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Á �

Cardy�Ñ�.�6xîB����/Ø-���/�þ>Úe>�VÇ�Oúª; Lawler,

SchrammÚWerner�Ñ
ëêκ = 6�Ïu�ÅLoewnerüC(SLE6)BL��/�aq�VÇ�Oú

ª. 3�©, ·�ò�ö�(Jí2�κ > 4��/.

'�c: SLEκ, Cardyúª, �.�6x.

Æ�©aÒ: O153.3, O151.21.

§1. Ú ó

�ÅLoewnerüC(stochastic Loewner evolution, {¡SLE)´Schramm (2000)3ïÄ

£´íØ�ÅiÄÚ��)¤ä�ºÝ4��Ú\��«ïÄlÑÔn�ª����Å

L§. §´8ÜKtO�����ÅL§, 8ÜKt��mëêt�üC�±ÏLKt�{8þ

5��/N�gt = gt(z)5£ã�, ùpN�gt´°Ä¼ê���Brownian$Ä�Loewner

�©�§�). Ù���½Âò3e¡12!�Ñ.

Cardy (1992)3?Øk�AÛ¥�.�6��Ñ
�.�6xBL����/Ø-

���/�þ>Úe>�VÇ(^Λ(x)L«)�O(¡�Cardyúª). �Ò´, éux ∈ (0, 1),

k

Λ(x) =
3Γ(2/3)

Γ(1/3)2
x
1/3
2 F1

(1

3
,
2

3
,
4

3
;x
)
. (1.1)

Lawler, SchrammÚWerner (2001a)3ïÄ�²¡¥Brownian$Ä����ê�, ��


'uSLE6�Cardyúª. =éu¤k�b ≥ 0, x ∈ (0, 1), ¤á

Λ(x, b) =

√
π2−2b̂Γ(5/6 + b̂)

Γ(1/3)Γ(1 + b̂)
x
1/6+b̂
2 F1

(1

6
+ b̂,

1

2
+ b̂, 1 + 2b̂;x

)
, (1.2)

ùpb̂ =
√

1 + 24b/6.

3�©, ·�|^SLEκ�Ä�5�Ú�AÛ�§��
(J, ?Øκ > 4�SLEκ�a

q�VÇ�Oúª. �Ò´, òúª(1.2)í2�κ > 4��/. �(�/, �Kt´þ�²¡

∗I[g,�ÆÄ7(11161004)Ú2Üg,�ÆÄ7(2013GXNSFAA019015)]Ï.

�©2010c11�15FÂ�.

doi: 10.3969/j.issn.1001-4268.2014.01.003
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24 A^VÇÚO 1n�ò

HSSLEκ (κ > 4)L§gt = gKt��, Ù¥°Ä¼êξ(t)m©ux ∈ (0, 1), �Ò´, Kt´dm

©u0�IOSLEκ (κ > 4)��²£x��. K·�ke¡�½n.

½n 1.1 éu��b ≥ 0, x ∈ (0, 1), κ > 4, XJ-T0 = sup{t ≥ 0 : Kt ∩ (−∞, 0] =

∅}, T1 = sup{t ≥ 0 : Kt ∩ [1,∞) = ∅}, T = min{T0, T1}, ft(z) = [gt(z) − gt(0)]/[gt(1) −
gt(0)], Kk

Λκ(x, b) =
Γ(3/2− 6/κ+ b̂κ)Γ(1/2 + 2/κ+ b̂κ)

Γ(1− 4/κ)Γ(1 + 2b̂κ)
x
1/2−2/κ+b̂κ
2

×F1

(1

2
− 2

κ
+ b̂κ,

6

κ
− 1

2
+ b̂κ, 1 + 2b̂κ;x

)
, (1.3)

ùpb̂κ =
√

(κ− 4)2 + 16κb/(2κ), Λκ(1− x, b) = Ex[(f ′T (1))b1{T0<T1}].

5P 1 N´��, 3½n1.1¥e-κ = 6, Kúª(1.3)ÒC¤(1.2); ?�Ú, Ø


-κ = 6	, e2-b = 0, @oúª(1.3)ÒC¤(1.1).

�©[3]aq, ·��y²�{Xe: Äk, ·�ÏL½Â��#�'uξ(t)�5�z/

ª±9#��mëê, ,�·��Ñ
Λκ(x, b)÷v��AÛ�©�§, ��d�AÛ�©

�§�5���
¤I��(Ø.

§2. Ïu�ÅLoewnerüCÚ�AÛ¼ê

3ù�!, ·�{²��/�ÑSLE�½Â9Ù�'5�, Ó��Ñ�AÛ¼ê�½

Â. �õ��µ�£�ë�[4–6, 8]�.

2.1 ÏuSLE9Ù5�

b�Bt´��Rþm©uB0 = 0�IOÙK$Ä, éuκ > 0, -ξ(t) =
√
κBt. PH =

{z : Im(z) > 0}, Kéuz ∈ H \ {0}, ·�-gt(z)�e¡~�©�§�Ð�¯K
∂tgt(z) =

2

gt(z)− ξ(t)
,

g0(z) = z

(2.1)

�). w,, ��gt(z)− ξ(t)k.�Ø�u0�, Kù�Ð�¯K�)o´�3�.

·�^τ(z)L«1�g�mτ¦��t↗ τ�, 0´gt(z)− ξ(t)�4�:, �Ò´

τ(z) = inf
{
t : lim

t↗τ
(gt(z)− ξ(t)) = 0

}
. (2.2)

XJ·�-

Ht = {z ∈ H : τ(z) > t}, Kt = {z ∈ H : τ(z) ≤ t},
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KN´�y, éu¤kt ≥ 0, Kt´;8, Ht´m8. ·�r¹këêt�N�8Ü(gt : t ≥ 0)

¡�ÏuSLEκ (stochastic-Loewner evolution). 8ÜKt¡�SLE��. �N´�y, éuz

�t ≥ 0, N�gt : Ht 7−→ H´���/Ó�N�, �Ht´H\Kt�Ã.©|. L§ξ(t)¡

�SLE�°ÄL§½°Ä¼ê.

Ún 2.1 (SLE�ºÝØC5Ú½5) (i) SLEκ3e¡¿Âe´ºÝØC�. -

Kt´SLEκ��, α > 0, KL§t 7−→ α−1/2Kαt�L§t 7−→ Ktk�Ó�©Ù; L§(t, z)

7−→ α−1/2gαt(
√
αz)�L§(t, z) 7−→ gt(z)k�Ó�©Ù.

(ii)�t0 > 0,KN�(t, z) 7−→ g̃t(z) = gt+t0 ◦g−1t (z+ξ(t0))−ξ(t0)�N�(t, z) 7−→ gtk

�Ó�©Ù. �(g̃t)t≥0�(gt)0≤t≤t0´�pÕá�.

y²: ºÝØC5(i)�y²N´lÙK$Ä�ºÝØC5���; 5�(ii)�N´

lÙK$Ä�Markov5�±9²£ØC5��. äNy²L§�±ë�[7, 10]�. �

·�5w'uÏu�ÅLoewnerüC-E¯��VÇ. b½a < 0 < c, �½κ > 0,

^Ea,cL«ÏuSLEκk-�[c,∞)�-�(−∞, a]�¯�. ùp·�=�ub½κ > 4, ÄK

§lØ-�ù
«m. ·��8I´O�Ea,c�VÇ, ÏuSLE�ºÝØC5L²ù´��

=�'Çc/ak'�¼ê. Ïde3«m(0, 1)þ½Â¼êF = Fκ�F (−a/(c−a)) = P[Ea,c]

éu?¿a < 0 < c, K·�k

Ún 2.2 éu¤kκ > 4, x ∈ (0, 1), k

F (x) = c(κ)

∫ x

0

du

u4/κ(1− u)4/κ
, (2.3)

Ù¥c(κ) =
(∫ 1

0
u−4/κ(1− u)−4/κdu

)−1
.

y²: ù�Ún�y²�[7]. �

2.2 �AÛ¼ê2F1

r�AÛ�§

z(1− z)w′′ + [γ − (α+ β + 1)z]w′ − αβw(z) = 0

�))Ûòÿ��²¡C, ù�mÿ�¼ê¡��AÛ¼ê, ^

2F1(α, β, γ; z) =
∞∑
n=0

(α)n(β)n
(γ)nn!

zn (2.4)

L«, ùp(η)n =
n−1∏
j=0

(η + j), (η)0 = 1. d�AÛ¼ê�½Â, ·�N´w�2F1(α, β, γ; 0)

= 1. �õ�[!�±ë�[8].
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§3. A�Ún

�
y²½n1.1, ·�I�e¡�A�Ún±9�
~^�PÒ.

^KtL«H¥äk°Ä¼ê�ξ(t) (Ù¥ξ(0) = x ∈ (0, 1))�SLEκL§gt = gKt��;

Px�Ex©OL«�6ux�VÇ�Ï".

Ún 3.1 -T0 = sup{t ≥ 0 : Kt∩ (−∞, 0] = ∅}, T1 = sup{t ≥ 0 : Kt∩ [1,∞) = ∅},
KT0 <∞, T1 <∞ a.s..

y²: -Yt/
√
κ = [gt(1) − ξ(t)]/

√
κ, KN´��, Yt/

√
κ´äk�m�5ºÝ��

ê�1 + 4/κ�BesselL§. dBesselL§�Ä�5�, ·���, �κ > 4�, gt(1) − ξ(t)A
��½3k��mS-�0. w,, T1´gt(1)− ξ(t)-�0���m, ÏdT1 <∞ a.s.; Ón,

·����T0 <∞ a.s.. �

Ún 3.2 �T0, T1�½ÂXþÚn3.1, Kéu¤k�x ∈ (0, 1), ÑkT0 6= T1 a.s.�

lim
x→0

Px[T0 < T1] = 1, lim
x→1

Px[T0 < T1] = 0. (3.1)

y²: dÚn2.2��, �x → 0�, KTA��½k-�(−∞, 0]�-�[1,∞), �

k lim
x→0

Px[T0 < T1] = 1; �x → 1�, KTA��½k-�[1,∞)�-�(−∞, 0], lk

lim
x→1

Px[T0 < T1] = 0. �

Ún 3.3 �T = min{T0, T1}, T0, T1�½ÂXþÚn3.1, e-ft(z) = [gt(z)− gt(0)]

/[gt(1)− gt(0)], K lim
t↗T

f ′t(1) > 0��=�T0 < T1.

y²: ¿©5. eT0 < T1, KKT ∩ [1,∞) = ∅. ÏdfT31�NC´k½Â�´�

/N�, dSchwarz���n, ·�kf ′T (1) > 0.

7�5(^�y{). b�T1 < T0, KKT ∩ [1,∞] 6= ∅. ·�äó:

1 ∈ KT1 a.s.. (3.2)

Ï�KT1 ∩ [1,∞) 6= ∅. ùÒ¿�XKT13H¥©l1�∞. ¯¢þ, -φ : H 7→ H´��
¦x�½, ��1�∞���/gÓ�N�. dT1 < ∞ a.s.Ú sup

t→T1
|ξ(t)| < ∞ a.s., ·��

�KT1´A��½k.�, ùíÑ�t ↗ T1�, φ(KT )´k.�Ø�¹1. dSLE�ÛÜ

5�[3], ·���, ���mT1�cKt�φ(Kt)'u�mCz�©Ù´�Ó�. Ïd, A

��½�t ↗ T1�, φ(Kt)k.�Ø�¹1, lÒy²
(3.2). d1 ∈ KT1 a.s., ·�í

ÑH \ Kt¥l0����1����4��Ýª�u∞, �t ↗ T1�. Ïd, �T1 < T0�,

lim
t↗T1

f ′t(1) = 0 a.s., ù�®�^� lim
t↗T

f ′t(1) > 0u)gñ. l�¤
ù�Ún�y². �
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§4. ½n1.1�y²

3ù�!, ·�ò�Ñ½n1.1�y².

½n1.1�y²: Äk, ·�½Âξ(t)�5�z/ª�Z(t) := [ξ(t) − gt(0)]/[gt(1) −

gt(0)]Ú#��mëês = s(t) :=

∫ t

0
dt/[gt(1)− gt(0)]2, éut < T , �s0 = lim

t↗T
s(t). Kd

Ún3.1±9inf{gt(1)− gt(0) : t < T} > 0 a.s.��, s0 <∞ a.s.. ^t(s)L«N�t 7→ s(t)

�_N�, Kd(2.1)·�k

∂s(ft(s)(z)) = ∂s
(gt(s)(z)− gt(s)(0)

gt(s)(1)− gt(s)(0)

)
=

∂

∂t

(gt(s)(z)− gt(s)(0)

gt(s)(1)− gt(s)(0)

) ∂t
∂s

=
( 2

gt(s)(z)− ξ(t)
− 2

gt(s)(0)− ξ(t)

)
(gt(s)(1)− gt(s)(0))

− (gt(s)(z)− gt(s)(0))
( 2

gt(s)(1)− ξ(t)
− 2

gt(s)(0)− ξ(t)

)
=

2(gt(s)(1)− gt(s)(0))

gt(s)(z)− ξ(t)
+

2(gt(s)(z)− gt(s)(1))

gt(s)(0)− ξ(t)
−

2(gt(s)(z)− gt(s)(0))

gt(s)(1)− ξ(t)
.

u´·���

∂s(ft(s)(z)) =
2

f(t)− Z(t)
+

2(1− ft(z))
Z(t)

− 2ft(z)

1− Z(t)
. (4.1)

,	, dZ(t)�½Â, ·�k

dZ(t) = d
( ξ(t)− gt(0)

gt(1)− gt(0)

)
=

1

(gt(1)− gt(0))2

{(
dξ(t)− 2dt

gt(0)− ξ(t)

)
(gt(1)− gt(0))

− (ξ(t)− gt(0))
( 2dt

gt(1)− ξ(t)
− 2dt

gt(0)− ξ(t)

)}
=

dξ(t)

gt(1)− gt(0)
− 2dt

(gt(1)− gt(0))2

×
(gt(1)− gt(0)

gt(0)− ξ(t)
+
ξ(t)− gt(0)

gt(1)− ξ(t)
− ξ(t)− gt(0)

gt(0)− ξ(t)

)
.

ù�Ñ

dZ(t) =
dξ(t)

gt(1)− gt(0)
+

2dt

(gt(1)− gt(0))2

( 1

Z(t)
+

1

Z(t)− 1

)
. (4.2)

Ùg, ·�Ú\PÒ: Z̃(s) = Z(t(s)), f̃s(z) = ft(s)(z), Kk

dZ̃(s) = dzs +
2(1− 2Z̃(s))

Z̃(s)(1− Z̃(s))
ds, (4.3)
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Ù¥(zs, s ≥ 0)�(ξt, t ≥ 0)k�Ó�©Ù. Ó�·�k

∂s(f̃s(z)) =
−2

Z̃(s)− f̃s(z)
+

2(1− f̃s(z))
Z̃(s)

− 2f̃s(z)

1− Z̃(s)
. (4.4)

u´, f̃s(z)�üCÒd�§(4.3)�(4.4)5£ã. 5¿�s(T ) = s0´Z̃(s)-�0½ö1�1�

g�m.

b½b > 0. d(4.4)·���

∂s(log f̃ ′s(z)) =
∂s∂z f̃s(z)

∂z f̃s(z)
=

−2

(Z̃(s)− f̃s(z))2
− 2

Z̃(s)
− 2

1− Z̃(s)
, (4.5)

ùpf̃ ′s(z)´f̃s(z)'uz��©. Pα(s) = log f̃ ′s(1) = log f ′t(s)(1), K·�k

∂sα(s) =
−2

(Z̃(s)− 1)2
− 2

Z̃(s)
− 2

1− Z̃(s)
. (4.6)

5¿�§(4.3)�(4.6)£ã
MarkovL§(Z̃(s), α(s))�üC, ù�L§Ê�us0.

�y(x, v) = E[exp(bα(s0))|Z̃(0) = x, α(0) = v], ùpÏ"´�Am©uZ̃(0) = x,

α(0) = v�MarkovL§. 5¿��T0 < T1�, lim
t↗T

ft = fT31���S�Ún3.3¤á, Ï

ddy�½Â·���y(x, 0) = Λ(1 − x, b). u´y(x, v)´��C∞¼ê. lrMarkov5

�[10], ·�íÑL§Y = y(Z̃(s), α(s))´��ÛÜ�. l3'udY�Itóúª¥, Ù¤£

��0, �Ò´

0 =
2(1− 2x)

x(1− x)
∂xy +

κ

2
∂2xx(y) +

( −2

(1− x)2
− 2

x
− 2

1− x

)
∂vy. (4.7)

�α(s) = α(0) +

∫ u

0
(∂sα(s))ds�, ·���

y(x, v) = exp(bv)y(x, 0). (4.8)

q�h(x) = y(1− x, 0) = Λ(x, b), Kk

y(x, v) = exp(bv)h(1− x). (4.9)

l(4.7)C�

−2(1− 2x)

x(1− x)
exp(bv)h′(1− x) +

κ

2
exp(bv)h′′(1− x)

+ b
( −2

(1− x)2
− 2

x
− 2

1− x

)
exp(bv)h(1− x) = 0,

�n�, ·���

−2(1− 2x)

x(1− x)
h′(1− x) +

κ

2
h′′(1− x) + b(

−2

(1− x)2
− 2

x
− 2

1− x
)h(1− x) = 0,
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�©1�C¤

−2(1− x)(1− 2x)h′(1− x) +
κ

2
x(1− x)2h′′(1− x)− 2bh(1− x) = 0.

-1− x = t, �\��

−2bh(x) + 2x(1− 2x)h′(x) +
κ

2
x2(1− x)h′′(x) = 0. (4.10)

qdÚn3.2�1��(Ø, = lim
x→1

Px[T0 < T1] = 0, ·�íÑ lim
x↘0

h(x) = 0, lim
x↗1

h(x) = 1,

Ï��x�Cu0�, dºÝØC5, KT0�±¿©�.

��, é�©�§(4.10)�±ÏLÏ¦/Xh(x) = xcZ(x)�)��Ùw«L�ª.

A^�½Xê{·���§�ü��5Õá)�

hi(x) = x1/2−2/κ+bi 2F1

(1

2
− 2

κ
+ bi,

6

κ
− 1

2
+ bi, 1 + 2bi;x

)
,

ùpb1 = −b2 =
√

(κ− 4)2 + 16κb/6, i = 1, 2. 5¿�2F1(a0, a1, a2; 0) = 1, Ïd, h(x)�

½´h1�h2��5|Ü.

,, lim
x↘0

h(x) = 0 = lim
x↘0

h1(x), � lim
x↘0

h2(x) = ∞. ¤±·���h(x) = ch1(x), Ù

¥c�,�~ê. d�ªh(1) = 0��AÛ¼ê3x = 1���, ·�íÑù�~êc�

c =
Γ(3/2− 6/κ+ b̂κ)Γ(1/2 + 2/κ+ b̂κ)

Γ(1− 4/κ)Γ(1 + 2b̂κ)
,

Ù¥b̂κ =
√

(κ− 4)2 + 16κb/(2κ). þ¡�y²L§¥©ªb½b > 0. éb = 0��/, ·�

�±ÏL-b↘ 0�4���. ùÒ�¤
ù�½n�y². �
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On Cardy’s Formula of SLEκ (κ > 4)

Zhou Shizhong1,2 Lan Shiyi1

(1School of Science, Guangxi University for Nationalities, Nanning, 530006 )

(2School of Science, Nanjing University of Science and Technology, Nanjing, 210094 )

Cardy gave a probabilistic estimation for the critical percolation clusters crossing a rectangle without

touching the upper and lower boundaries of the rectangle. Lawler, Schramm and Werner obtained similar

probabilistic estimation for the chordal stochastic Loewner evolution with parameter 6 (SLE6) crossing a

rectangle. In this paper, we generalize the latter result to the case κ > 4.

Keywords: SLEκ, Cardy’s formula, critical percolation clusters.
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