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LINEX��¼êeïÄV�ê©Ù �ëê�EB�O¯K, y²
EB�O�ìC�`5,

Ó��Ñ
�A�Âñ�Ý.

�ÄäkXe�Ý¼ê�V�ê©ÙX:

f(x; θ, σ) =
1

2σ
exp

(
− |x− θ|

σ

)
, x ∈ (−∞,∞), (1.1)

Ù¥θÚσ©O´ �ëêÚ�Ýëê, �θ ∈ (−∞,+∞), σ > 0. �
?Øëêθ��O¯

K, -σ = 1, K�½θ�, �ÅCþX�^��Ý�

f(x|θ) =
1

2
exp(−|x− θ|), (1.2)

Ù¥θ ∈ Ω = (−∞,+∞), Ω�ëê�m.

�G(θ)�θ�k�©Ù, ���, K�ÅCþX�>��Ý�

f(x) =

∫ +∞

−∞
f(x|θ)dG(θ) =

1

2

∫ +∞

−∞
e−|x−θ|dG(θ)

=
1

2

∫ x

−∞
eθ−xdG(θ) +

1

2

∫ +∞

x
ex−θdG(θ). (1.3)

PX�>�©Ù¼ê�F (x), K

F (x) =

∫ x

−∞
f(t)dt.

y�ÄXe�LINEX��¼ê(ë�Varian, 1975):

L(θ, θ̂) = ec(θ̂−θ) − c(θ̂ − θ)− 1, (1.4)

Ù¥|c| < 1�~ê.

-θ̂BE(x)L«3��¼ê(1.4)eθ�Äux�Bayes�O, K´�

θ̂BE(x) =
1

c
log

1

E(e−cθ|x)
.

5¿�

E(e−cθ|x) =
1

f(x)

∫
Θ

e−cθf(x|θ)dG(θ) =
1

f(x)

∫
Θ

e−cθ · 1

2
e−|x−θ|dG(θ)

=
1

f(x)
[f(x)e−cx +H(x)], (1.5)

Ù¥�����ª|^
e©¥�Ún3.1, ùp

H(x) =
2− c

2

∫ x

−∞
ce(1−c)t−xdF (t)− c+ 2

2

∫ +∞

x
cex−(1+c)tdF (t). (1.6)
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u´

θ̂BE(x) =
1

c
log

f(x)

f(x)e−cx +H(x)
,

1

c
logS(x), (1.7)

Ù¥

S(x) =
1

E(e−cθ|x)
=

f(x)

f(x)e−cx +H(x)
. (1.8)

?
, θ̂BE�Bayesºx�

R(G) = R(θ̂BE, G) = E(X,θ)

[
ec(θ̂BE(X)−θ) − c(θ̂BE(X)− θ)− 1

]
. (1.9)

duG(θ)´���, ÏdBayes�O¢SþÃ¢^d�, u´·��Ä|^EB�{5

�Eºx�±?¿�CR(G)��Oþ. e¡k�Ñ�Eëêθ�EB�O�L§.

§2. ²�Bayes�O��E

b�(X1, θ1), (X2, θ2), . . . , (Xn, θn)Ú(X, θ)��pÕá��ÅCþ, Ù¥X1, X2, . . .,

Xn�Xäk�Ó��Ý¼êf(x); θ1, θ2, . . . , θn�θk�Ó�k�©ÙG(θ). 5¿��X1,

X2, . . . , XnÚXÑ´�*ÿ�, 
θ1, θ2, . . . , θnÚθÑ´Ø�*ÿ�. y3·�^²�©Ù

¼ê

Fn(x) =
1

n

n∑
i=1

I[Xi≤x]

��F (x)��O, Ù¥I[A]L«A�«5¼ê. u´d(1.6)¤½Â�H(x)��A�Oþ�

Hn(x) =
2− c

2

∫ x

−∞
ce(1−c)t−xdFn(t)− c+ 2

2

∫ +∞

x
cex−(1+c)tdFn(t)

=
c(2− c)

2n

n∑
i=1

e(1−c)Xi−xI[Xi≤x] −
c(c+ 2)

2n

n∑
i=1

e−(1+c)Xi+xI[Xi>x]. (2.1)

éuf(x), ·�æ^Xe�Ø�O�{?1�O. �K(·)´k.�Borel�ÿ¼ê, 3

«m(0, 1)�	���", �÷v:

1

j!

∫ 1

0
tjK(t)dt =

1, j = 0;

0, j = 1, 2, . . . , s− 1,

d?s ≥ 3´��½��ê, Kf(x)�Ø�O½Â�

fn(x) =
1

nhn

n∑
i=1

K
(Xi − x

hn

)
, (2.2)

Ù¥hn > 0, � lim
n→∞

hn = 0.
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dd, ·�½Âëêθ�EB�O�

θ̂EB(x) =
1

c
log
[ fn(x)

fn(x)e−cx +Hn(x)

]
nv
,

1

c
logSn(x). (2.3)

d?0 < v < 1�½, 


[b]L =

b, 0 < b ≤ L;

1, else.

e^E∗ÚEn©OL«'u(X1, X2, . . . , Xn, (X, θ))±9(X1, X2, . . . , Xn)�éÜ©Ù¦

Ï", Kθ̂EB��¡Bayesºx�

Rn = Rn(θ̂EB(x), θ) = E∗
[
ec(θ̂EB(X)−θ) − c(θ̂EB(X)− θ)− 1

]
. (2.4)

�FL«θ�,�k�©Ùa, XJé∀G ∈ F , k lim
n→∞

Rn = R(G), K¡θ̂BE�θ�'

uF�ìC�`EB�O. ,	, eé,�δ > 0, Rn−R(G) = O(n−δ), K¡{θ̂EB}�Âñ�
Ý��´O(n−δ).

§3. Ún9Ùy²

±e^c1, c2, . . .L«Ø�6un�~ê, §�3ØÓ�/��±L«ØÓ��, =¦3

Ó�L�ª¥�´Xd. �,, §�«O�LINEX��¼ê(1.4)¥�c. �¼�EB�O�

Âñ�Ý, I�e¡��
Ún.

Ún 3.1 ef(x) > 0, Kθ�Bayes�O�L«�

θ̂BE(x) =
1

c
log

f(x)

f(x)e−cx +H(x)
,

Ù¥H(x)d(1.6)�Ñ.

y²: ·�=Iy²∫ +∞

−∞
e−cθ · 1

2
exp(−|x− θ|)dG(θ) = f(x)e−cx +H(x).

P

H(x) =
2− c

2

∫ x

−∞
ce(1−c)t−xdF (t)− c+ 2

2

∫ +∞

x
cex−(1+c)tdF (t)

, H1(x)−H2(x).
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5¿�

H1(x) =
2− c

2

∫ x

−∞
ce(1−c)t−x

∫ +∞

−∞

1

2
e−|t−θ|dG(θ)dt

=
2− c

2

[ ∫ x

−∞
ce(1−c)t−x

∫ t

−∞

1

2
eθ−tdG(θ)dt+

∫ x

−∞
ce(1−c)t−x

∫ +∞

t

1

2
et−θdG(θ)dt

]
,

2− c
2

[H11(x) +H12(x)],

Ù¥,

H11(x) =

∫ x

−∞

1

2
ceθ−x

∫ t

−∞
e−ctdG(θ)dt

=

∫ x

−∞

1

2
ceθ−x

(∫ x

θ
e−ctdt

)
dG(θ) =

∫ x

−∞

1

2
eθ−x

(
e−cθ − e−cx

)
dG(θ)

=

∫ x

−∞

1

2
e−x+(1−c)θdG(θ)−

∫ x

−∞

1

2
e−(1+c)x+θdG(θ),

H12(x) =

∫ x

−∞
ce(1−c)t−x

∫ +∞

t

1

2
et−θdG(θ)dt

=

∫ x

−∞
ce(1−c)t−x

∫ x

t

1

2
et−θdG(θ)dt+

∫ x

−∞
ce(1−c)t−x

∫ +∞

x

1

2
et−θdG(θ)dt

=

∫ x

−∞

1

2
ce−x−θ

(∫ θ

−∞
e(2−c)tdt

)
dG(θ) +

∫ +∞

x

1

2
ce−x−θ

(∫ x

−∞
e(2−c)tdt

)
dG(θ)

=

∫ x

−∞

c

2(2− c)
e−x+(1−c)θdG(θ) +

∫ +∞

x

c

2(2− c)
e(1−c)x−θdG(θ).

u´

H1(x) =
2− c

2
[H11(x) +H12(x)]

=

∫ x

−∞

1

2
e−x+(1−c)θdG(θ)−

∫ x

−∞

2− c
4

e−(1+c)x+θdG(θ) +

∫ +∞

x

c

4
e(1−c)x−θdG(θ).

(3.1)

2-

H2(x) =
c+ 2

2

∫ +∞

x
cex−(1+c)tdF (t)

=
c+ 2

2

[ ∫ +∞

x
cex−(1+c)t

∫ t

−∞

1

2
eθ−tdG(θ)dt+

∫ +∞

x
cex−(1+c)t

∫ +∞

t

1

2
et−θdG(θ)dt

]
,
c+ 2

2
[H21(x) +H22(x)].

aquH1, ��

H2(x) =

∫ x

−∞

c

4
e−(1+c)x+θdG(θ)−

∫ +∞

x

1

2
ex−(c+1)θdG(θ) +

∫ +∞

x

c+ 2

4
e(1−c)x−θdG(θ).

(3.2)
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,	,

f(x)e−cx =

∫ x

−∞

1

2
eθ−(1+c)xdG(θ) +

∫ +∞

x

1

2
e(1−c)x−θdG(θ). (3.3)

d(3.1), (3.2)Ú(3.3), k

f(x)e−cx +H(x) = f(x)e−cx +H1(x)−H2(x)

=

∫ x

−∞
e−cθ · 1

2
eθ−xdG(θ) +

∫ +∞

x
e−cθ · 1

2
ex−θdG(θ)

=

∫ +∞

−∞
e−cθ · 1

2
exp(−|x− θ|)dG(θ).

y.. �

Ún 3.2 (4J_, 2010) b�a > 0, b > 0, Kk

e(a−b) − (a− b)− 1 ≤ (ea − eb)2.

Ún 3.3 3LINEX��¼êe, k

Rn(θ̂EB, θ)−R(θ̂BE, θ) = EX
{
EX1,...,Xn|X

[
ec(θ̂EB−θ̂BE) − c(θ̂EB − θ̂BE)− 1

]}
,

Ù¥EXL«'uX�©Ù�Ï".

y²ë�4J_(2010)¥�Ún2.

Ún 3.4 (ë�¢, 1981) �YÚZ��ÅCþ, yÚz�¢ê, Ké?¿L > 0±90 <

λ ≤ 2, k

E
∣∣∣[Y
Z
− y

z

]
L

∣∣∣r ≤ 2|z|−r
{
E|Y − y|r +

(∣∣∣y
z

∣∣∣+ L
)r

E|Z − z|r
}
.

Ún 3.5 �f(x)�3?¿�ëY�ê, fn(x)d(2.2)½Â. q�0 < r ≤ 2, s ≥ 3�

g,ê, X1, X2, . . . , Xn�i.i.d.��, K�hn = n−1/(2s+1)�, k

En|fn(x)− f(x)|r ≤ c1n
−rs/(2s+1).

y²ë��5)(1983)Ún5.

Ún 3.6 �0 < r ≤ 2, K

En|Hn(x)−H(x)|r ≤ c1n
−r/2,

Ù¥H(x)ÚHn(x)©Od(1.6)Ú(2.1)�Ñ.
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y²: P

Hn(x) =
c(2− c)

2n

n∑
i=1

e(1−c)Xi−xI[Xi≤x] −
c(c+ 2)

2n

n∑
i=1

e−(1+c)Xi+xI[Xi>x]

=
c

2n

n∑
i=1

{
(2− c)e(1−c)Xi−xI[Xi≤x] − (c+ 2)e−(1+c)Xi+xI[Xi>x]

}
,

c

2n

n∑
i=1

Ti.

5¿�

EnHn(x) = En
( c

2n

n∑
i=1

Ti

)
=
c

2
En(T1)

=
c

2
En
[
(2− c)e(1−c)X1−xI[X1≤x] − (c+ 2)e−(1+c)X1+xI[X1>x]

]
=
c

2

[ ∫ x

−∞
(2− c)e(1−c)t−xdF (t)−

∫ +∞

x
(c+ 2)e−(1+c)t+xdF (t)

]
= H(x).

Ïd,

En|Hn(x)−H(x)|r = En[(Hn(x)−H(x))2]r/2 ≤ [Var (Hn(x))]r/2

=
[ c2

4n
Var (T1)

]r/2
≤
[ c2

4n
E(T 2

1 )
]r/2
≤ c1 · n−r/2E(T 2

1 ).

qÏ�, �0 < c < 1�,

E(T 2
1 ) = E

[
(2− c)2e2(1−c)X1−2xI[X1≤x] + (c+ 2)2e−2(1+c)X1+2xI[X1>x]

]
= (2− c)2

∫ x

−∞
e2[(1−c)t−x]dF (t) + (c+ 2)2

∫ +∞

x
e−2[(1+c)t−x]dF (t)

= c1

∫ x

−∞
e2[(1−c)t−x]dF (t) + c2

∫ +∞

x
e−2[(1+c)t−x]dF (t)

= c1

∫ 0

−∞
e2[(1−c)t−x]dF (t) + c2

∫ +∞

0
e−2[(1+c)t−x]dF (t) + c3

≤ c1

∫ 0

−∞
e2[(1−c)t−x]dF (t) + c2

∫ +∞

0
e−2[(1−c)t−x]dF (t) + c3

= c1

∫ 0

−∞
e2(1−c)[t−x/(1−c)]dF (t) + c2

∫ +∞

0
e−2(1−c)[t−x/(1−c)]dF (t) + c3

= c1

∫ x/(1−c)

−∞
e2(1−c)[t−x/(1−c)]dF (t) + c2

∫ +∞

x/(1−c)
e−2(1−c)[t−x/(1−c)]dF (t) + c4

≤ c5

∫ +∞

−∞
e−2(1−c)|t−x/(1−c)|dF (t) + c4

≤ c6.

《
应
用
概
率
统
计
》
版
权
所
有



1nÏ ci ± : LINEX��eV�ê©Ù �ëê�²�Bayes�O 261

,	, Ón�y, �−1 < c ≤ 0�, d(Ø�¤á. Ïd,

En|Hn(x)−H(x)|r ≤ c1n
−r/2.

y.. �

Ún 3.7 �s ≥ 3�?¿�½��ê, 1/2 < r < 1− 1/(2s), e

E|θ|2rs <∞, Ee−cθ <∞,

K ∫ +∞

−∞
f1−r(x)dx <∞,∫

Ω
f(x)|f(x)e−cx +H(x)|−rdx ≤ c1n

rv,∫
Ω
f(x)(e−cx)r|f(x)e−cx +H(x)|−rdx <∞,

Ù¥Ω = {x : S(x) ≤ nv/2}.

y²: 1��(Ø�y²L§aqu�5)(1983)�½n2, �Ñ�. ey�ü�(

Ø.

5¿�1/r > 1, dHölderØ�ª, k

E(e−cX)r ≤ Er(e−cX).

du

E(e−cX) =

∫ +∞

−∞
e−cxf(x)dx

=

∫ +∞

−∞
e−cx

∫ x

−∞

1

2
eθ−xdG(θ)dx+

∫ +∞

−∞
e−cx

∫ +∞

x

1

2
ex−θdG(θ)dx

=
1

2(1 + c)

∫ +∞

−∞
e−cθdG(θ) +

1

2(1− c)

∫ +∞

−∞
e−cθdG(θ)

=
1

1− c2

∫ +∞

−∞
e−cθdG(θ)

=
1

1− c2
E(e−cθ) <∞,

�E(e−cX)r <∞.

duΩ = {x : S(x) ≤ nv/2}, u´�x ∈ Ω�, k

[E(e−cθ|x)]−r = [S(x)]r ≤ 2−rnrv.
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?
, ∫
Ω
f(x)|f(x)e−cx +H(x)|−rdx =

∫
Ω
f(x)[f(x)E(e−cθ|x)]−rdx

≤ c1n
rv.

,	,∫
Ω
f(x)(e−cx)r|f(x)e−cx +H(x)|−rdx =

∫
Ω
f1−r(x)

∣∣∣ f(x)e−cx

f(x)e−cx +H(x)

∣∣∣rdx
=

∫
Ω
f1−r(x)dx

<∞.

y.. �

§4. Ì�½n

½n 4.1 éuV�ê©Ù(1.1), θ̂BE, θ̂EB©Od(1.7)Ú(2.3)½Â. �s ≥ 3�?¿�

½��ê, 1/2 < r < 1− 1/(2s). XJe�^�÷v:

(1) f(x)�s��êf (s)(x)�3, �sup
x
|f (s)(x)| <∞;

(2) E|θ|2rs <∞;

(3) E(e2crsθ) <∞, E(e−cθ) <∞,

K�hn = n−1/(2s+1)�, k

Rn −R(G) = O
(
n−(rs−1)/(2s+1)

)
.

y²: dÚn3.2±9(1.7)Ú(2.3), k

Rn(θ̂EB, θ)−R(θ̂BE, θ) = EXEn[ec(θ̂EB−θ̂BE) − c(θ̂EB − θ̂BE)− 1]

≤
∫ +∞

−∞
En(ecθ̂EB − ecθ̂BE)2f(x)dx

=

∫ +∞

−∞
En(Sn(x)− S(x))2f(x)dx. (4.1)

-Ω = {x : S(x) ≤ nv/2}, Ω = (−∞,+∞) − Ω. ��¡, �x ∈ Ω�, 5¿�|Sn(x) −
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S(x)| ≤ 3nv/2, (ÜÚn3.4ÚCrØ�ª, k

En|Sn(x)− S(x)|2

≤ (3nv/2)2−r · En|[Sn(x)− S(x)]3nv/2|r

≤ (3nv/2)2−r · En
∣∣∣[ fn(x)

fn(x)e−cx +Hn(x)
− f(x)

f(x)e−cx +H(x)

]
3nv/2

∣∣∣r
≤ (3nv/2)2−r · 2|f(x)e−cx +H(x)|−r

· {En|fn(x)− f(x)|r + (2nv)rEn|e−cx(fn(x)− f(x)) +Hn(x)−H(x)|r}

≤ c1n
2v|f(x)e−cx +H(x)|−r

· {(2nv)−rEn|fn(x)− f(x)|r + En|e−cx(fn(x)− f(x)) +Hn(x)−H(x)|r}

≤ c2n
2v(f(x))−rEn|fn(x)− f(x)|r

+ c1n
2v|f(x)e−cx +H(x)|−rEn|e−cx(fn(x)− f(x)) +Hn(x)−H(x)|r

≤ c2n
2v(f(x))−rEn|fn(x)− f(x)|r + c3n

2v(e−cx)r|f(x)e−cx +H(x)|−rEn|fn(x)− f(x)|r

+ c4n
2v|f(x)e−cx +H(x)|−rEn|Hn(x)−H(x)|r.

2dÚn3.5, Ún3.6ÚÚn3.7, ���2v − r/2 + vr ≤ 0, Bk∫
Ω
En(Sn(x)− S(x))2f(x)dx ≤ c2n

2v−rs/(2s+1)

∫ +∞

−∞
[f(x)]1−rdx

+ c3n
2v−rs/(2s+1)

∫
Ω
f(x)(e−cx)r|f(x)e−cx +H(x)|−rdx

+ c4n
2v−r/2

∫
Ω
f(x)|f(x)e−cx +H(x)|−rdx

≤ c5 · n2v−r/2+vr. (4.2)

,��¡, �x ∈ Ω�, 5¿�

[Sn(x)− S(x)]2 ≤ 2S2
n(x) + 2S2(x) ≤ 2n2v + 2S2(x) ≤ 10S2(x).

dHölderØ�ªÚMarkovØ�ª, k∫
Ω
En(Sn(x)− S(x))2f(x)dx ≤ 10

∫
Ω
S2(x)f(x)dx = 10E[S2(x)IΩ]

≤ 10E1/(rs)[S2rs(x)] · E(rs−1)/(2s)(IΩ)

≤ 10E1/(rs)[S2rs(x)] · [22rsn−2rsvES2rs(x)](rs−1)/(rs)

≤ c1 · n−2v(rs−1), (4.3)

Ù¥����Ø�ª|^
Xe¯¢:

ES2rs(x) = E[E−2rs(e−cθ|x)] ≤ E[E(e2crsθ|x)] = Ee2crsθ <∞.
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y�v = 1/[2(2s+ 1)], K2v − r/2 + vr = −2v(rs− 1) = −(rs− 1)/(2s+ 1). d(4.1),

(4.2)Ú(4.3)�,

Rn −R(G) = O(n−δ), (4.4)

Ù¥δ = (rs− 1)/(2s+ 1). y.. �

§5. ~fÚ�[

�!·�k�Ñ��~f, ±`²÷v½n4.1¥^��k�©Ùx´�3�.

b�ëêθ�k�©ÙG(·)´IO��©Ù, =θ�k��Ý�

g(θ) =
1√
2π

e−θ
2/2, θ ∈ (−∞,∞).

�½θ�, X�^��Ý�

f(x|θ) =
1

2
e−|x−θ|, x ∈ (−∞,∞),

u´X�>��Ý�

f(x) =

∫ +∞

−∞
f(x|θ)dG(θ)

=
1

2
e1/2−xΦ(x− 1) +

1

2
e1/2+x[1− Φ(x+ 1)],

Ù¥Φ(x) = (1/
√

2π)
∫ x
−∞ e−t

2/2dt�IO��©Ù�©Ù¼ê.

N´�y, f(x)�s��êf (s)(x)�3�k., =½n4.1¥^�(1)¤á; Ùg, w,θ�

?¿m�ÝE|θ|m�3, =½n4.1¥^�(2)¤á; ,	,

E(e2crsθ) =

∫ +∞

−∞
e2crsθ 1√

2π
e−θ

2/2dθ

=
1√
2π

∫ +∞

−∞
e−[(θ−2crs)2−4(crs)2]/2dθ

=
1√
2π

e2(crs)2
∫ +∞

−∞
e−(θ−2rs)2/2dθ

=
2√
2π

e2(crs)2
∫ +∞

0
e−(θ−2rs)2/2dθ

<∞.

Ón, E(e−cθ) <∞, =½n4.1¥^�(3)¤á. ùL²÷v½n4.1�k�©Ù´�3�.

��, ·�Òù�~f?1Monte Carlo�[ïÄ. 3�[¥, �K(y) = 4(4 − 30y +

60y2 − 35y3)I[0<y<1], s = 4, hn = n−1/9, nv = n1/18. ,	, ��¼ê¥�c��−0.5Ú0.8.
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²O�, éA�BayesºxR(G)©O�0.1035Ú0.2042. ²�Bayes�O�ºxRn�3L1

¥. dL1�±wÑ, Rnª�uR(G), ù�þ©�nØ(J´���.

L1 ØÓ��Nþe�Rn

n = 20 n = 50 n = 80 n = 100 n = 150 n = 200

c = −0.5 0.2108 0.1832 0.1595 0.1304 0.1187 0.1040

c = 0.8 0.3253 0.2847 0.2549 0.2364 0.2219 0.2051
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The Empirical Bayes Estimation of the Location Parameter

in Double-Exponential Family under the LINEX Loss

Function

You You1,2 Zhou Ling2

(1Department of Public Foundation Teaching, Auhui Technical College of Mechanical and Electrical

Engineering, Wuhu, 241003 )

(2School of Mathematics and Computer Science, Anhui Normal University, Wuhu, 241003 )

In this paper, we derive the Bayes estimator of the location parameter in double-exponential family

under the LINEX loss function, and then construct the corresponding empirical Bayes estimator. It is

shown that the empirical Bayes estimator is asymptotically optimal with convergence rate being O(n−δ),

δ = (rs − 1)/(2s + 1), where 1/2 < r < 1 − 1/(2s), while s ≥ 3 is a given integer. Finally, an example is

demonstrated.

Keywords: LINEX loss function, double-exponential family, empirical Bayes estimation, conver-

gence rate.
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