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©Ù¼ê�

FXij (x) = 1−
( x
x0

)−θi
, x > x0. (1.1)

°��'%�´z°�ü�ºxëêθi��O, ?
�±éT©Ù��
A�?1�A�

ÚOíä, ~X�O�ü��¤!I�J��I?O�7�.

�©3Gammak�©ÙeïÄø\÷¢�©Ùëê��O9Ù5�,'��«�O�

`�, ¿y²²���d�OÚ²���d&Ý�O�ìC�`5. ºxëêθi�k�©

Ù��Gamma©ÙÌ�Äue¡A��¡��Ï. Äk, duºxëêθi�����ëY

5Ú�K5, T·^uGamma©Ù; Gamma©Ù¥�¹/GëêαÚºÝëêβ, ´��'

���©Ù�êx©Ùa, ��ØÓ�αÚβ���òz��ê©Ù!k�©Ù�õ«~^

�©Ù,Ïd´VÇÚO¥k�©Ù��ZÀJ,aq�ïÄ�ë�Gómez-Déniz�(2006),

Al-SalehÚAgarwal (2007), GriffinÚBrown (2010), MeczarskiÚZieliński (1991)�©z; 5

¿�3ø\÷©Ù¥, ºxëêθi�&E�

I(θi) = E
[(
− ∂2l

∂θ2i

)∣∣∣θ] =
mi

θ2i
,

Kθi�JeffreyÃ&Ek�©Ù���πθi(θ) ∝ [I(θ)]1/2 = 1/θ. w,, JeffreyÃ&Ek�©

Ù´Gamma©Ù�α → 0��β → 0��Cq; ,	, 3�©�1�!�±wÑ, Gamma

©Ù�´ø\÷©Ù��Ýk�©Ù, ù¦�ºxëê�Ok�Ð�ÚO5�. 'uk�

©Ù�ÀJ¯K�ë�+�t�(1998), LehmannÚCasella (2003), Walker (2004), Gelman

�(1995)�.

�©�¡�SNSüXe, 1�!�Ñ�'�b�Ú½Â, ¿?Øø\÷©Ù¥ëê

��«�O, 1n!y²�O�r�Ü5, ¿|^ê��[��{'��«�O�þ�Ø

�, 1o!?Ø(�ëê��O, ¿y²²���d�O�ìC�`5, ���!�Ñ
©

Ù�(Ø.

§2. ø\÷©Ù¥ºxëê�A��O

ø\÷©Ù´�x°�¥��«­��©Ù, duÙ©Ù�AÏ5, ~~^5�xä

k�����üºx�¢��©Ù. b�x0��üºx����, 3�x¥, ��x0´®�

�~ê. b�θi�1i��ü�ºxëê, 3θi�½^�e, T�ü31jc�¢�Ñlø\

÷©Ù. duºx��àg5, ØÓ��ü�ºxëê´Ø�Ó�. z°�ü�ºxëê�

��ò/¤��©Ù, Ïdθi��ÅCþ, 
θi���/¤�©Ù¡�k�©Ù. éθi�Ú

OíäÒá\
��dµe.

b� 2.1 �Xij�1i«�ü31jc�¢��, �b�1i�ºxëêθi�½�^�

e, Xij , j = 1, 2, . . . ,mi´5gø\÷©Ù���, äk©Ù¼ê(1.1), Ù¥θi�T�ü�
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ºxëê, 
x0´®���ü���.

b� 2.2 �θi��pÕá��ÅCþ�k�Ó�Gamma©Ù, k��Ý¼ê�

π(θ) =
βα

Γ(α)
θα−1e−λθ, θ > 0, (2.1)

Ù¥α > 2, β > 0�(�ëê.

��B, PXi= (Xi1, . . . , Xi,mi)
′L«1i��üÜÓ�����, 
X= (X ′1, . . . , X

′
n)′

L«¤k�ü�����. 3ÚOÆ¥, ëêθi���­���O´4�q,�O, P�

θ̂i
mle

. du�½θie, Xij��Ý¼ê�

fXij (x|θi) =
θi
x0

( x
x0

)−(θi+1)
, x > x0, (2.2)

Kq,�Oθ̂i
mle
���ze¡�q,¼ê:

L(x; θ1, . . . , θn) =
n∏
i=1

mi∏
j=1

[fXij (xij |θi)] =
n∏
i=1

[( θi
x0

)mi

·
mi∏
j=1

(xij
x0

)−(θi+1)]
(2.3)

�). d4�q,�O���¦)�{(�ë�LehmannÚCasella, 2003), N´��

θ̂i
mle

=
mi

mi∑
j=1

ln
(Xij

x0

) . (2.4)

5¿�, θi�4�q,�Oθ̂i
mle
==�1i��ü���Xik', 
�Ù¦�ü���

��Ã'. ÙÌ��Ï´b�
���ü�¢��pÕá���. ,��¡, �â��d½

n(�Gómez-Déniz�, 2006), 3²���¼êe, θi��`�O�θi���þ�:

θ̂i
B

= E(θi|X1, X2, . . . , Xn). (2.5)

·K 2.1 eºx÷vb�2.1Úb�2.2, Kºxëêθi���d�O�

θ̂i
B

= qiθ̂i
mle

+ (1− qi)
α

β
, (2.6)

Ù¥

qi =

mi∑
j=1

ln
(Xij

x0

)
mi∑
j=1

ln
(Xij

x0

)
+ β

. (2.7)

y²: �â��d�O���¦{, N´��θi���d�O�

θ̂i
B

=
mi + α

mi∑
j=1

ln
(Xij

x0

)
+ β

. (2.8)
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d4�q,�O(2.4), Kθi���d�Oθ̂i
B
�±�¤eª:

θ̂i
B

=

mi∑
j=1

ln
(Xij

x0

)
mi∑
j=1

ln
(Xij

x0

)
+ β

mi
mi∑
j=1

ln
(Xij

x0

) +
β

mi∑
j=1

ln
(Xij

x0

)
+ β

α

β

= qiθ̂i
mle

+ (1− qi)
α

β
. �

5P 1 �âþ¡�·K2.1, 5¿�E(θi) = α/β, Kºxëêθi���d�Oθ̂i�±

w¤θi�4�q,�Oθ̂i
mle
Úk�þ�E(θi)�\�²þ�, �Ù�­÷v0 < qi < 1. ù�

&ÝnØ¥�&Ý�¤�Ok�~aq�(Ø. �5¿�, ùp�­qi´�6u*ÿ�Xij ,

j = 1, 2, . . . ,mi, Ïd´�ÅCþ; 
&Ý�O¥�&ÝÏf´Ø�6u�����ÅC

þ, ÏdüökwÍ��O.

-Yij = ln(Xij/x0), K3θi�½^�e, Yij�pÕá�Ù^��Ý�

fYij (y|θi) = θi exp(−θiy), y > 0.

=YijÑlëêθi��ê©Ù. -

µ(θi) = E(Yij |θi) =
1

θi
, σ2(θi) = Var (Yij |θi) =

1

θ2i
. (2.9)

¿Ú\PÒµ = E[µ(θi)] = β/(α− 1)±9

τ2 = Var (µ(θi)) =
β2

(α− 1)2(α− 2)
, σ2 = E[σ2(θi)] =

β2

(α− 1)(α− 2)
. (2.10)

�â&ÝnØ�g�(�BühlmannÚGisler, 2005; xû�, 2012; �o�, 2012), er

µ(θi)��O�½3��{Yij , i = 1, 2, . . . , n, j = 1, 2, . . . ,mi}��àg�5|Ü¥, =¦)

�`z¯K

min
b0,bsj∈R

E
[(
µ(θi)− b0 −

n∑
s=1

ms∑
j=1

bsjYsj

)2]
. (2.11)

K��Í¶�Bühlmann�àg&Ý�O:

µ̂(θi)
c

= ZiY i + (1− Zi)µ, (2.12)

Ù¥

Y i =
1

mi

mi∑
j=1

Yij , Zi =
miτ

2

miτ2 + σ2
=

mi

mi + α− 1
. (2.13)

duµ(θi) = 1/θi, d�§1/θi = ZiY i + (1− Zi)µ��θi�,���O:

θ̂i
c

=
1

ZiY i + (1− Zi)µ
=
mi + α− 1
mi∑
j=1

Yij + β

=
mi + α− 1

mi∑
j=1

ln
(Xij

x0

)
+ β

. (2.14)
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Ï��Oθ̂i
c
´d�àg&Ý�Oµ̂(θi)

c
�5�, Ïd�¡���àg&Ý�O.

Ón, erµ(θi)��O�½3���àg�5|Ü¥, ��¦�O�Ã 5, =¦)e

¡���z¯K: 
min
bsj∈R

E
[(
µ(θi)−

n∑
s=1

ms∑
j=1

bsjYsj

)2]
E[µ(θi)] = E

[ n∑
s=1

ms∑
j=1

bsjYsj

] . (2.15)

K��Bühlmannàg&Ý�O:

µ̂(θi)
hom

= ZiY i + (1− Zi)µ̂, (2.16)

Ù¥

µ̂ =

n∑
i=1

ZiY i

n∑
i=1

Zi

=

n∑
i=1

miY i

mi + α− 1
n∑
i=1

mi

mi + α− 1

. (2.17)

Ïd, d�§1/θi = ZiY i + (1− Zi)µ̂q��θi����O:

θ̂i
hom

=

(mi + α− 1)
n∑
s=1

ms

ms + α− 1

mi

( n∑
s=1

ms

ms + α− 1

)
Y i + (α− 1)

n∑
s=1

msY s

msα− 1

. (2.18)

¡��àg&Ý�O.

5P 2 3�.b�2.1-2.2¥, k

E(Xij |θi) =
θi

θi − 1
x0, Var (Xij |θi) =

x20θi
(θi − 1)2(θi − 2)

.

XJéE(Xij |θi)$^&ÝnØ, K�U��,«/ªe�&Ý�O. �5¿�d�E[θix0

/(θi − 1)], Var [(θi/(θi − 1))x0]±9E[x0θi/((θi − 1)2(θi − 2))]3b�2.2e´Ø�3�, Ïd

|^ù«�{¦θi�&Ý�O´vk¿Â�.

§3. �O�'�

c¡�!��ø\÷©Ù¥ºxëêθi�o�ØÓ�O: 4�q,�Oθ̂i
mle

, ��d

�Oθ̂i
B

, �àg&Ý�Oθ̂i
c
±9àg&Ý�Oθ̂i

hom
. Ïdk7�'�ù
�O�Ð�.

Äk, ùo��Ow,ÑØ´Ã �O. e¡·�5�y�Ü5.

·K 3.1 �mi → ∞�, 4�q,�Oθ̂i
mle

, ��d�Oθ̂i
B

, �àg&Ý�Oθ̂i
c
±

9àg&Ý�Oθ̂i
hom
Ñ´ºxëêθi�r�Ü�O.
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y²: duYij , j = 1, 2, . . .3θi�½^�e�pÕá�Ó©Ù, �âr�ê½Æ, k

1

mi

mi∑
j=1

Yij =
1

mi

mi∑
j=1

ln
(Xij

x0

)
→ E(Yij |θi) =

1

θi
, a.s., (3.1)

�âA�??Âñ�5�, kθ̂i
mle

= 1/Y i → θi, a.s.±9

θ̂i
B

=
mi + α

mi∑
j=1

ln
(Xij

x0

)
+ β

=
1 +

α

mi

1

mi

mi∑
j=1

Yij +
β

mi

→ 1 + 0
1

θi
+ 0

= θi, a.s.. (3.2)

,��¡, �mi →∞�, w,Zi → 1. 2g$^r�ê½Æ, k

θ̂i
c

=
1

ZiY i + (1− Zi)µ
→ 1

1

θi
+ 0

= θi, a.s. (3.3)

±9

θ̂i
hom

=
1

ZiY i + (1− Zi)µ̂
→ 1

1

θi
+ 0

= θi, a.s.,

Ky²
·K. �

Ïd, lÚO���¿Âþ`ùo��OÑ´�Ð��O. �´, 3�x¢S¥, ��

��Nþmi¿Øv
�, ù��
'�ùo��O��O, ·�æ^þ�Ø���ïþ�

IO. �
O��{B, ·�e¡b�m1 = m2 = · · · = mn = m, ù�&ÝÏf(2.13)�

Zi =
m

m+ α− 1

denoted by
= Z.

5¿�, ù
�O�þ�Ø�Ñvkw«L�ª. �´, é�½�,�¼êg, 3�½

^�e, �â�Vúª, Cq�k

E[(g(θ̂)− g(θ))2] ≈ [g′(θ)]2E[(θ̂ − θ)2]. (3.4)

Ïd·��±Cq�'�g(θ̂i)�þ�Ø�, 5�Nθ̂i�þ�Ø����.

�g(x) = 1/x, ·�5©OO�g(θ̂i
mle

), g(θ̂i
B

), g(θ̂i
c
)±9g(θ̂i

hom
)�þ�Ø�. �â

V­^�Ï"úª, k

MSEg(mle) = E
{
E
[( 1

m

m∑
j=1

Yij −
1

θi

)2∣∣∣θi]} = E
( 1

mθ2i

)
=

β2

m(α− 1)(α− 2)
.

Ùg,

MSEg(B) = E[(g(θ̂i
B

)− g(θi))
2] =

(m+ α+ 2)β2

(m+ α)2(α− 1)(α− 2)
.
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,	, �â&ÝnØ�àg&Ý�O�àg&Ý�O�,
(J(ë�Al-SalehÚAgarwal,

2007), N´��

MSEg(c) = E[(g(θ̂i
c
)− g(θi))

2] =
τ2σ2

mτ2 + σ2
=

β2

(m+ α− 1)(α− 1)(α− 2)
.

±9

MSEg(hom) = E[(g(θ̂i
hom

)− g(θi))
2] =

β2(mn+ α− 1)

mn(m+ α− 1)(α− 1)(α− 2)
.

-M = β2/[(α− 1)(α− 2)], Kk

MSEg(mle) =
M

m
, MSEg(B) =

(m+ α+ 2)M

(m+ α)2
,

±9

MSEg(c) =
M

m+ α− 1
, MSEg(hom) =

M(mn+ α− 1)

mn(m+ α− 1)
.

Ïd, ��e¡�(Ø.

·K 3.2 3�.b�2.1-2.2¤á�, o��O�þ�Ø�ke¡���'X:

(1) MSEg(c) ≤ MSEg(B) ≤ MSEg(mle).

(2) MSEg(c) ≤ MSEg(hom) ≤ MSEg(mle).

(3) þ�Ø�MSEg(B)�MSEg(hom)����m,n, α���k'.

y²: �â�
�êÆO�, N´�y(1)Ú(2). éu(3), -k = (α − 1)/n. 3�x

¢S¥��kn > α− 1, =0 < k < 1, ²L�
êÆO���

1

M
[MSEg(hom)−MSEg(B)] =

(1− k)m2 + (α− 2− 2αk)m− kα2

m(m+ α)2(m+ α− 1)
.

þª©f¥w¤m����g¼ê, Ùã��m��þ, KÙ�Oª

∆ = (α− 2− 2αk)2 + (1− k)kα2 > 0.

�T���g�§�ü��©O�m∗�m
∗, K�m∗<m<m∗�ÿ, MSEg(B)−MSEg(hom)

> 0, ��, em > m∗½öm < m∗, KMSEg(B)−MSEg(hom) < 0. �

�,·K3.2�Ñ
g(θi) = 1/θi�A��O�þ�Ø�'�. �XJI�ëêθi��

O�þ�Ø��'�, Kvkw«�(J. �
��θi�O�þ�Ø����'�, ·�æ

^ê��[��{. 3�[¥, �α = 4, β = 3, x0 = 1, n = 10. �Ø���5, �m1 =

m2 = · · · = m10 = m. Äk�)θi���, ,��)Xij���, ¿é���OO�þ

�Ø�. 310000g­E�[eO�ù
�O�þ�Ø��²þ�, ·�©O��
θiÚ

g(θi) = 1/θi�4�q,�O, ��d�O, �àg&Ý�OÚàg&Ý�O�þ�Ø��

�[(J, XeL1ÚL2.
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L1 �m = 8�ºxëêθi�þ�Ø�

i 1 2 3 4 5 6 7 8 9 10

MS1 0.5671 0.5010 0.5278 0.5394 0.5780 0.5404 0.5518 0.5257 0.5110 0.4849

MS2 0.1715 0.1719 0.1732 0.1772 0.1756 0.1683 0.1697 0.1682 0.1674 0.1724

MS3 0.1879 0.1858 0.1874 0.1919 0.1914 0.1837 0.1831 0.1813 0.1809 0.1874

MS4 0.1991 0.1944 0.1975 0.2049 0.2042 0.1947 0.1957 0.1937 0.1937 0.1985

L2 �m = 8�ëêg(θi) = 1/θi�þ�Ø�

i 1 2 3 4 5 6 7 8 9 10

gMS1 0.1875 0.1917 0.1665 0.1855 0.1911 0.1794 0.1985 0.1784 0.1942 0.1627

gMS2 0.1410 0.1566 0.1341 0.1406 0.1495 0.1474 0.1524 0.1341 0.1332 0.1261

gMS3 0.1328 0.1450 0.1240 0.1323 0.1400 0.1373 0.1422 0.1261 0.1274 0.1174

gMS4 0.1377 0.1498 0.1281 0.1385 0.1442 0.1415 0.1478 0.1315 0.1328 0.1215

3þ¡�L1ÚL2¥, MSi, i = 1, 2, 3, 4ÚgMSi, i = 1, 2, 3, 4©OL«θi�g(θi) = 1/θi

�4�q,�O, ��d�O, �àg&Ý�OÚàg&Ý�O�þ�Ø�. l�[(J�

±wÑ,3θi��O¥,þ�Ø��üS�MS2 < MS3 < MS4 < MS1,=d��Ð��O�

��d�O. w,, duθi���d�Oθ̂i
B
´¤k����ÿ¼ê¥¦þ�Ø�����

��O. 
L2¥g(θi) = 1/θi��O¥þ�Ø��üS�gMS3 < gMS4 < gMS2 < gMS1,

=������O�&Ý�Og(θ̂i
c
), d�Ì��Ï´éθi�¼êC�±�Ò��
Ùþ�

Ø����5�. L2�(J�·�y²�·K3.2´���. ,
, ùü�L��[(Jw

«
��'�¿	�ÚOy�, Ò´ª(3.4)�´Cq�3�õê�¹e¤á, 
3,
�

¹eK�7¤á. L1ÚL2¥��d�OÚ&Ý�O�þ�Ø�'�Ò´ù«,	�¹.

Ï�3·�ù��.¥, ²L�êC�±�, þ�Ø����5Òu)
Cz. �
�ym

éþ�Ø��`5�K�, �m = 2±9m = 80, ­#��[��e¡�L:

L3 �m = 2�ëêg(θi) = 1/θi�þ�Ø�

i 1 2 3 4 5 6 7 8 9 10

gMS1 0.7435 0.6726 0.7561 0.7824 0.7545 0.7323 0.7206 0.7615 0.7472 0.7639

gMS2 0.3493 0.2714 0.3445 0.3050 0.3047 0.3328 0.3099 0.3260 0.3850 0.3171

gMS3 0.3152 0.2448 0.3073 0.2781 0.2761 0.3007 0.2804 0.2929 0.3404 0.2892

gMS4 0.3633 0.2968 0.3494 0.3326 0.3259 0.3485 0.3321 0.3409 0.3746 0.3371

L4 �m = 80�ëêg(θi) = 1/θi�þ�Ø�

i 1 2 3 4 5 6 7 8 9 10

gMS1 0.0193 0.0192 0.0194 0.0202 0.0187 0.0171 0.0173 0.0200 0.0185 0.0184

gMS2 0.0187 0.0186 0.0200 0.0195 0.0189 0.0167 0.0170 0.0213 0.0179 0.0179

gMS3 0.0185 0.0184 0.0194 0.0193 0.0185 0.0165 0.0168 0.0206 0.0177 0.0177

gMS4 0.0186 0.0185 0.0194 0.0194 0.0185 0.0166 0.0169 0.0205 0.0178 0.0178
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lþ¡�L3�±wÑ, �m = 2�, kgMS3 < gMS2 < gMS4 < gMS1. Ïd2g�y


·K3.2, =�mé��, gMS2 < gMS4. ,	, 3L4¥�m = 80�o�þ�Ø�A��

Ó, =�Xm�O�ù«þ�Ø���`5òÅì��.

§4. ²���d�O9ìC�`5

3þ¡�!¥, ·��Ñ
ºxëêθi�o��O, ¿^ê��[��{'�
��

�O�þ�Ø�, (ØL², ��d�O´o��O¥�Ð���, Ùg´�àg&Ý�

OÚàg&Ý�O. ,
, 3¢S$^¥, Ø+´��d�O�´&Ý�O, Ñ�¹
(�

ëêαÚβ. ùü�(�ëê3��dÚO¥�¡��ëê. 3��dÚO¥, (½αÚβ�

�Okõ«�{, ~^��{kÌ*VÇ�© :{, 4���©Ù{, Ý�O{�. �ë

�LehmannÚCasella (2003), Gelman�(1995)�. w,, Ì*VÇ{I��â;[*:(

½© ê, �k�½�Ì*5, 
3��.¥, ºxëê���©Ù�Gamma©Ù, |^4

���©Ù��{�Ã{��(�ëê�O�w«L�ª. e¡·�æ^Ý�{5(�ë

ê�OαÚβ. Ý�O�{´²���dÚO¥�­��{, AO´3�x°�¥�2�¦

^, �'�ïÄ�ë�BühlmannÚGisler (2005).

�!Ó�b�mi = m, i = 1, 2, . . . , n, �Yij = ln(Xij/x0), �éN´í2�����

�¹.

du(Y i, θi)�pÕá, �±w¤´T�üºx�����. Ù��þ�Ú����©

O�

µ̂Y =
1

n

n∑
i=1

Y i, σ̂2Y =
1

n− 1

n∑
i=1

(Y i − µ̂Y )2. (4.1)

�âV­Ï"úª, N´��

E(Y i) =
β

α− 1
, Var (Y i) =

β2(m+ α− 1)

m(α− 1)2(α− 2)
.

e- 
µ̂Y =

β

α− 1
,

σ̂2Y =
β2(m+ α− 1)

m(α− 1)2(α− 2)
,

(4.2)

K�)�

α̂ =
(m− 1)µ̂Y

2 + 2mσ̂2Y

mσ̂2Y − µ̂Y
2

, β̂ =
µ̂Y (mµ̂Y

2 +mσ̂2Y )

mσ̂2Y − µ̂Y
2

, (4.3)

=��αÚβ�Ý�O.
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�âr�ê½Æ, �m�½�n → ∞�, �±�y�Oα̂�β̂þ÷v��r�Ü5, =

kα̂ → α, a.s.±9β̂ → β, a.s.. �N´y²ùü��O´²�Âñ�, =E[(α̂ − α)2] → 0,

±9E[(β̂ − β)2]→ 0.

òα̂�β̂�\þ!���d�O��àg&Ý�O, ��

θ̃i
B

=
m+ α̂

m∑
j=1

Yij + β̂

, θ̃i
c

=
m+ α̂− 1
m∑
j=1

Yij + β̂

. (4.4)

5¿��Oθ̃i
B
�θ̃i

c
2�Ø�6u?Û��ëê, �±3¢S¥��¦^. 3��dÚOÆ

¥, ¡ù«�{�²���d�{, 
θ̃i
B
�θ̃i

c
¡�θi�²���d�OÚ²���d&Ý

�O.

éu²���d�OÚ²���d&Ý�O, ·��'%�´ò(�ëê��O�

\�Ùþ���´Äk��K�? ù«K��X��Nþn�O�´ÄU��ªu"? ù

Ò´¤¢�²���d�`5. 'u²���d�O�©z�ë�Robbins (1955, 1964),

Mashayekhi (2002)�.

½Â 4.1 �θ̃Úθ̂©O´ëêθ�²���d�OÚ��d�O, e÷v

lim
n→∞

|E[(θ̃ − θ)2]− E[(θ̂ − θ)2]| = 0, (4.5)

K¡²���d�Oθ̃´ìC�`�.

3�©¥θi�²���d�Oθ̃i
B
Ú²���d&Ý�Oθ̃i

c
, �±��e¡�(Ø.

½n 4.1 e�3δ > 0, ¦�θ̂i
mle

< δ, K�n→∞�, ²���d�Oθ̃i
B
Ú²��

�d&Ý�Oθ̃i
c
Ñ´ìC�`�O, =k

lim
n→∞

max
1≤i≤m

|E[(θ̃i
B
− θi)2]− E[(θ̂i

B
− θi)2]| = 0 (4.6)

±9

lim
n→∞

max
1≤i≤m

|E[(θ̃i
c
− θi)2]− E[(θ̂i

c
− θi)2]| = 0. (4.7)

y²: duθ̃i
B
�θ̃i

c
�ìC�`5y²Ä��Ó, ·��y²(4.6)ª. P

Yi· =
m∑
j=1

ln
(Xij

x0

)
.

Äk, �â²�Ú�©)¿(ÜÏ"Ø�ªk

|E[(θ̃i
B
− θi)2]− E[(θ̂i

B
− θi)2]| = |E[(θ̃i

B
− θ̂i

B
)2] + 2E[(θ̃i

B
− θ̂i

B
)(θ̂i

B
− θi)]|

≤ E[(θ̃i
B
− θ̂i

B
)2] + 2

√
E[(θ̃i

B
− θ̂i

B
)2]E[(θ̂i

B
− θi)2].
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qÏ�

E[(θ̂i
B
− θi)2] = E

[(m+ α− θi(Yi· + β)

Yi· + β

)2]
≤ 1

β2
E[(m+α− θi(Yi·+ β))2] =

m+ α

β2
≤ ∞.

Ïd�Iy² lim
n→∞

max
1≤i≤m

E[(θ̃i
B
− θ̂i

B
)2]=0=�.duθ̂i

mle
=m/Yi·, �â½n�^�kθ̂i

mle

< δ, =Yi· > m/δ. Ïd�±��

E[(θ̃i
B
− θ̂i

B
)2] = E

[(m+ α̂

Yi· + β̂
− m+ α

Yi· + β

)2]
= E

[ (α̂− α)2

(Yi· + β̂)2

]
+ E

[( (m+ α)(β̂ − β)

(Yi· + β̂)(Yi· + β)

)2]
≤ δ4

m4
E[(α̂− α)2] +

δ2(m+ α)2

m2β2
E[(β̂ − β)2]

→ 0.

Ïd(4.6)ª¤á, Ón�y(4.7)ª. K�¤
½n�y². �

�
�y3�\(�ëê�O�é�O�þ�Ø��K�, =ïÄ��d�O!&Ý

�O±9�A�²���d�O!²���d&Ý�O�þ�Ø��¹, ·�313!�

Ó��¸e?1ê��[. �α = 4, β = 3, x0 = 1, n = 10, m = 20. �3²���d�O

Ú²���d&Ý�O¥æ^α̂, β̂, ��e¡�(J.

L5 �m = 8���d�O9²���d�O�þ�Ø�

i 1 2 3 4 5 6 7 8 9 10

MSB 0.1727 0.1680 0.1689 0.1725 0.1703 0.1712 0.1721 0.1701 0.1709 0.1729

EMSB 0.2522 0.2098 0.2121 0.2175 0.2151 0.2088 0.2188 0.3723 0.2092 0.2163

MSC 0.1886 0.1820 0.1851 0.1883 0.1872 0.1825 0.1854 0.1848 0.1839 0.1874

EMSC 0.2715 0.2243 0.2266 0.2320 0.2308 0.2212 0.2329 0.3823 0.2232 0.2304

3þ¡�L5¥, MSBÚEMSB©OL«��d�OÚéA�²���d�O�þ�

Ø�, 
MSCÚEMSC©OL«�àg&Ý�OÚéA�²���d&Ý�O�þ�Ø�.

w,, du(�ëê��O���þ�Ø��O�. ùü�²���d�OE,'4�q

,�O�þ�Ø���.

§5. (Ø5P

�©�Ä
äk����üºx�\÷©Ù©Ù�., 5¿�3�©�?Ø¥, �â

�x�¢S�¹, ���x0b½´®��, �l?Ø�L§¥�±wÑ, ºxëê��O�

x0´Ø�'�, =x0��¿ØK�ºxëêθi��O. ©Ù3Gammak�©Ùb�e, ?
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Ø
ºxëê�4�q,�O, ��d�O, �àg&Ý�O±9àg&Ý�O. ¿?Ø


ù
�O�ÚO5�, '�
ù
�O�þ�Ø�. �â��d�O�½Â, ��d�O´

3¤k�ÿ¼ê¥þ�Ø�������O, ù�(Ø3ê��[�L1¥��
�y. �

k
¿	�´, éù
�O?1�êC�±�, ��d�O�þ�Ø��`5ÒØ�3
,

ù�ÏLnØy²Úê��[þL²�àg&Ý�O�þ�Ø���. ©ÙØ=y²
ù

o��O�r�Ü5, 
��Ñ
(�ëê�Ý�O, ¿����d�OÚ&Ý�O�²

���d�O, ��éy²
²���d�O�ìC�`5, ¿éÙþ�Ø�?1
'�,

(Øw«, ²���d�O�þ�Ø�E,'4�q,�O�þ�Ø���, ��±3¢

S¥��¦^.
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The Empirical Bayes Estimation of Risk Parameters in

Pareto Claim Distribution

Wen Limin1,2 Zhang Mei1 Cheng Zihong1 Zhang Yi1,3

(1School of Mathematics and Information Science, Jiangxi Normal University, Nanchang, 330022 )

(2School of Information Management, Jiangxi University of Finance and Economics, Nanchang, 330013 )

(3School of Computer and Information Engineering, Jiangxi Normal University, Nanchang, 330022 )

The Bayesian model is established in this paper, and the risk parameters of claim amounts in Pareto

distribution are estimated. The maximum likelihood estimation, Bayesian estimation and credibility

estimation are derived and the strong consistency of these estimates are proved. We also compared their

mean square error both in theory and in numerical simulation. The results show that Bayesian estimation

is better than other estimates in sense of mean square error. Finally, the structural parameters in Bayes

estimation and credibility estimation are estimated and the corresponding empirical Bayes estimates are

proved asymptotically optimal.

Keywords: Pareto distribution, empirical Bayes estimators, asymptotical optimality, credibility

estimator.
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