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§1. Ú ó

1.1 &^��p�½d�.{0

&^ºx´7K1�¡��Ì�ºx��, XÛ+n&^ºxK´7K1��)û�

­�¯K. gþ�­VÊ�c�&^��p�(credit default swap)�)±5, du§�ã

�`:, CDSBé¯¤�+n&^ºx��«­��û)óä. �´, �X&^��p�½

|�:ì*Ü, �
��ggñØä�³3<�¡c, X{Ig��ÅÚî³Ì�ÅÖ�

Å, ¦<�@£�7Kû)¬3�<��5�B�Ó��%õ
ã��ºx, XD/ºx

�. Ïd, I�é7Kû)¬, AO´§�½d¯K?1�\[��ïÄ.

CDS�½dÌ�küa�{: �a´(�z�{, ,�a´�z�{. (�z�{é

úi�]�KÅ&Eï�, ò��w¤�«S)Cþ, TCþ�úi�]�k'. �z�{

K@���´	)Cþ, ´Ø�ý��, ^��	)�aL§5�x��¯�, ����Ò

´aL§u)1�ga���. ,
, duúi�]�d�Ï~´éJ(½�, ¤±, �'

(�z�.5`, �z�.3ý¢½|¥�k^. �©Ì�^�z�.ïÄCDS�½d¯

K.

é��rÝ?1ï�, Ú\���	)Å�, @���´d��rÝL§û½�

�Å¯�. JarrowÚTurnbull (1995), DuffieÚ Singleton (1999)�Ñ
�A�(Ø, �5

∗I[g,�ÆÄ7(11271259)!êÆU�Ä7(11326170)!¥IÆ¬�Ä71551¡þ]Ï(2014M551297)Úþ°

½���ïM#�8(13YZ125)]Ï.
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Lando (1998)ò�.í2�CoxL§�/. ,	, Duffie, PanÚSingleton (2000)3þã�.

�Ä:þïá
a*Ñ��rÝ�.. �©@���rÝ´���ÅL§λ = {λt}t≥0 =

{λ(Xt)}t≥0, ���m½Â�

τ = inf
{
t :

∫ t

0
λsds ≥ E

}
, (1.1)

Ù¥E�ü �ê�ÅCþ, K^���VÇ�

P[τ ≤ t|{Xs}{0≤s≤t}] = 1− exp
(
−
∫ t

0
λsds

)
, (1.2)

Ù¥X = {Xs : 0 ≤ t ≤ T}L«G�Cþ. TL«�ÏF.

1.2 ©ê�Vasicek|Ç�.

©ê�ÙK$Ä�@dKolmogorov3Hilbert�m¥½ÂÚïÄ, ¿·¶�WienerÚ

�. du©ê�ÙK$Ääkg�q5, �Ï�65�A5, 
7K½|¥�Nõy�L

yÑ,«§Ý�g�q5Ú�Ï�65, Ïd©ê�ÙK$Äg,B¤�ïÄ7K¯K

����~k^�óä. ,
�Hurst�êH 6= 1/2�, ©ê�ÙK$ÄQØ´ê��ÅL

§, �Ø´��, ¤±, ·�ØU^DÚ��ÅÈ©nØ?1ï�. Lin (1995)uÐ
©ê

�ÙK$Ä´»�6È©nØ, �Rogers (1997)uy^ù«È©nØïá�7K½|êÆ

�.�3@|Å¬. �5, HuÚØKsendal (2003)3Duncan, HuÚPasik-Duncan (2000)0

��±WickÈ�Ä:�©ê�ÙK$Ä�Ä:þ, ÏL©ê�xDÑ©Û?�ÚuÐ


H > 1/2��È©nØ, ¿ÄudÈ©nØïá
7K½|êÆ�., U
y²
éA�7

K½|´Ã@|����, ùÒ�Ù37K+��A^ïá
j¢�nØÄ:. �©��

ÄHurst�êH ∈ (1/2, 1)��/. ·�Ø\y²/�ÑXe½ÂÚ½n, �[�¹�ë�

HuÚØKsendal (2003).

½Â 1.1 �f : R → R´�ÿ�. XJ|f |2φ =

∫
R

∫
R
f(s)f(t)φ(s, t)dsdt < ∞, @o

·�¡f ∈ L2
φ(R), Ù¥φ(s, t) = H(2H − 1)|t− s|2H−2, ∀ t, s ∈ R.

½Â 1.2 ([^�Ï") �G =
∞∑
n=0

∫
Rn
gn(s)dB⊗nH ∈ G∗, G∗�D�8BÿÀ��

Å©Ù�m, KG'uFHt = σ(BH(t), 0 ≤ s ≤ t)6�[^�Ï"½Â�

Et[G] := E[G|FHt ] =
∞∑
n=0

∫
Rn
gn(s)χ{0≤s≤t}dB

⊗n
H , (1.3)

Ù¥χ{0≤s≤t} =


1 0 ≤ s ≤ t

−1 t ≤ s ≤ 0

0 Ù§

. �
{üå�, ·�òÙP�χ[0,t].
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½Â 1.3 ([�) e�ÅL§{M(t, ω)}t≥0´'u6�FHt ·A�, XJé?¿�t,

M(t) ∈ G∗, ÷vEs[M(t)] = M(s), ∀ t ≥ s, K·�¡{M(t, ω)}t≥0�[�.

½Â 1.4 (©ê�ÙK$Ä) �(Ω,F ,P)´��VÇ�m, H ∈ (0, 1)´��~ê,

äkHurstëê�H�©ê�ÙK$Ä���ëY�pdL§BH = {BH(t) : t ≥ 0} =

{BH(t, ω) : t ≥ 0, ω ∈ Ω}, �÷v:

(i) BH(0) = E(BH(t)) = 0, (t > 0);

(ii) E[(BH(t)BH(s)] = (t2H − s2H − |t− s|2H)/2.

d½Â1.3Ú1.4·�ØJy²kXe½n:

½n 1.1 Xe(Ø¤á

(1) BH(t)´[�;

(2) �f ∈ L2
φ(R), Kε(t) := exp

(∫ t

0
f(s)dBH(s)− |f(s)χ{0≤s≤t}|2φ

/
2
)
´[�;

(3) �f ∈ L1,2
φ (R), KX(t) =

∫ t

0
f(s, ω)dBH(s)´[�.

|Çé7Kû)¬�½dk­�K�, cÙ32Ä|Ç�O�½|Ç�, ù«K�?

�Ú\�. l�mþw, |Ç�äk©ê�ÙK$Ä�A:, Ïd, �±¦^©ê�ÙK$

Ä5£ã|ÇCzL§. �C, �©r, >�,Úo�÷(2012)ïÄ
©ê�Vasicek|Ç�

.e�îªÏ�½d¯K. ·�æ^¦��ÎÒ, �ÄXe©ê�Vasicek|Ç�.:

drs = a(b− rs)ds+ σdBH(s), (1.4)

Ù¥{BH(s) : s ≥ 0}´©ê�ÙK$Ä, ^5�x½|ºx, σ´IO�, ^5�x�ÅÅ

ÄÇ���, ëêb¡�|Ç��Ï²þY², ëêaL«¡E�Ý, Ù�^´��X|Çrt

l l�Ï²þY²b��q£8�b�¯ú. §kXe/ª�):

rs = b+ (r0 − b)e−as + σe−as
∫ s

0
eatdBH(t), (1.5)

Ù¥r0L«Ú�|ÇÐ�(0���). úªmà��ÅCþ

∫ s

0
eatdBH(t)Ñl��©Ù, þ

��0,���|eatχ{0≤t≤s}|2φ,Ïd, rs´þ��b+(r0−b)e−as,���σ2e−2as|eatχ{0≤t≤s}|2φ
����ÅCþ.

3ºx+nÚû)¬½d¥, �Å|Ç3Ãºx"EÅ �ïÄ¥åX�~­���

^, �
{zúª, ·�b�Ãºx"EÅ �¡��1{�. e¡�Ãºx"EÅ �d

�úª5g�©r, >�,Úo�÷(2012).

½n 1.2 ±P (t, T )L«�ÏF�T�Ãºx"EÅ 3t���d�, b�Ãºx

"EÅ �¡��1{�, ½||Ç÷v©ê�Vasicek|Ç�., ½|ºxd��λ, KÃ

ºx"EÅ �d�úª�

P (t, T ) = e−rtB(t,T )+A(t,T ), (1.6)
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Ù¥

A(t, T ) =
(
b− λ

a
σ
)
B(t, T ) +Hσ2

∫ T

t
s(2H−1)B2(s, T )ds−

(
b− λ

a
σ
)

(T − t),

B(t, T ) =
1

a
(1− e−a(T−t)).

§2. ºxÅ �½d

DavisÚLo (2001)JÑ
D/�., é��rÝï�. ���úi���, Ù�'úi

���rÝ¬ka�, ù´®k�(��.¤ØU)º�. �5, JarrowÚYu (2001)|^

ù«D/�.5�x�´éÃm�ºx,JÑ
�) –m)�.Ú�/���.,¿3½|

|Ç´Vasicek|Ç��¹eéÅ ÚCDS?1
½d. �C, HaoÚYe (2011a, 2011b)?�

Úb�½||ÇÑla*ÑL§, ��´éÃ�D/kP~�A�, �Ñ
Å ÚCDS�

d�. �e5, ·�ò3®kïÄ¤J�Ä:þ?Ø©ê�Vasicek|ÇeÅ ÚCDS�½

d¯K.

·���Äü�úi��¹, 3�) –m)�.e, Ø����)úiAÚm)úiB,

JarrowÚYu (2001)b��)úi�����÷*G�Cþk', ��rÝXe

λAt = a1 + a2rt, (2.1)

m)úiB����6�)úiÚ÷*G�Cþ, ��rÝXe

λBt = b1 + +b2rt + b31{τA≤t}, (2.2)

Ù¥a1, a2, b1, b2��ê, 1{τA≤t}L««5¼ê, b3�¦�λ
A
t , λBt �u0�¢ê. �
¦Ñº

xÅ �d�, ·�Ø\y²/�ÑXeÚn, ���ë�JarrowÚYu (2001).

Ún 2.1 b�úiiu1¡��1{�, �ÏF�T�"EÅ , Å U¡�£Â, £

ÂÇ�β, ���m�τ i, ��rÝ�λit, Ãºx|Ç�rt, Kºx"EÅ d��

V i(t, T ) = βiP (t, T ) + (1− βi)Et
[

exp
(
−
∫ T

t
(rs + λis)ds

)]
, t ≤ T. (2.3)

·�b�½|áÏ|Çrt´���÷*G�Cþ. ·��Äü�úi��¹, úiA!

B©Ou1¡��1{�!�ÏF�T�"EÅ , Å U¡�£Â. �{üå�, b�Å 

�£ÂÇ�0, ���m©O�τA, τB, ��rÝ�λAt , λBt . ·�Äk5í��) –m)�

��.eºx"EÅ �½dúª, kXe½n.

½n 2.1 b�½||Ç÷v©ê�Vasicek�., úiA!B���rÝλAt!λBt ÷

v(2.1)Ú(2.2), XJ�t����, úiA!Bþ���, KúiAu1�Å 3t���d�
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�

V A(t, T ) = exp
(
−a1(T−t)−(1+a2)α(t, T )+

1

2
|f1(s, T )χ[0,T ]|2φ−

1

2
|f1(s, T )χ[0,t]|2φ

)
, (2.4)

úiBu1�Å 3t���d��

V B(t, T )

= e−(b1+b3)(T−t)−(b2+1)α(t,T )+(|f2(s,T )χ[0,T ]|2φ−|f2(s,T )χ[0,t]|2φ)/2 + b3e
−(b1+b3)(T−t)

×
∫ T

t
e−(a1−b3)s+β(t,s,T )+(|f2(s,T )χ[0,T ]|2φ−|f2(s,T )χ[0,s]|2φ+|g(u,s,T )χ[0,s]|2φ−|g(u,s,T )χ[0,t]|2φ)/2ds,

(2.5)

Ù¥

α(t, T ) = b(T − t) +
(b− r0)

a
(e−aT − e−at), β(t, s, T ) = −(b2 + 1)α(t, T )− a2α(t, s),

f1(s, T ) = −(1 + a2)
σ

a
(1− e−a(T−s)), f2(s, T ) = −(1 + b2)

σ

a
(1− e−a(T−s)),

g(u, s, T ) = (1 + b2)
σ

a
(1− e−a(T−u))− a2

σ

a
(1− e−a(s−u)).

y²: -Rt,T =

∫ T

t
rsds,dub�β�0,dÚn2.1�úiAu1����Å 3t�

��d��

V A(t, T ) = Et
[

exp
(
−
∫ T

t
(rs + λAs )ds

)]
= e−a1(T−t)Et

[
exp

(
− (a2 + 1)

∫ T

t
rsds

)]
= e−a1(T−t)Et[exp(−(a2 + 1)Rt,T )],

úiBu1����Å 3t���d��

V B(t, T ) = Et
[

exp
(
−
∫ T

t
(rs + λBs )ds

)]
= e−b1(T−t)Et[exp(−(b2 + 1)Rt,T − b3(T − τA)1{τA≤T})]

= e−b1(T−t)Et[exp(−(b2 + 1)Rt,T )Et[e
−b3(T−τA)1{τA≤T} ]].

dúª(1.2)��

Et[e
−b3(T−τA)1{τA≤T} ] =

(∫ T

t
+

∫ ∞
T

)
e−b3(T−s)1{s≤T}d(1− e−a1(s−t)−a2Rt,s)

=

∫ T

t
e−b3(T−s)d(1−e−a1(s−t)−a2Rt,s)+

∫ ∞
T

1d(1−e−a1(s−t)−a2Rt,s)

= e−b3(T−t) + b3

∫ T

t
e−a1(s−t)−b3(T−s)−a2Rt,sds

= e−b3(T−t)
(

1 + b3

∫ T

t
e−(a1−b3)(s−t)−a2Rt,sds

)
,
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¤±

V B(t, T ) = e−(b1+b3)(T−t)
(
Et[e

−(1+b2)Rt,T ] + b3

∫ T

t
e−(a1−b3)sEt[e

−(1+b2)Rt,T−a2Rt,s ]ds
)
.

*	V A(t, T )ÚV B(t, T )�L�ª, ·��±wÑ, '�´¦Ñúª¥�[^�Ï". dú

ª(1.5)�

Rt,T =

∫ T

t
(b+ (r0 − b)e−as)ds+

∫ T

t
σe−as

∫ s

0
eatdBH(t)ds

= α(t, T ) +
σ

a

∫ T

t
(1− e−a(T−s))dBH(s),

�\Et[e
−(1+a2)Rt,T ], ¿|^½n1.1¥�(2)Ú[��½Â�

Et[e
−(1+a2)Rt,T ]

= Et
[
e−(1+a2)α(t,T )−(1+a2)(σ/a)

∫ T
t (1−e−a(T−s))dBH(s)

]
= e−(1+a2)α(t,T )+(1+a2)(σ/a)

∫ t
0 (1−e

−a(T−s))dBH(s)

·Et
[
e−(1+a2)(σ/a)

∫ T
0 (1−e−a(T−s))dBH(s)

]
= e−(1+a2)α(t,T )+(|f1(s,T )χ[0,T ]|2φ−|f1(s,T )χ[0,t]|2φ)/2.

þª¥

Et
[
e−(1+a2)(σ/a)

∫ T
0 (1−e−a(T−s))dBH(s)

]
= Et

[
e
∫ T
0 f1(s,T )dBH(s)

]
= e|f1(s,T )χ[0,T ]|2φ/2Et

[
e
∫ T
0 f1(s,T )dBH(s)−|f1(s,T )χ[0,T ]|2φ/2

]
= e(|f1(s,T )χ[0,T ]|2φ−|f1(s,T )χ[0,t]|2φ)/2+

∫ t
0 f1(s,T )dBH(s).

Ón

Et[e
−(1+b2)Rt,T ] = e−(1+b2)α(t,T )+(|f2(s,T )χ[0,T ]|2φ−|f2(s,T )χ[0,t]|2φ)/2.

�A/

Et[e
−(1+b2)Rt,T−a2Rt,s ]

= Et
[
e−(1+b2)(α(t,T )+(σ/a)

∫ T
t (1−e−a(T−u))dBH(u))

· e−a2(α(t,s)+(σ/a)
∫ s
t (1−e

−a(s−u))dBH(u))
]

= eβ(t,s,T )e(1+b2)(σ/a)
∫ t
0 (1−e

−a(T−u))dBH(u)+a2(σ/a)
∫ t
0 (1−e

−a(s−u))dBH(u)

·Et
[
e−(1+b2)(σ/a)

∫ T
0 (1−e−a(T−u))dBH(u)e−a2(σ/a)

∫ s
0 (1−e

−a(s−u))dBH(u)
]
.
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þª¥

Et
[
e−(1+b2)(σ/a)

∫ T
0 (1−e−a(T−u))dBH(u) · e−a2(σ/a)

∫ s
0 (1−e

−a(s−u))dBH(u)
]

= Et
[
e(1+b2)(σ/a)

∫ s
0 (1−e

−a(T−u))dBH(u)−a2(σ/a)
∫ s
0 (1−e

−a(s−u))dBH(u)

·Es
[
e−(b2+1)(σ/a)

∫ T
s (1−e−a(T−u))dBH(u)

]]
= Et

[
e(1+b2)(σ/a)

∫ s
0 (1−e

−a(T−u))dBH(u)−a2(σ/a)
∫ s
0 (1−e

−a(s−u))dBH(u)

· e(|f2(s,T )χ[0,T ]|2φ−|f2(s,T )χ[0,s]|2φ)/2
]
.

Ù¥

Et
[
e(1+b2)(σ/a)

∫ s
0 (1−e

−a(T−u))dBH(u)−a2(σ/a)
∫ s
0 (1−e

−a(s−u))dBH(u)
]

=: Et
[
e
∫ s
0 g(u,s,T )dBH(u)

]
= e(|g(u,s,T )χ[0,t]|2φ−|g(u,s,T )χ[0,t]|2φ)/2e

∫ t
0 g(u,s,T )dBH(u).

¤±

Et[e
−(1+b2)Rt,T−a2Rt,s ]

= eβ(t,s,T )+(|f2(s,T )χ[0,T ]|2φ−|f2(s,T )χ[0,s]|2φ)/2

· e−(1+b2)(σ/a)
∫ t
0 (1−e

−a(T−u))dBH(u)+a2(σ/a)
∫ t
0 (1−e

−a(s−u))dBH(u)

·Et
[
e(1+b2)(σ/a)

∫ s
0 (1−e

−a(T−u))dBH(u)−a2(σ/a)
∫ s
0 (1−e

−a(s−u))dBH(u)
]

= eβ(t,s,T )+(|f2(s,T )χ[0,T ]|2φ−|f2(s,T )χ[0,s]|2φ+|g(u,s,T )χ[0,s]|2φ−|g(u,s,T )χ[0,t]|2φ)/2.

ò±þn�Ï"��\V A(t, T ), V B(t, T )=�(Ø. �

§3. ���|Ç�'�CDS�½d

b�úiC±kúiAu1�"EÅ , Å �ÏF�T . �
=£ºx, úiC�ú

iB\¾�°�ÏF�T1 (T1 < T )�ÜÓ, Ø�@�úiB´�xúi. ÜÓ5½úiC�

úiB½Ï�B�¤, ��úiA3T1cu)��, úiBÖ�dúiA�����úiC

���. �!b���Ñ�÷*G�Cþ�', CDS�ï�úiCØu)��, Å �u1

úiAÚCDS�ñ��xúiB�Uu)��. b�úiAu1�Å ¡��1{�, £Â

Ç�0. úiC�úiB½Ï���¤�c, eúiAu)��, úiB�G�úiC 1{�,

eúiAØ��, úiB�G�úiC 0{�. dÃ@|�n, úiC�úiB½Ï���¤

30���d��uúiAu)���úiB�úiC��G30���d�, dd·��±

��CDS�d�Xe

c =
E
[
1{τA<T1}e

−
∫ T1
0 rudu1{τB>T1}

]
E
[ ∫ T1

0
e−

∫ s
0 rududs

] . (3.1)
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½n 3.1 b�½||ÇÑl©ê�Vasicek|Ç�., úiAÚúiB���rÝ�

λAt = a1 + a2rt, λBt = b1 + b2rt + b31{τA≤t}.

XJ�t��úiAÚúiBvku)��¯�, KCDS�p�Ç�

c =
V B(0, T1)− e−(a1+b1)T1−(1+a1+b1)α(0,T )+|g(u,s,T1)χ[0,T1]

|2φ/2∫ T1

0
P (0, s)ds

, (3.2)

Ù¥

V B(0, T1) = e−(b1+b3)T1−(b2+1)α(0,T1)+|f(s,T1)χ[0,T1]
|2φ/2 + b3e

−(b1+b3)T1

×
∫ T1

t
e−(a1−b3)s+β(0,s,T1)+(|f2(s,T1)χ[0,T1]

|2φ+|g(u,s,T1)χ[0,T1]
|2φ)/2ds.

y²:

c =
E
[
1{τA<T1}e

−
∫ T1
0 rudu1{τB>T1}

]
E
[ ∫ T1

0
e−

∫ s
0 rududs

]
=

E
[
1{τB>T1}e

−
∫ T1
0 rudu

]
− E

[
1{τB>T1}1{τA>T1}e

−
∫ T1
0 rudu

]
E
[ ∫ T1

0
e−

∫ s
0 rududs

]
=

E
[
e−

∫ T1
0 ruduE[1{τB>T1}|Ft ∨ F

r
T∗]
]
− E

[
1{τB>T1}1{τA>T1}e

−
∫ T1
0 rudu

]∫ T1

0
E
[
e−

∫ s
0 rudu

]
ds

=
V B(0, T1)− E

[
E[1{τB>T1}|Ft ∨ F

r
T∗]1{τA>T1}e

−
∫ T1
0 rudu

]∫ T1

0
E
[
e−

∫ s
0 rudu

]
ds

=
V B(0, T1)− E

[
e−

∫ T1
0 (ru+λBu )du

]∫ T1

0
P (0, s)ds

=
V B(0, T1)− E

[
1{τA>T1}e

−b1T1−(1+b2)R0,T1
−b3T11{τA<T1}

]∫ T1

0
P (0, s)ds

=
V B(0, T1)− e−(a1+b1)T1−(1+a1+b1)α(0,T )+|g(u,s,T1)χ[0,T1]

|2φ/2∫ T1

0
P (0, s)ds

,

Ù¥V B(0, T1), P (0, s)©Od½n2.1Ú½n1.2��. �
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§4. o (

�©3�) –m)�.e�Ä
CDS�½d¯K, ��
�A�(Ø. ¢Sþ, úiA

ÚúiBk��ºx�, ¦����rÝ�Uko«�¹, ·��í�
úiA´�)ú

i, úiB´m)úi��/, éuúiA´m)úi, úiB´�)úiÚúiA, B��

�´^�Õá��/, ·��±^©¥aq�í�L§�Ñ�A�ºxÅ ÚCDS�d�.
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Pricing CDS under Fractional Vasicek Interest Rate Model
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In this paper, the pricing problem of CDS with the interest rate risk and contagious risk is investigated.

The interest rate satisfies the fractional Vasicek interest rate model. We model the firm’s default intensity.

We derive the pricing formula of risky bonds when the default is correlated with interest rate and get the

price of CDS.

Keywords: Fractional Vasicek interest rate model, risky bonds, contagious model, pricing CDS.
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