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Á �

Ø¼ê�{®²�¤õ�^u�«¼ê��O. �©|^Ø¼ê�g�, �é"�êâE¤yk

�¤©êâÚO�{��ÚkC�WÖ{(KNNI)3|^"�êâ�k�C��O"�êâ�vk�Ä

�§��gØÓ��z, JÑ
�«ÄuEpanechnikov�gØ�¤©êâ"��WÖ{(EKI)ÚéÙ

?1?���EpanechnikovØ¤©êâ"��WÖ{(MEKI). ¢�(JL², Äu?��Epanech-

nikov�gØ�¤©êâ"��WÖ{'kC�WÖ{U
����O(��O.

'�c: ¤©êâ, "��WÖ, kC�WÖ{, Epanechikov�gØ, Aitchisonål.

Æ�©aÒ: O212.1.

§1. Ú ó

¤©êâ�Vg�@5guFerrers (1866), ÷v

SD =
{
x = (x1, x2, . . . , xD);xi > 0, i = 1, 2, . . . , D,

D∑
i=1

xi = c
}

(1.1)

��m¡��D�¤©êâ�m, ùpc´?¿~ê, SD¥���´D�1�þ. 3���

?Ø¥, �©�c = 1. �ÊÏêâ'�, ¤©êâ÷v½Ú��, Ïd, òDÚ�ÚO�{

��A^u¤©êâò¬��ØÜn�(Ø. éd, Aitchison (1986)�Ö¥�Ø%g�Ò

´é¤©êâ�éê'C�, ò¤©êâN��îAp��m¥, l
¦�²;�ÚO�

{�±·^uC���êâ©Û. ��Egozcue�(2003)JÑ
�åéê'C�?1�A�

ïÄ. �©æ^�åéê'C�, Ï��åC��y
C�cü|¤©êâ�Aitchisonå

l�uC��ü|êâ�îªål, ù�±�O�þ�5é���B.

e¡�Ñ�©¤�9���
�'VgÚ5�.

½Â 1.1 (Egozcue�, 2003, �åéê'C�) �x = (x1, x2, . . . , xD) ∈ SD´��
D�¤©êâ, -

zi =

√
D − i

D − i+ 1
ln

D−i

√
D∏

l=i+1

xl

xi
, i = 1, . . . , D − 1. (1.2)

∗I[g,�ÆÄ7­:�8(71031006)!I[�cÄ7�8(41101440)!ìÜ���e;��8(20120301)ÚI[g

,�ÆÄ7�8(81173366)]Ï.
?ÏÕ�ö, E-mail: zhangxiaoqin@sxu.edu.cn.

�©2013c11�18FÂ�, 2014c7�1FÂ�?Uv.
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úª(1.2)rD�¤©êâxC��D − 1��þz = (z1, z2, . . . , zD−1), ù�C�¡�“�å

éê'C�”, P�z = ilr(x).

½Â 1.2 (Egozcue�, 2003, Aitchisonål) �x = (x1, x2, . . . , xD), y = (y1, y2, . . .,

yD) ∈ SD, ÙAitchisonål½Â�

dA(x,y) =

√
1

D

D−1∑
i=1

D∑
j=i+1

(
ln
xi
xj
− ln

yi
yj

)2
. (1.3)

�±y²:

(1) é∀x,y ∈ SD, kdA(x,y) = dE(ilr(x), ilr(y)), Ù¥dE(·, ·)´�îªål.

(2) é∀ a, b ∈ R, x,y ∈ SD, ax = (ax1, ax2, . . . , axD), by = (by1, by2, . . . , byD),

kdA(x,y) = dA(ax, by).

l½Â�±wÑ, e¤©êâ¥�¹"��, òØU�éê'C�, ?
K�?�Ú

�êâ©Û. éuÊÏ�êâ, ~^�"��WÖ{�©�ü�WÖ{Úõ­WÖ{, Ù

¥ü�WÖ{�)þ�WÖ{, £8WÖ{, EM�{�, õ­WÖ{�)£8ýÿ�{

(regression predict method), ���©{(propensity score method), �Akâ�ê¼ó�

{(MCMC). 4+�(2004), 7]?Ú
�(2009)�[0�
��~^�"�êâ?n�{

9Ù`":. �´du¤©êâ÷v�K½Ú�5�, ¤±¤©êâ�"�êâ��K�

�', ùÒ��
���WÖ�{Ø2·^. éu¤©êâ�"��WÖ, Hron�(2010)

JÑ�«�é¤©êâ�kC�"��WÖ{ÚÄukC��S�£8�"��WÖ{, T

�{Äk^kC�WÖ{��"�êâ���Ð©WÖ�, 2^�«S�£8���ª�

WÖ�; �w(2012)òõ­�Ö{A^�
¤©êâ¥, T�{Äké¤©êâ�éê'C

�����©Ù, ,�^õ­�Ö{é"�êâ?1WÖ, ��^éê'C��_C��

�¤©êâ�"��O�; ����(2011), Qin�(2007)JÑ
|^�ëê�{é"�ê

â?1�O. É��²�(2004), �((2009), �¥u(2010)¥J���ëê�Ý�O�{

ÚHron�(2010), Û��(2009)¥�kC�ýÿ�{�éu, ¿��Ä�kC�WÖ{3|

^"�êâ�k�C��O"�êâ�vk«O§��gØÓ��z, �©JÑ�«Äu

Epanechnikov�gØ�¤©êâ"��WÖ{. ¢�y², T�{U
��'KNNWÖ{

��O(��O, ��{þ�'õ­�Ö{{ü.

�©�(�SüXe: 12!©O0�
n«¤©êâ�"��WÖ{: kC�WÖ{,

ÄuEpanechnikov�gØ�"��WÖ{Ú?��ÄuEpanechnikov�gØ�¤©êâ

"��WÖ{; 13!Ú14!©OÏL�[¢�Ú¢y©Ûén«�{�
'�; 15!é

�©�ó��
��o(.

§2. ÄuEpanechnikov�gØ�"��WÖ{

�X = (xi,j)n×D, i = 1, 2, . . . , n; j = 1, 2, . . . , D´¤©êâ���*ÿÝ
, X�z
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�1éAu��*ÿ, ´��¤©êâ, ¤±z�1�1ÚÑ�1, z��éAu��¤

©�*ÿ. δ = (δi,j)n×D´�XéA��«Ý
, Ù¥δi,j = 1L«xi,jäk*ÿ, δi,j = 0

L«xi,j´"��. �?Ø�B, b�·�®²é*ÿÝ
��?1
N�, ¦�¹"�

���3cs(1, 2, . . . , s)�, Ø¹"����3�D − s (=s + 1, s + 2, . . . , D)�. PX =

(Xm,Xo), Ù¥Xo´n× (D − s)�Ý
�Ø¹"��, ´dX�¤kØ¹"���¤©�

¤�Ý
, Xm´n×s�Ý
�z���k��"��,´dX�¤k¹"���¤©�¤

�Ý
. �A�Pxoi = (xi,s+1, xi,s+2, . . . , xi,D), i = 1, 2, . . . , n�xi3�D − s� �þ�
*ÿ�. duêâ¹k"��Ã{°(�O������"�êâ�ål, 3O����

"�êâ�ål��^����D − s�êâ, Ï�¤k���3�D − s�Ñ¹k*ÿ�,

�9�ål�O�, �©Ñæ^Aitchisonål(�úª(1.3)). �δi,j = 0, j = 1, 2, . . . , s�,

éA�xi,jvk*ÿ, �!���ó�Ò´édxi,j?1WÖ.

2.1 kC�WÖ{(KNNI)

kC�WÖ{�g�´(½"�êâ�k��C�, ^ùk��C�3"�êâ�AC

þ����þ���"�êâ��O. �©/ÏkC�WÖ{�g�é¤©êâ*ÿÝ


X¥�"�êâ?1WÖ, äNÚ½Xe:

(1) éXo�C�¦�¤�¤©êâX
∗
o : Xo →X∗o = (x∗i,j)n×(D−s), Ù¥

x∗i,j =
xi,j
D∑

j=s+1
xi,j

, j = s+ 1, s+ 2, . . . , D, i = 1, 2, . . . , n.

ù�X∗oz1ÚÑ�1, z�x∗i = (x∗i,s+1, x
∗
i,s+2, . . . , x

∗
i,D), i = 1, 2, . . . , n´��¤©êâ.

(2) �δi,j = 0 (j = 1, 2, . . . , s)�, O�X∗o¥1m (m = 1, 2, . . . , i− 1, i+ 1, . . . , n)1�

1i1�AitchisonåldA(x∗i ,x
∗
m) (�úª(1.3)), é�x∗i�k��C�, P�x∗i[1],x

∗
i[2], . . .,

x∗i[k]. òx
∗
i�k��C�P�Nk(x

∗
i ), =Nk(x

∗
i ) = {x∗i[1],x

∗
i[2], . . . ,x

∗
i[k]}. ,�^x

∗
i�k��

C�¤3�1éA�1j�êâ(�éAu�5êâ
X¥�1j�)�þ���xi,j�WÖ

�x′i,j , =

x′i,j = Ave(xl,j |x∗l ∈ Nk(x
∗
i )) =

1

k

k∑
l=1

xi[l],j .

(3) �¤k�"�êâÑ®²?1WÖ�, éz�WÖ�x′i,j?1N�, ¦z1Ñ÷v

½Ú��. N�úª�

x̂i,j =
x′i,j∑

j∈{j|δi,j=0}
x′i,j

(
1−

D∑
j=1

δi,jxi,j

)
. (2.1)
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2.2 ÄuEpanechnikov�gØ�¤©êâ"��WÖ{(EKI)

kC�WÖ{U
éÐ�é"�êâ?1WÖ, �§Ù¢´ò�Ó���D�
"�

êâ�k�C�, ¿vk�ÄØÓ���é"�êâ��z, |^Ø¼ê�{�±�Öù«

Øv. Ø¼ê�{�±�â��l"�êâ�ålòØÓ���D���. Ø¼ê�{®

�¤õ�^u¼ê�O�¯K, ùp·�|^Ø¼ê�g�é¤©êâ�"�êâ?1W

Ö, �©ÀJEpanechnikov�gØ, Ï�§´�«~^�ÛÜØ¼ê, ö�N´, ¿�3¼

ê�O�¡��
éÐ�A^. e¡ò�[0�Epanechnikov�gØ�O.

2.2.1 ÄuEpanechnikov�gØ��O

�½êâ(x1, y1), (x2, y2), . . . , (xn, yn), Ù¥xi ∈ Rn´gCþ, yi ∈ R´�ACþ. �

�Ñ#�êâx0, Epanechnikov�gØ�O�{(��²�, 2004)Jø
�«XÛ�â�

½êâýÿy0��{, y0�ýÿ�P�f̂(x0).

f̂(x0)�Nadaraya-WatsonØ\�²þ�O´

f̂(x0) =

n∑
i=1

Kλ(x0,xi)yi

n∑
i=1

Kλ(x0,xi)

=̂
n∑
i=1

βiyi, (2.2)

Ù¥

βi =
Kλ(x0,xi)
n∑
i=1

Kλ(x0,xi)

(i = 1, 2, . . . , n),

Kλ(x0,x) = D
(‖x− x0‖
hλ(x0)

)
, (2.3)

D(t) =


3

4
(1− t2), |t| 6 1;

0, Ù¦.
(2.4)

(2.3)Ú(2.4)ª�¡�Epanechnikov�gØ. (2.3)ª¥�λ´1wëê, hλ(x0)´��I

°¼ê, §(½x0���°Ý. òxi (i = 1, 2, . . . , n)�x0�åll���üS, òü31l

 �IP�x[l], Kéuk�C��, λ = k, hλ(x0) = ‖x0 − x[k]‖. ØÓukC�WÖ{, ù

��±r�Ù�8I:x0�ål²wP~��D���¥�:, 
Ø´ò�Ó��D�+

�¥�¤k�:. βi�±w�´xi3�Of̂(x0)����.

2.2.2 ÄuEpanechnikov�gØ�¤©êâ"��WÖ{

�!ò|^ÄuEpanechnikov�gØ�O�g�é¤©êâ"��?1WÖ. é¤©

êâ�IPÓ2.1!��. äNÚ½Xe:
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(1) Ó¤©êâ�kC�WÖ�{¥�1(1)Ú;

(2) �δi,j = 0 (j = 1, 2, . . . , s)�, éxi,j?1WÖ. O�Ð©WÖ�x′i,j , �

x′i,j =

n∑
l=1

δl,jKλ(x∗i ,x
∗
l )xl,j

n∑
l=1

δl,jKλ(x∗i ,x
∗
l )

=̂
n∑
l=1

βlxl,j . (2.5)

3|^(2.3)ª�, ‖x∗i ,x∗l ‖ = dA(x∗i ,x
∗
l ). βl = δl,jKλ(x∗i ,x

∗
l )
/ n∑
l=1

δl,jKλ(x∗i ,x
∗
l )�±

w�´xl���.

(3) �éz�"�êâÑ?1
Ð©WÖ�, |^úª(2.1)éWÖ�x′i,j?1N�, �

�x̂i,j , ¦z1Ñ÷v“½Ú��”.

2.3 ?��EpanechnikovØ¤©êâ"��WÖ{(MEKI)

du¢�¥uyÄuEpanechnikov�gØ�"��WÖ{vk��n��(J, $�

WÖ(Jk:-<�". ù�U´du¤©êâ¥�¤©êâm�ålÑé�, k�C�m

�ålC���, ¤±§�éA�Ø�����Ø�, åØ�n���^. �
O����

�m��å, ¤±}ÁéEpanechnikov�gØ�éê�2?1\��O, =3|^(2.5)ª

O�Ð©WÖ��-

K̃λ(x0,x) = − log
{3

4

[
1−

(‖x− x0‖
hλ(x0)

)2]}
, (2.6)

Ó�, -hλ(x0) = ‖x0 − x[k]‖. |^?��Epanechnikov�gØé¤©êâ?1"��W

Ö���
¿�Ø��(J.

��5¿�´,�ÄuEpanechnikov�gØ�"��WÖ{ØÓ,?��Epanechnikov

�gØ�"��WÖ{¥8I:x0�k�C�����Ù�x0�ål��C�
~�. ù

«Ñ�¿��(J�U�¤©êâ�A�, �¤©�K�÷v½Ú��k'. du¤©ê

â÷v�K��¤©�Ú�u1, ùÒ¦��"�êâWÖ��m÷v�½�'X, ¿�Õ

á�?1WÖ.

Äu?��EpanechnikovØ�¤©êâ"��WÖ{(MEKI)©�±eü�Ú½:

(1) Ó¤©êâ�kC�WÖ�{¥�1(1)Ú;

(2) �δi,j = 0 (j = 1, 2, . . . , s)�, éxi,j ?1WÖ, O�Ð©WÖ�x′i,j

x′i,j =

n∑
l=1

δl,jK̃λ(x∗i ,x
∗
l )xl,j

n∑
l=1

δl,jK̃λ(x∗i ,x
∗
l )

=̂
n∑
i=1

β̃lxl,j , (2.7)
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Ù¥β̃l = δl,jK̃λ(x∗i ,x
∗
l )
/ n∑
l=1

δl,jK̃λ(x∗i ,x
∗
l )�±w�´��xl (l = 1, 2, . . . , n)3�Oxi,j�

���. �±wÑ, �k�δl,j 6= 0�, xl���βl 6= 0, �Ò´^1j�©þ¹k*ÿ���

\�²þ5éxi,j?1�O.

(3) �¤k�"�êâÑ®²?1WÖ�, éz�WÖ�x′i,j?1N�, ¦z1Ñ÷v

½Ú��. =,

x̂i,j =
x′i,j∑

j∈{j|δi,j=0}
x′i,j

(
1−

D∑
j=1

δi,jxi,j

)
. (2.8)

�±wÑ, ?��Epanechnikov�gØ¤©êâ"��WÖ{ÓÄuEpanechnikovØ

�¤©êâ"��WÖ{��, Ñ´\�kC��WÖ{, ò8I:�k��C�\��5

?1�O.

3�¡��[¢�Ú¢~©Û¥, �©ò^¤©êâ¥"�êâ�WÖ��ý¢��

m²þ�Aitchisonål5én«�{?1'�. =Ø�e½Â�"�êâ�WÖ��ý¢

��m²þ�Aitchisonål:

e =
1

nm

∑
i∈I

dA(xi, x̂i),

Ù¥, I´d*ÿÝ
X¥¹"�êâ�1�eI|¤8Ü, nm´*ÿÝ
X¹"�êâ

�1��ê, �Ò´I¥����ê.

§3. �[¢�

3�[¢�¥, �[5��¤©êâx. -z = ilr(x)Ñlþ��µ, ���Σ���©

Ù. ùp�

µ = (0, 0, 0, 0), Σ =


1 0.5 0.5 0.5

0.5 1 0.5 0.5

0.5 0.5 1 0.5

0.5 0.5 0.5 1

 .
¢�L§�: (1)3þ��µ, ���Σ���©Ù¥�ÅÄ�100���, P���Ý
Z;

(2)�â�åéê'C��_C��Ñ�©�¤©êâX; (3)�ØX�x1,1, x1,2, =-1�

����1����Ú1�����"�êâ. ©O^n«"��WÖ{5éx1,1, x1,2?

1�O. (4)O��O�¤©êâ��©¤©êâ�m�Ø�. Ø�^AitchisonålÝþ.

(5)éþãL§Ì�100g, én«�{©OO�²þØ�e.

e =
1

100

100∑
i=1

dA(xi1, x̂
i
1),

xi1, x̂
i
1©O´1igÌ��1��¤©êâ�ý¢�9Ù�O�.
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�¤þã5�L§��gÌ�, o�Ì�10000g, (J�9210g?��ØWÖ{'kC

�WÖ{�Ø��, 
�k1842gÄuEpanechnikov�gØ�"��WÖ{'kC�WÖ

{�Ø��. ã1´10000g¥�ÅÄ�100g�¢�(JØ�ã.

0 20 40 60 80 100
0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65
KNN
EKI
MEKI

ã1 �ÅÄ�100g�¢�(JØ�ã

lã1¥��±²w/wÑ, Äu?��Epanechnikov�gØ�"��WÖ{'Äu

Epanechnikov�gØ�"��WÖ{ÚkC�WÖ{�(JÑ�O(, ÄuEpanechnikov

�gØ�"��WÖ{�WÖ�JØ���.

2O�n«WÖ{10000gÌ�Ø��²þ, KNNI, EKI, MEKI�²þØ�©OP�:

e1, e2, e3.

e1 = 0.3881, e2 = 0.4537, e3 = 0.3013.

ÏLO��±�Ñ, ?��EpanechnikovØ�"��WÖ{'kC�WÖ{O(ÇJp


|0.3013− 0.3881|
0.3881

× 100% = 22.37%,

'ÄuEpanechnikov�gØ�"��WÖ{�O(ÇJp


|0.3013− 0.4537|
0.4537

× 100% = 33.59%.

§4. ¢~©Û

Aitchison (2003)©O�Ñ
hongiteÚkongite�25���, z����¹5�¤©, ©

OIP�A,B,C,D,E, ��¤©�Ú�100. éz���z1Ø±100, ¦z1Ú�1, z1

´��¤©êâ. �©ÄkéAitchison (2003)¥�L1.1.1aÚL1.1.1b�¤©êâ�1�,

��¤©?1WÖ, 2rüÜLÜå5éÙ?1WÖ. æ^3�{, =zg|^Ù{��é

Ù¥����?1WÖ, ��^Ø��²þ������Ø�. L1´n«�¹eØ��(

J:
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L1 n�L�3n«WÖ�{e�Ø�

êâ

�{ La Lb La, b

MEKI 0.0216 0.0352 0.0243

EKI 0.0570 0.0903 0.0576

KNNI 0.0518 0.0832 0.0530

éLa, MEKI'KNNIO(ÇJp
58.3%, 'EKIO(ÇJp
62.11%. éLb, MEKI'

KNNIO(ÇJp
57.6%, 'EKIO(ÇJp
61.02%. òLa, bÜ¿�, MEKI'KNNIO

(ÇJp
54.11%, 'EKIO(ÇJp
57.81%. �±wÑ, 3¢~©Û¥��
��[¢

����(Ø.

§5. o (

�©�é"�êâE¤yk�¤©êâÚO�{��ÚkC�WÖ{3|^"�ê

â�k�C��O"�êâ�vk�Ä�§��gØÓ��z, JÑ
�«ÄuEpanech-

nikov�gØ�¤©êâ"��WÖ{Ú?��EpanechnikovØ¤©êâ"��WÖ{.

Ù¥, ÄuEpanechnikov�gØ�¤©êâ"��WÖ{r8I:�k�C��Ù�8I

:x0�ål²wP~��D���¥�:, 
Ø´ò�Ó��D�+�¥�¤k�:, Ä

u?��Epanechnikov�gØ�¤©êâ"��WÖ{�k�C�����Ù�xo�ål

��C�
~�. ¢�(JL²?��EpanechnikovØ�"��WÖ{'kC�WÖ{O

(ÇJp
22.37%, 'Epanechnikov�gØ�"��WÖ{�O(ÇJp
33.59%. ?�

��EpanechnikovØ¤©êâ"��WÖ{(MEKI)��
�Ð�(J.
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An Imputation Method for Missing Data in Compositional

Based on Epanechnikov Kernel

Zhang Xiaoqin Kang Ju Jing Wenjun

(School of Mathematics Science, Shanxi University, Taiyuan, 030006 )

Kernel function method has been successfully used for the estimation of a variety of function. By

using the kernel function theory, an imputation method based on Epanechnikov kernel and its modification

were proposed to solve the problem that missing data in compositional caused the failures of existing

statistical methods and the k-nearest imputation didn’t consider the different contributions of the k nearest

samples when it used them to estimated the missing data. The experimental results illustrate that the

modified imputation method based on Epanechnikov kernel get a more accurate estimation than k-nearest

imputation for compositional data.

Keywords: Compositional data, imputation for missing data, k-nearest imputation, Epanechnikov

kernel, Aitchison distance.
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