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§1. Ú ó

�Äe¡�@Ø�©þ�.

yijt = x′ijtβ + uijt, i = 1, . . . ,M, j = 1, . . . , N, t = 1, . . . , T, (1.1)

ù´��²ï�@Ø�£8�., Ù¥yijtL«1i���1j�úi3�mãt��þ, xijt

L«��k����Å�þ. Ù¥Ø��

uijt = µi + υij + εijt, i = 1, . . . ,M, j = 1, . . . , N, t = 1, . . . , T, (1.2)

Ù¥µiL«1i�Ø�*ÿ�äN���A, b½§�ÕáÓ©ÙuN(0, σ2µ), υijL«1i�

��1j�úi�@�A, b½§�ÕáÓ©ÙuN(0, σ2υ), εijtL«�{Ø��, b½§�

ÕáÓ©ÙuN(0, σ2ε), �µi, υijÚεij�´�pÕá�.

3¢SA^¥, 'u��©þ�u�Ú�&«m®¤�êâ©Û���­�|¤Ü©,

É�ÚOÆ[�4�'5. ,
, 3éõ�¹e, duP{ëê(nuisance parameter)��

3,éJ$�Ã{|^DÚ��{5¼�°(u�Ú�&«m. TsuiÚWeerahandi(1989)Ú

Weerahandi (1993)©OJÑ
2Âp -�(generalized p-value)Ú2Â�&«m(generalized

confidence interval)�Vg. ¢�y², 3õ{ëêÑy��¹e, Äu2Âp -�Ú2

Â�&«m5¼�°(u�Ú�&«m��{´Lk¤��, ©z¥�kØ�ïÄ¤

J[1–10]. Weerahandi (1987, 1995)r2Âp -�A^uÉ��£8�.ÚØ�Ø����

∗T²Æ��ÆÄ7�8(BZXYL1105)]Ï.

�©2012c8�8FÂ�, 2012c11�6FÂ�?Uv.

doi: 10.3969/j.issn.1001-4268.2014.01.004
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ü���©Û�.¥, ©O�Ä
£8XêÚ��©þ���5u�, ïá
2ÂFu

�. ZhouÚMathew (1994)rù«�{A^�·Ü�.¥, ©Oéü���©þ�wÍ5

u�Úü�Õá²ï�.¥��©þ�'�ïá
°(u�, ¿rÜ©(Jí2��

²ï�¹. ChiÚWeerahandi (1998), WeerahandiÚBerger (1999)|^2Âp -�é���

äk|S�'(��{ü)�­��.¥£8Xêïá
°(u�, LinÚLee (2003)r

¦��(Jí2����Ý
äk��'(��{ü)�­��.. Krishnamoorthy

ÚMathew (2003)|^2Âp -�Ú2Â�&«mééê��©Ù�þ�ïá
°(u�Ú

�&«m. YeÚWang (2007)é²ïêâe���Å�A�.�ü���©þ�EÑ°

(u�Ú�&«m, ¿ò(Jí2�ü�Õá²ï�.��©þ�'�. êc´Ú�t

?(2007)é¹kü���©þ��Å�A�?¿
��5·Ü�.���©þü>u�¯

K�Ñ
°(�Fu�ÚÄu2Âp -��u�.

@Ø�©þ£8�.2�A^uOþ²L!Á��O!Ä�N��¯K¥. �;�Ú

�t?3[12]¥?Ø
υij = 0��.�Å�A��©þ�?¿�5|Ü�°(u�Ú�&

«m. §½, �t?Ú�Jk3[13]¥?Ø
Ãi@'X=υij = λj��.¥��©þ�°

(u�Ú�&«m, ¿?Ø
u��ØC5. �©ò|^2Âp -�Ú2Â�&«m�Vg

édäki@(���.�ÑÙ��©þ��aü>b�u�¯K�°(u�, �Eëê

��&«m, ¿?Øk'ÚO5�.

§2. 2Âp -�Ú2Â�&«m

�X�©Ù�6uëê(θ, η)��ÅCþ, Ù¥θ�u�ëê, η�õ{ëê, �η�±�

ëê�þ, bX·��u�b�

H0 : θ ≤ θ0 ←→ H1 : θ > θ0, (2.1)

ù�θ0�ýk�½�. -x�X�*ÿ�, ½Â��2Âu�CþT1(X;x, θ, η), §÷vXe

^�:

(a) T1(X;x, θ0, η)�©Ù�õ{ëêÃ';

(b) T1(X;x, θ, η)�*ÿ�T1(x;x, θ, η)�?Û��ëêÃ';

(c) éu�½�xÚη, T1(X;x, θ, η)�©Ù'uθ�ÅüNO(stochastically increasing)

½�ÅüN~(stochastically decreasing). (2.2)

�T1(X;x, θ, η)�©Ù´'uθ�ÅüNO�, éub�u�¯K(2.1), 2Âp -�½Â

�P(T1(X;x, θ, η) ≥ t|θ = θ0), ùpt = T1(x;x, θ, η). �T1(X;x, θ, η)�©Ù´'uθ�Å

üN~�, éub�u�¯K(2.1), 2Âp -�½Â�P(T1(X;x, θ, η) ≤ t|θ = θ0).

�
�Eëêθ��&«m, �Ñ��2ÂÍ¶þT2(X;x, θ, η), §÷vXe^�:

(a) T2(X;x, θ, η)�©Ù�?Û��ëêÃ';
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(b) T2(X;x, θ, η)�*ÿ�, =T2(x;x, θ, η)�õ{ëêÃ'. (2.3)

d^�(2.3), ·��±|^T2(X;x, θ, η)�z© êT2(1 − α)5�Eëêθ�2Â�

&«m. X: �T2(x;x, θ, η) = θ�, eT2(1− α)L«T2(X;x, θ, η)�1100(1− α)z© :,

KT2(1 − α)Ò�θ�2Â�&þ�, Ón��θ�2Â�&e�Ú2ÂV>�&�. �[?

Øë�TsuiÚWeerahandi (1989)ÚWeerahandi (1993).

§3. �.©Û

r�.(1.1)�¤Ý
/ª

y = Xβ + u, (3.1)

Ù¥y´MNT × 1��þ, X´MNT × k�Ý
, β´k × 1�ëê�þ, u´MNT × 1�Ø

��þ. r(1.2)�¤Ý
/ª�

u = Zµµ+ Zνν + ε,

Ù¥µ′ = (µ1, . . . , µM ), ν ′ = (ν11, . . . , ν1N , . . . , νNM ), ε′ = (ε111, . . . , ε11T , . . . , εMNT ),

Zµ = IM ⊗ 1N ⊗ 1T , Zν = IM ⊗ IN ⊗ 1T , ⊗´Kronecher¦È, 1N , 1TL«����1�N�

ÚT���þ.

3ù
b�e, Ø����
E(uu′)��¤

Ω = σ2µZµZ
′
µ + σ2νZνZ

′
ν + σ2εIMNT

= σ2µIM ⊗ JN ⊗ JT + σ2υ(IM ⊗ IN ⊗ JT ) + σ2εIMNT ,

Ù¥JN = 1N1′N , JT = 1T 1′TL«����1�N�ÚT��
. éΩ?1Ì©), N´�y

Ω = σ21Q1 + σ22Q2 + σ23Q3,

Ù¥σ21 = σ2ε , σ
2
2 = Tσ2υ + σ2ε , σ

2
3 = NTσ2µ + Tσ2ν + σ2ε , �A/, Q1 = IM ⊗ IN ⊗ET , Q2 =

IM ⊗EN ⊗JT , Q3 = IM ⊗JN ⊗JT . ùpJs = Js/s, Es = Is−Js. w,, λ1 = σ21, λ2 = σ22,

λ3 = σ23´Ω�ØÓA��, Ù­ê©O�MN(T − 1),M(N − 1),M . Q1, Q2, Q3´�p�

��é¡��
, Ú�ü 
 (=Q1 +Q2 +Q3 = I).

©O^Q1, Q2, Q3�¦��., duET 1T = 0, EN1N = 0, �k
y1 = Q1y = Q1Xβ +Q1u = Q1Xβ + u1,

y2 = Q2y = Q2Xβ +Q2u = Q2Xβ + u2,

y3 = Q3y = Q3Xβ +Q3u = Q3Xβ + u3,

(3.2)
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Ù¥Eui = QiEu = 0, Cov (ui) = σ2iQi, i = 1, 2, 3. b½(X ′QiX)−1þ�3, ù3¢S*ÿ

¥´éN´÷v�. 3(3.2)�f�.¥���β����¦�O�

β̂i = (X ′QiX)−1X ′Qiy, i = 1, 2, 3.

d���¦Ú�nØ�β̂i©O�þãn��.¥β��Z�5Ã �O, �

Cov (β̂i) = σ2i (X
′QiX)−1 = Σi(σ

2
i ), i = 1, 2, 3.

|^í��Oûi = Qiy −QiXβ̂i, i = 1, 2, 3, ��σ2iÃ �O

σ̂2i = S2
i =

û′iQ
−
i ûi
ni

=
y′(Qi −QiX(X ′QiX)−1X ′Qi)y

ni
,

Ù¥ni = rk(Qi)− k, �k

Vi =
niS

2
i

σ2i
∼ χ2

ni
, i = 1, 2, 3.

Ún 3.1 β̂1, β̂2, β̂3, S
2
1 , S

2
2 , S

2
3�pÕá.

β̂i, S
2
i©O�y��5.Ú�g., 
yÑlõ���©Ù. �â�t?�(2004)¥��

'(Ø�±y²Ún.

e¡ò|^ùp¼��`û�O5�E��©þ�°(u�Ú�&«m.

§4. ��©þ�°(u�Ú�&«m

ù�Ü©ò?Ø�.(1.1)¥��©þ�A«b�¯KÄu2Âp -�nØ�°(u�

Ú�&«m, ¿&?Ùk'5�. �!÷^§ 3¥ëê�O�(JÚPÒ.

Äk�Ä�.(1.1)¥���A�ü>b�u�¯K

H0 : σ2µ ≤ c0 ←→ H1 : σ2µ > c0, (4.1)

Ù¥c0��®��ê. Ps2i�S
2
i , i = 1, 2, 3�*ÿ�, ½Â

T1 =
n3S

2
3

σ23
− n3s

2
3

NTσ2µ + σ22s
2
2S
−2
2

= V3 −
n3s

2
3

NTσ2µ + n2s22V
−1
2

. (4.2)

w,, T1�*ÿ�t1 = 0���ëêÃ'; dS2
1 , S

2
2Õá�

V2 =
n2S

2
2

σ22
∼ χ2

n2
, V3 =

n3S
2
3

σ23
∼ χ2

n3
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�pÕá, �T1�©Ù�P{ëêÃ'; �dT1�L�ª��, T1'uσ
2
µ�ÅüNO. Ïd

éb�¯K(4.1), T1½Â
��2Âu�Cþ. |^T1�ÑXe2Âp -�

p1 = P(T1 ≥ 0|σ2µ = c0) = P
(
V3 ≥

n3s
2
3

NTc0 + n2s22V
−1
2

)
= 1− EV2

[
Fχ2

n3

( n3s
2
3

NTc0 + n2s22V
−1
2

)]
, (4.3)

Ù¥EV2L«éV2¦Ï", Fχ2
n3
L«gdÝ�n3�k�©Ù�©Ù¼ê.

�ÄºÝC�

(β, σ2, σ3) −→ (aβ, aσ2, aσ3)

(β̂, S2, S3) −→ (aβ̂, aS2, aS3)
(a > 0). (4.4)

�,2Âu�CþT13ºÝC�(4.4)e�±ØC, �b�u�¯K(4.1)��Ø´ºÝC�

(4.4)e�ØCu�¯K. �Ä���d�b�u�¯K

H0 :
σ2µ
s22

= λµ ≤ λ0 =
c0
s22
←→ H1 : λµ > λ0, (4.5)

ÏLXeºÝC�

(β, σ2, λµ) −→ (aβ, aσ2, λµ)

(β̂, S2, S3) −→ (aβ̂, aS2, aS3)
(a > 0), (4.6)

Kb�u�¯K(4.5)�ØCu�¯K, Ù2Âp -��L«�

p̃1 = 1− EV2

[
Fχ2

n3

( n3s
2
3s
−2
2

NTλ0 + n2V
−1
2

)]
. (4.7)

u´, éb�u�¯K(4.5), 3ºÝC�(4.6)e, Äu(4.7)¤½Â�2Âp -��u��{�

pØCu�.

e¡5�Eσ2µ�2Â�&«m, ½Â

T ∗1 =
1

NT

(σ23s23
S2
3

− σ22s
2
2

S2
2

)
=

1

NT

(n3s23
V3
− n2s

2
2

V2

)
.

w,, T ∗1�*ÿ��σ
2
µ, �P{ëêÃ', dV2 ∼ χ2

n2
, V3 ∼ χ2

n3
�pÕá�, T ∗1�©Ù�

��ëêÃ', Ï
T ∗1��2ÂÍ¶þ. |^T ∗1���σ
2
µ��&Y²�1 − α�2Â�&

e�Ú2Â�&þ�©O�T ∗1 (α)ÚT ∗1 (1− α). ùp, T ∗1 (α)ÚT ∗1 (1− α)©OL«T ∗1�αÚ

1− α© ê. éuσ2µ�2ÂØC�&«m�|^e¡�2ÂÍ¶þT̂
∗
1¼�

T̂ ∗1 =
1

NTs22

(σ23s23
S2
3

− σ22s
2
2

S2
2

)
.
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éu@�A9�ÅØ��A�ü>b�u�¯K

H0 : σ2υ ≤ c0 ←→ H1 : σ2υ > c0, (4.8)

H0 : σ2ε ≤ c0 ←→ H1 : σ2ε > c0, (4.9)

Ù¥c0��®��ê. aquu�¯K(4.1)½Â

T2 =
n2S

2
2

σ22
− n2s

2
2

Tσ2υ + σ21s
2
1S
−2
1

= V2 −
n2s

2
2

Tσ2υ + n1s21V
−1
1

,

T3 =
σ2εs

2
1

S2
1

− σ2ε =
n1s

2
1

V1
− σ2ε .

ùps2iL«S
2
i , i = 1, 2, 3�*ÿ�. Ó���yT2, T3�2Âu�Cþ. dd�©O��u

�¯K(4.8), (4.9)�2Âp -�O�ª

p2 = P(T2 ≥ t2|σ2υ = c0) = 1− EV1

[
Fχ2

n2

( n2s
2
2

Tc0 + n1s21V
−1
1

)]
,

p3 = P(T3 ≤ 0|σ2ε = c0) = 1− Fχ2
n1

(n1s21
c0

)
.

w,, p3�k�u�´�d�. éuσ2υ, σ2ε�2Â�&«m, aq�|^Xe2ÂÍ¶þ5

�E

T ∗2 =
1

T

(σ22s22
S2
2

− σ21s
2
1

S2
1

)
, T ∗3 =

σ21s
2
1

S2
1

.

éuºÝC�e�ØCu�ÚØC�&«m��E, aσ2µ��/, Ø2�ã.

��·�?Ø��©þ��5|Ü�ü>b�u�¯K

H0 : lσ2µ +mσ2υ + nσ2ε ≤ c0 ←→ H1 : lσ2µ +mσ2υ + nσ2ε > c0, (4.10)

Ù¥l,m, n ∈ R, c0���½�. (4.10)´Nõk¢S¿Â�b�u�¯K��L«/ª.

~X, �l = 1, m = −1, n = c0 = 0, �u��Ò´σ2µ ≤ σ2υ; XJ�l = m = 1, n = −1,

c0 = 0, �u��Ò´σ2µ + σ2υ ≤ σ2ε ; AO�, ©O�m = n = 0, l = 1½l = m = 0, n = 1,

(4.9)Ò8(�c¡?Ø�n«b�¯K. e¡é(4.10)ïá2Âp -�u�, ½Â

T4 =
[ l

NT

σ23s
2
3

S2
3

+
(m
T
− l

NT

)σ22s22
S2
2

+
(
n− m

T

)σ21s21
S2
1

]
− (lσ2µ +mσ2υ + nσ2ε)

=
[ l

NT

n3s
2
3

V3
+
(m
T
− l

NT

)n2s22
V2

+
(
n− m

T

)n1s21
V1

]
− (lσ2µ +mσ2υ + nσ2ε). (4.11)

Kk: T4�*ÿ�t4 = 0���ëêÃ';

Vi =
niS

2
i

σ2i
∼ χ2

ni
, i = 1, 2, 3
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�pÕá, �T4�©Ù�P{ëêÃ'; T4'ulσ
2
µ + mσ2υ + nσ2ε�ÅüN~, �T4��2

Âu�Cþ, ÄuT4�2Âp -��

p4 = P(T4 ≤ 0|lσ2µ +mσ2υ + nσ2ε = c0)

= P
( l

NT

n3s
2
3

V3
+
(m
T
− l

NT

)n2s22
V2

+
(
n− m

T

)n1s21
V1
≤ c0

)
= P

(
V3 ≥

l

NT
n3s

2
3

(
c0 −

(m
T
− l

NT

)n2s22
V2
−
(
n− m

T

)n1s21
V1

)−1)
= 1− EV1,V2

[
Fχ2

n3

( l

NT
n3s

2
3

(
c0 −

(m
T
− l

NT

)n2s22
V2
−
(
n− m

T

)n1s21
V1

)−1)]
.

��Elσ2µ +mσ2υ + nσ2ε��&«m, ½Â

T ∗4 =
l

NT

σ23s
2
3

S2
3

+
(m
T
− l

NT

)σ22s22
S2
2

+
(
n− m

T

)σ21s21
S2
1

. (4.12)

dþ¡©Û��T ∗4�©Ù���ëêÃ', T ∗4�*ÿ�t
∗
4 = lσ2µ + mσ2υ + nσ2ε�P{ëê

Ã', �T ∗4���2ÂÍ¶þ. dT ∗4© :��Elσ
2
µ + mσ2υ + nσ2ε�2Â�&«m. X

T ∗4 (1 − α)�T ∗4�1 − α© :, KT ∗4 (1 − α)���lσ2µ + mσ2υ + nσ2ε��&Y²�1 − α�
2Â�&þ�, 2Â�&e�ÚV>�&�aq��.

XJ�ÄºÝC�

(β, σ1, σ2, σ3) −→ (aβ, aσ1, aσ2, aσ3)

(β̂, S1, S2, S3) −→ (aβ̂, aS1, aS2, aS3)
(a > 0). (4.13)

3dºÝC�eu�¯K(4.10)��Ú2Âu�CþT4þu)
Cz, �Ä���d�b

�¯K

H0 :
lσ2µ +mσ2υ + nσ2ε

s21
= θ ≤ θ0 =

c0
s21
←→ H1 : θ > θ0. (4.14)

½Â

T̃4 = θ −
( l

NT

σ23s
2
3

s21S
2
3

+
(m
T
− l

NT

)σ22s22
s21S

2
2

+
(
n− m

T

)σ21
S2
1

)
,

��yT̃4��2Âu�Cþ, �A�2Âp -��

p̃4 = P(T̃4 ≥ t̃4|θ = θ0).

�Ä�AºÝC�

(σ1, σ2, σ3, θ) −→ (aσ1, aσ2, aσ3, θ)

(S1, S2, S3) −→ (aS1, aS2, aS3)
(a > 0). (4.15)

duT̃4Úu�¯K(4.14)3ºÝC�(4.15)eþ�±ØC, ¤±(4.14)ÄuT̃4�2Âp -�u

��ºÝC�(4.15)e�pØCu�.
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§5. �[(J

�Ü©�Ñ��©þ��/ª�b�u�¯K(4.10)�Ü©�[(J, Ø���5�

l = m = n = 1. �µi ∼ N(0, σ2µ), υij ∼ N(0, 1), εijt ∼ N(0, 0.1), ��M = 15, N = 10,

T = 5, �Äk�2 ∼ 4�, �O:�ÅÀ�, éÄu2Âu�Cþ(4.11)�2Âp -�ÚÄ

u(4.12)�2Â�&«m�CXÇ?1ê��[, (JXe¡üL¤«:

L1 ÄuT4�2Âp -�u��õ�(α = 0.05)

σ2µ

k c0 0.5 0.7 0.9 1.2 1.5 1.8

1.6 0.0565 0.2085 0.4110 0.6335 0.7975 0.8715

2 1.8 0.0155 0.0610 0.1550 0.3835 0.5825 0.7045

2.0 0.0075 0.0165 0.0555 0.2510 0.2750 0.3975

1.6 0.0521 0.2020 0.3765 0.6185 0.7500 0.8550

3 1.8 0.0195 0.0625 0.1655 0.3620 0.5520 0.6810

2.0 0.0012 0.0232 0.0520 0.2787 0.4660 0.6180

1.6 0.0595 0.1980 0.3745 0.5935 0.7340 0.8124

4 1.8 0.0195 0.0575 0.1630 0.3670 0.5753 0.6775

2.0 0.0115 0.0230 0.0480 0.1975 0.4145 0.5435

L2 ÄuT ∗4�2Â�&«m�CXÇ(α = 0.05)

σ2µ

k 0.5 0.7 0.9 1.2 1.5 1.8

2 0.9225 0.9325 0.9485 0.9610 0.9822 0.9840

3 0.9250 0.9220 0.9345 0.9675 0.9710 0.9800

4 0.9335 0.9405 0.9425 0.9765 0.9790 0.9830

L1�±wÑ�©�E�2Âp -�u�U�Ð/���1�a�Ø�VÇ, Ù¥y�

êâ��1�a�Ø�VÇ. õ���u�ëê�O¼ê�õ�O���n�. L2�±w

Ñ�©�E�2Â�&«m�¹ëê�VÇ31− αNCÅÄ. Ïd2Âp -��{^u)û

da¯Käk�½��15.
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Exact Tests of Variance Components in Nested Error

Component Regression Model

Zhao Jing2 Wang Songgui1 Wang Lei2

(1College of Applied Sciences, Beijing University of Technology, Beijing, 100022 )

(2Department of Mathematics and Information Science, Binzhou University, Binzhou, 256603 )

In this paper, some new exact tests and confidence intervals of variance components in nested error

component regression model with three random effects are developed by using generalized p-value and gen-

eralized confidence interval. Invariance of these tests and confidence intervals under scale transformation

is also discussed. It is showed that the generalized p-value is feasible and effective to resolve the hypothesis

testing problems with nuisance parameters. A simulation study is conducted to illustrate the powers of

these tests and coverage probabilities.

Keywords: Nested error component regression model, random effect, generalized p-value, general-

ized confidence interval, variance component.
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