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§2. Ä�Vg

�T´��Ã�ä, σ, t (σ 6= t)´T¥?ü�º:, K�3���±σ� t�´», σ =

z1, z2, . . . , zm = t, Ù¥z1, z2, . . . , zmpØ�Ó�zi, zi+1���üº:, m− 1¡�σ�t�å

l. ��T¥�º:?Ò, ·�À½��º:���º:({¡�), ¿P��o.

�©¥ToL«?¿ÛÜk�Ã¡ä. Ó�·��Ä,	�«ä—V�äT−1, ù«ä

´d?¿ÛÜk�Ã¡äTo��:o�Ù¦?¿�:(P�−1)¤/¤�. �
�Ð�n)

V�äT−1, ·�±CayleyäTC,N�~(CayleyäTC,N��:o�N�|:�ë, Ù¦�|:

�N + 1�|:�ë, ù«ä´?¿ÛÜk�Ã¡ä�A~), ù�±CayleyäTC,N��:o

�,	�:−1¤/¤�V�äXã1¤«.

eσ, t�V�äT−1¥�ØÓº:, XJ��º:t u�−1�º:σ���´»þ, K

Pt ≤ σ, �Pσ ∧ t�Ó�÷vσ ∧ t ≤ tÚσ ∧ t ≤ σ�l�−1���º:. P|t|�º:t�
�o�ål. e|t| = n, Kt uä�1n�, AO�, �−1 u1−1�. PT

(n)
−1L«V�

äl�−1�1n�¤kº:�fã. LnL«1n�¤kº:�8Ü. LnmL«¹kT−1�l

�m�n�¤kº:�8Ü. éu?��º:t, l�−1�º:t�´»þ�3����l

º:t�C�º:¡�t�I�, P�1t, �¡t�1t�f�. 1t�I�P�2t, ¡�t�yI�.

-XS = {Xt, t ∈ S}, S ⊂ T−1, �xS�XS�¢y, �P|S|L«S¥|:��ê.
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ã1 CayleyäTC,2/¤�V�ä

½Â 2.1 �G = {0, 1, 2, . . . , b− 1}�P (z|y, x)�G3þ��K¼ê. -

P = (P (z|y, x)), P (z|y, x) ≥ 0, x, y, z ∈ G.

e ∑
z∈G

P (z|y, x) = 1,

K¡P���=£Ý
.
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½Â 2.2 �T−1�V�ä, G = {0, 1, 2, . . . , b− 1}�k�G��m, �{Xt, t ∈ T−1}
�½Â3VÇ�m(Ω,F ,P)þ�G�Cþx. �

p = (p(x, y), x, y ∈ G), (2.1)

Pt = (Pt(z|y, x)), x, y, z ∈ G, t ∈ T−1\{o,−1} (2.2)

©O�G2þ�VÇ©ÙÚG3þ���=£Ý
x. XJéu?Ûº:t (t 6= o,−1),

P(Xt = z|X1t = y,X2t = x, ÚXσ÷vσ ∧ t ≤ 1t)

= P(Xt = z|X1t = y,X2t = x) = Pt(z|y, x), ∀x, y, z ∈ G (2.3)

�

P(X−1 = x,Xo = y) = p(x, y), x, y ∈ G, (2.4)

K¡{Xt, t ∈ T−1}�äkÐ©©Ù(2.1)Ú��=£Ý
x(2.2)�äþG����àgê¼

ó.

5P �©ïÄäþ���àgê¼ó�± �ïÄXDong�(2011), ShiÚYang

(2010)´ØÓ�. ±cïÄ�äþ�àgê¼ó´Å1=£, 
�©¥´Å:=£. w,,

Å:=£´Å1=£�í2/ª.

§3. r4�½n

Ún 3.1 �T−1�V�ê, {Xt, t ∈ T−1}�½Â 2.2¥�äT−1þ����àgê

¼ó, {gt(y1, y2, y3), t ∈ T−1}´½Â3G3þ�¼êx. -L0 = {o}, L−1 = {−1}, Fn =

σ
(
XT

(n)
−1
)
,

Fn(ω) =
∑

t∈T (n)
−1 \{o,−1}

gt(X2t , X1t , Xt), (3.1)

tn(λ, ω) =
eλFn(ω)∏

t∈T (n)
−1 \{o,−1}

E[eλgt(X2t ,X1t ,Xt)|X1t , X2t ]
, (3.2)

d?λ�¢ê, K{tn(λ, ω),Fn, n ≥ 1}´�K�.

y²: ´�

P
(
xT

(n)
−1
)

= P
(
XT

(n)
−1 = xT

(n)
−1
)

= P(X−1 = x−1, Xo = xo)
∏

t∈T (n)
−1 \{o,−1}

Pt(xt|X1t , X2t), (3.3)

TÚn�y²�{aquShiÚYang (2010)¥Ún1, ùp�Ñy². �
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128 A^VÇÚO 1n��ò

½n 3.1 �{Xt, t ∈ T−1}Ú{gt(y1, y2, y3), t ∈ T−1}dÚn3.1½Â, ¿�

Gn(ω) =
∑

t∈T (n)
−1 \{o,−1}

E[gt(X2t , X1t , Xt)|X1t , X2t ], (3.4)

�{an, n ≥ 1}������ÅCþS�. �a > 0, A =
{

lim
n→∞

an =∞
}
�

D(a)=
{

lim sup
n→∞

1

an

∑
t∈T (n)

−1 \{o,−1}
E
[
g2t (X2t,X1t,Xt)e

a|gt(X2t,X1t,Xt)|
∣∣X1t,X2t

]
=M(ω)<∞

}
∩A.

(3.5)

K

lim
n→∞

1

an
(Fn(ω)−Gn(ω)) = 0 a.e. ω ∈ D(a). (3.6)

y²: y²��{aquShiÚYang (2010)¥½n1, ùp�Ñy². �

íØ 3.1 �{Xt, t ∈ T−1}�½Â2.2¥V�äT−1þ����àgê¼ó, �{gt(y1,
y2, y3), t ∈ T−1}�½Â3G3þ���k.¼êx, K

lim
n→∞

1

|T (n)
−1 |

(Fn(ω)−Gn(ω)) = 0 a.e.. (3.7)

y²: 3½n3.1¥-an = |T (n)
−1 |, du{gt(y1, y2, y3), t ∈ T−1}´��k.¼êx, K

∀α > 0, kD(α) = Ω. Ïdd½n3.1=��díØ. �

§4. r�ê½ÆÚShannon-McMillan½n

�Ik(x) =

1, x = k

0, x 6= k
. �S

T
(n)
−1 \{−1}

(i1, i2)´{(X1t , Xt); t ∈ T (n)
−1 \{−1}}¥Ñy(i1, i2)

��ê, =

S
T

(n)
−1 \{−1}

(i1, i2) =
∑

t∈T (n)
−1 \{−1}

Ii1(X1t)Ii2(Xt), (4.1)

�S
T

(n)
−1 \{o,−1}

(i1, i2, i3)´{(X2t , X1t , Xt); t ∈ T (n)
−1 \{o,−1}}¥Ñy(i1, i2, i3)��ê, =

S
T

(n)
−1 \{o,−1}

(i1, i2, i3) =
∑

t∈T (n)
−1 \{o,−1}

Ii1(X2t)Ii2(X1t)Ii3(Xt). (4.2)

Pi2 = (i1, i2), j
2 = (j1, j2), k

2 = (k1, k2).

½Â 4.1 �G = {0, 1, . . . , b− 1}´�G��m, �

P = (P (j|i2)), j ∈ G, i2 ∈ G2 (4.3)
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����=£Ý
. ½Â��ÅÝ
Xe:

P = (P (j2|i2)), i2, j2 ∈ G2, (4.4)

Ù¥

P (j2|i2) =

P (j2|i2), � j1 = i2;

0, Ù§�¹.
(4.5)

P¡�d��=£Ý
P(½����ÅÝ
.

Ún 4.1 (YangÚLiu, 2004) �P´d��=£Ý
P(½����ÅÝ
. XJP

¥��þ�u0, =

P = (P (j|i2)), P (j|i2) > 0, ∀ j ∈ G, i2 ∈ G2, (4.6)

KP´H{�.

½n 4.1 �T−1�V�ä, {Xt, t ∈ T−1}�½Â2.2¥½Â�3G¥���V�äþ

���àgê¼ó, S
T

(n)
−1 \{−1}

(i1,i2)=S
T

(n)
−1 \{−1}

(i2)ÚS
T

(n)
−1 \{o,−1}

(i1,i2,i3)=S
T

(n)
−1 \{o,−1}

(i3)

©Odª(4.1)Ú(4.2)½Â. �P = (P (j|i2))�,���=£Ý
, �b�dP(½���

�ÅÝ
P´H{�. XJ

lim
n→∞

1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
|Pt(j|i2)− P (j|i2)| = 0, ∀ j ∈ G, i2 ∈ G2, (4.7)

Ké?¿i1, i2, i3 ∈ G, k

lim
n→∞

S
T

(n)
−1 \{−1}

(i2)

|T (n)
−1 |

= π(i2) a.e., (4.8)

lim
n→∞

S
T

(n)
−1 \{o,−1}

(i3)

|T (n)
−1 |

= π(i2)P (i3|i2) a.e., (4.9)

Ù¥{π(i2), i2 ∈ G2}´dP(½�²­©Ù.

y²: 3íØ3.1¥-gt(y1, y2, y3) = Ii1(y2)Ii2(y3). dª(3.1)Ú(3.4)�

Fn(ω) =
∑

t∈T (n)
−1 \{o,−1}

gt(X2t , X1t , Xt)

=
∑

t∈T (n)
−1 \{o,−1}

Ii1(X1t)Ii2(Xt), (4.10)
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Gn(ω) =
∑

t∈T (n)
−1 \{o,−1}

E[gt(X2t , X1t , Xt)|X1t , X2t ]

=
∑

t∈T (n)
−1 \{o,−1}

∑
xt∈G

gt(X2t , X1t , xt)Pt(xt|X1t , X2t)

=
∑

t∈T (n)
−1 \{o,−1}

∑
xt∈G

Ii1(X1t)Ii2(xt)Pt(xt|X1t , X2t)

=
∑

t∈T (n)
−1 \{o,−1}

Ii1(X1t)Pt(i2|X1t , X2t)

=
∑
l∈G

∑
t∈T (n)

−1 \{o,−1}
Il(X2t)Ii1(X1t)Pt(i2|i1, l). (4.11)

w,, {gt(y1, y2, y3), t ∈ T−1}´½Â3G3þ���k.¼ê, díØ3.1��

lim
n→∞

1

|T (n)
−1 |

[ ∑
t∈T (n)

−1 \{o,−1}
Ii1(X1t)Ii2(Xt)

−
∑
l∈G

∑
t∈T (n)

−1 \{o,−1}
Il(X2t)Ii1(X1t)Pt(i2|i1, l)

]
= 0 a.e., (4.12)

qdª(4.7), k

lim
n→∞

∣∣∣∣∣
∑
l∈G

∑
t∈T (n)

−1 \{o,−1}
Il(X2t)Ii1(X1t)(Pt(i2|i1, l)− P (i2|i1, l))

T
(n)
−1

∣∣∣∣∣
≤
∑
l∈G

lim
n→∞

∑
t∈T (n)

−1 \{o,−1}
|Pt(i2|i1, l)− P (i2|i1, l)|

|T (n)
−1 |

= 0. (4.13)

�dª(4.12)Ú(4.13)��

lim
n→∞

1

|T (n)
−1 |

[ ∑
t∈T (n)

−1 \{o,−1}
Ii1(X1t)Ii2(Xt)

−
∑
l∈G

∑
t∈T (n)

−1 \{o,−1}
Il(X2t)Ii1(X1t)P (i2|i1, l)

]
= 0 a.e.. (4.14)

5¿� ∑
t∈T (n)

−1 \{o,−1}
Ii1(X1t)Ii2(Xt) = S

T
(n)
−1 \{−1}

(i1, i2)− Ii1(X−1)Ii2(Xo), (4.15)

∑
t∈T (n)

−1 \{o,−1}
Il(X2t)Ii1(X1t) = N

∑
t∈T (n−1)

−1 \{−1}
Il(X1t)Ii1(Xt), (4.16)

N

|Tn−1|
=

1

|Tn−1−1 |
. (4.17)

《
应
用
概
率
统
计
》
版
权
所
有



1�Ï ��ñ ¸�m 
¥I: V�äþ���àgê¼ó�r�ê½ÆÚShannon-McMillan½n 131

dª(4.14)-(4.17)Ú(4.5)k

lim
n→∞

{S
T

(n)
−1 \{−1}

(i2)

|T (n)
−1 |

− 1

|T (n−1)
−1 |

∑
k2∈G2

S
T

(n−1)
−1 \{−1}(k

2)P (i2|k2)
}

= 0 a.e., (4.18)

aquShiÚYang (2010)¥�½n, dª(4.18)9êÆ8B{, ��

lim
n→∞

{S
T

(n+N)
−1 \{−1}(j

2)

|T (n+N)
−1 |

− 1

|T (n−1)
−1 |

∑
k2∈G2

S
T

(n−1)
−1 \{−1}(k

2)P (N+1)(j2|k2)
}

= 0 a.e.,

(4.19)

Ù¥P (h)(j2|k2)´dP(½�hÚ=£VÇ. dH{5�

lim
N→∞

P (N+1)(j2|k2) = π(j2), ∀ k2 ∈ G2, (4.20)∑
k2∈G2

S
T

(n−1)
−1 \{−1}(k

2) = |T (n−1)
−1 | − 1, (4.21)

dª(4.19), (4.20)Ú(4.21)��ª(4.8). aq/, 3íØ3.1¥-

gt(y1, y2, y3) = Ii1(y1)Ii2(y2)Ii3(y3),

dª(4.8)��ª(4.9). �

�T−1�V�ä, {Xt, t ∈ T−1}�3G¥���ä�I�ÅL§, xT
n
−1�XTn

−1�¢y.

P

P
(
xT

(n)
−1
)

= P
(
XT

(n)
−1 = xT

(n)
−1
)
.

-

fn(ω) = − 1

|T (n)
−1 |

lnP
(
XT

(n)
−1
)
,

¡fn(ω)�XT
(n)
−1���Ý. XJ{Xt, t ∈ T−1}�½Â2.2¥½Â�V�äþ���àgê¼

ó, dª(3.3)�

fn(ω) = − 1

|T (n)
−1 |

[
lnP (X−1, Xo) +

∑
t∈T (n)

−1 \{o,−1}
lnPt(Xt|X1t , X2t)

]
. (4.22)

fn(ω)3,«¿Âe(L1Âñ, �VÇÂñ, A�??Âñ)Âñu~ê, ¡�Shannon-

McMillan½n, ½&
�ìCþ©�5(AEP)±9�½n.

e¡ïÄ3G��mGeV�äþ���àgê¼ó�Shannon-McMillan½n. 3y

²½n�c, Äk�Ñ��Ún.

Ún 4.2 (Dong�, 2011) �T−1�V�ä, �φ(x)´½Â3«m∆þ�k.¼ê, �

3:x = a?ëY. �{at, t ∈ T−1}´�¢ê�. XJ

lim
n→∞

1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
|at − a| = 0,
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K

lim
n→∞

1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
|φ(at)− φ(a)| = 0. (4.23)

½n 4.2 �{Xt, t ∈ T−1}�G¥���V�äþ���àgê¼ó, P = (P (j|i2))
´,���=£Ý
, ¿�b½dP(½����ÅÝ
P´H{�. �fn(ω)dª(4.22)�

Ñ. eª(4.7)¤á, K

lim
n→∞

fn(ω) = −
∑

i2∈G2

π(i2)
∑
j∈G

P (j|i2) lnP (j|i2) a.e.. (4.24)

y²: 3Ún4.2¥-φ(x) = x log x, (φ(0) = 0), dª(4.7)k

lim
n→∞

1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
|Pt(j|i2) lnPt(j|i2)− P (j|i2) lnP (j|i2)| = 0, ∀ j ∈ G, i2 ∈ G2.

(4.25)

3½n3.1¥-a = 1/2, t ∈ T−1,

an = |T (n)
−1 |, gt(y1, y2, y3) = − lnPt(y3|y1, y2),

dª(3.1)Ú(3.4)k

Fn(ω) =
∑

t∈T (n)
−1 \{o,−1}

[− lnPt(Xt|X1t , X2t)], (4.26)

Gn(ω) =
∑

t∈T (n)
−1 \{o,−1}

∑
j∈G

[−Pt(j|X1t , X2t) lnPt(j|X1t , X2t)]. (4.27)

E
[
g2t (X2t , X1t , Xt)e

a|gt(X2t ,X1t ,Xt)|
∣∣X1t , X2t

]
=

∑
xt∈G

(lnPt(xt|X1t , X2t))
2e−(1/2) lnPt(xt|X1t ,X2t )Pt(xt|X1t , X2t)

=
∑
xt∈G

(lnPt(xt|X1t , X2t))
2(Pt(xt|X1t , X2t))

1/2

≤ 16be−2,

¤±

lim sup
n→∞

1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
E
[
g2t (X2t , X1t , Xt)e

a|gt(X2t ,X1t ,Xt)|
∣∣X1t , X2t

]
≤ 16be−2. (4.28)

�D(1/2) = Ω. Ïddª(4.26)-(4.28)Ú½n3.1k

lim
n→∞

{ ∑
t∈T (n)

−1 \{o,−1}
[− lnPt(Xt|X1t , X2t)]

|T (n)
−1 |

+
∑
j∈G

∑
t∈T (n)

−1 \{o,−1}
[Pt(j|X1t , X2t) lnPt(j|X1t , X2t)]

|T (n)
−1 |

}
= 0 a.e., (4.29)
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du

∣∣∣∣∣
∑
j∈G

∑
t∈T (n)

−1 \{o,−1}
[Pt(j|X1t , X2t) lnPt(j|X1t , X2t)]

|T (n)
−1 |

−
∑

i2∈G2

π(i2)
∑
j∈G

P (j|i2) lnP (j|i2)

∣∣∣∣∣
≤
∣∣∣ 1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}

∑
j∈G

∑
i2∈G2

Ii1(X2t)Ii2(X1t)Pt(j|i2) lnPt(j|i2)

− 1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}

∑
j∈G

∑
i2∈G2

Ii1(X2t)Ii2(X1t)P (j|i2) lnP (j|i2)
∣∣∣

+
∣∣∣ 1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}

∑
j∈G

∑
i2∈G2

Ii1(X2t)Ii2(X1t)P (j|i2) lnP (j|i2)

−
∑

i2∈G2

π(i2)
∑
j∈G

P (j|i2) lnP (j|i2)
∣∣∣

≤
∑
j∈G

∑
i2∈G2

1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
|Pt(j|i2) lnPt(j|i2)− P (j|i2) lnP (j|i2)|

+
∑
j∈G

∑
i2∈G2

P (j|i2) lnP (j|i2)
∣∣∣ 1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
Ii1(X2t)Ii2(X1t)− π(i2)

∣∣∣
≤
∑
j∈G

∑
i2∈G2

1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
|Pt(j|i2) lnPt(j|i2)− P (j|i2) lnP (j|i2)|

+
∑
j∈G

∑
i2∈G2

P (j|i2) lnP (j|i2)
∣∣∣ 1

|T (n−1)
−1 |

S
T

(n−1)
−1 \{−1}(i

2)− π(i2)
∣∣∣,

dª(4.8), (4.25)Ú(4.29)k

lim
n→∞

1

|T (n)
−1 |

∑
t∈T (n)

−1 \{o,−1}
[− lnPt(Xt|X1t , X2t)] = −

∑
i2∈G2

π(i2)
∑
j∈G

P (j|i2) lnP (j|i2) a.e..

(4.30)

dª(4.22), (4.29)Ú(4.30)��ª(4.24). �
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The Strong Law of Large Numbers and the Shannon-

McMillan Theorem for the Two-Order Nonhomogeneous

Markov Chains Indexed by an Two Rooted Cayley Tree

Shi Zhiyan Han Dazhao Yang Weiguo

(Faculty of Science, Jiangsu University, Zhenjiang, 212013 )

In this paper, we first study the strong convergence theorem for finite two-order nonhomogeneous

Markov chains indexed by an two rooted Cayley tree, then we obtain the strong law of large numbers

for this Markov chains. Finally, we obtain the Shannon-McMillan theorem with a.e. convergence for an

two-order nonhomogeneous Markov chain indexed by an two rooted Cayley tree.

Keywords: Two rooted Cayley tree, two-order nonhomogeneous Markov chain, strong law of large

numbers, Shannon-McMillan theorem.
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