean
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]
=2
-
z T -
@
=
@
8 o ™
(=]
= =1
o o
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Time Foints Time Foints

K1

B 2B () ZE S TN AE S B TG B, R BRI S 2R 4l
RARZEATTAES R A h 28, BESTZERR B4, a4k
NIE 2R, % R0k i Epanechnikov

ASE for Estimating mean function

0.4a
|

-

=

_!_

Parametric_ASE

Monparametric_ASE

SHALAAESHUAL T ASEF I &




FA mRIC Ak B K AR AR S U T 665

& £ x #
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Nonparametric Regression Method for Growth Curve
Model

GAO CAIWEN
(School of Mathematics and Computer Science, Shanzi Datong University, Datong, 037009)

GAN HUALAI
(School of Finance and Statistics, East China Normal University, Shanghai, 200241)

In the research it is frequently assumed that the growth curve is a polynomial in time. In practice,

researchers mainly use higher-order polynomials to obtain more precise estimates. But this method has

many defects, such as the model can be easily affected by outliers and the polynomial hypothesis may be

much strong in practice. So in this paper we first proposed nonparametric approach, local polynomial,

instead of parametric method for estimation in growth curve model. We give the nonparametric growth

curve model, and its nonparametric estimation. Then discuss the large sample character of local polyno-

mial estimate. The ideal theoretical choice of a local bandwidth is also discussed in detail in this paper.

Finally, through the simulation study, from the fitting curve and average square error box plot we can

clearly see that the performance of nonparametric approach is much better than parametric technique.

Keywords: Growth curve model, nonparametric estimation, local polynomial smoother, ideal

choice of bandwidth.

AMS Subject Classification: 62G08.





