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Abstract

Algebraic convergence in L?-sense is studied for the reflecting diffusion processes on noncom-
pact manifold with non-convex boundary. A series of sufficient and necessary conditions for the
algebraic convergence are presented.

Keywords: Non-convex manifold, algebraic convergence, diffusion process.

AMS Subject Classification: 58J65, 60F25, 60J60.

8§1. Introduction

Let (M, g) be a d-dimensional noncompact connected Riemannian manifold with non-
convex boundary dM. Consider the operator L = A + Vh for some h € C*(M) with
Z = f M eM@)dz < oo, where A and V are, respectively, the Laplace and the gradient
operators associated to the Riemannian metric g. Let 7(dz) = Z~'e"®dz, where dz is
the Riemannian volume measure. It follows that L is symmetric with respect to 7 for all
functions in C§°(M).

Let X; be the reflecting L-diffusion process on M, which is assumed to be non-
explosive (see the conditions, for example, in Tkeda and Watanabe, 1981; Chapter V
and Wang, 2013; Theorem 3.1.1), and P; be the corresponding Markov semigroup. It is
known that the process has algebraic convergence in L?-sense if there exist a functional

V : L?(7r) — [0,¢] and constants C' > 0, ¢ > 1 such that

1Pf = n(HIP <CV(H/t7h,  t>0, feL¥(n), (1.1)

*The first author was supported in part by the starting-up research fund supplied by Zhejiang University of Tech-
nology (109007329). The second author was supported in part by 985 Project (212011), 973 Project (2011CB808000)
and the National Natural Science Foundation of China (11131003).

*Corresponding author, E-mail: wangyz@bnu.edu.cn.

Received October 17, 2013. Revised April 22, 2015.
doi: 10.3969/j.issn.1001-4268.2015.05.005



494 N FANEZE STt i i

where || -|| denotes the L2-norm, and 7(f) = [, fd7. From now on, we use | to represent
i) )y for convenience.

The main purpose of the paper is to work out some explicit criteria for the algebraic
convergence of the reflecting diffusion process on noncompact connected manifold M with
non-convex boundary. Actually, what we are doing is to find out some ¢ > 1 such that
sup Y|P, f — m(f)|| is bounded within a class of functions. So the algebraic convergence
ézopends heavily on the functional V. When OM is convex or empty, we can use the
Kendal-Cranston’s coupling to construct the functional V' and obtain some criteria for
the algebraic convergence, see Wang (2006) for detail. But when 0M is non-convex, the
coupling method can not be adopted directly as the minimal geodesic between two points
may not be entirely contained in M, see Kendall (1986) for the original reference. This
paper is devoted to dealing with this difficulty. The main idea of the paper is to make a
proper conformal change of the metric to reduce the non-convex case to the convex, see
the following Lemma 2.1. And we find a relatively good distance to construct the function
V', which is also one of innovations of this paper. The second innovation is that using the
polar coordinates transformation, we obtain a series of sufficient and necessary conditions
of algebraic convergence for the reflecting diffusion processes on the noncompact manifold

M with non-convex boundary.

§2. Main Results

Consider the reflecting L-diffusion process. Let N be the outward unit normal vector
field of OM and 2 = {f|f € L?(n), N floar = 0}. According to (1.1), the definition of
algebraic convergence, the diffusion process will have algebraic convergence rate if V(f) :=

sup Y|P, f — 7 f||? is bounded within the class of functions .# for some constant g > 1.
>0

Obviously this V satisfies the following conditions:

V(ef+d)=cV(f), forall c,deR. (2.1)
For some constant ¢ > 0, V(P.f) <cV(f), forall t >0, f € L*(n). (2.2)

The inequality (2.2) is the contraction condition. Conditions (2.1) and (2.2) are the
prerequisites for us to construct V. Since it is difficult for us to use coupling method
to construct the functional V' as before (see for instance Wang, 2006; Chen and Wang,
2003; Wang, 2004), we are trying to construct it in another way without using coupling

method. Prior to this, we need make the conformal change of Riemannian metric, so that
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the manifold M under the new metric is much easier to handle. We have the following
lemma from Wang (2007):

Lemma 2.1 Let Sect be the sectional curvature of M. Suppose M satisfies the
following conditions:

Sect < k, where k > 0;

For some constants K € R, there is Ric(Y,Y) > (d — 1)K|Y|? for all Y € TM;

For some constants o,7 > 0, there is —o|X[2<(Vx N, X) <r|X|? for all X e TOM.
Then there is a function ¢ € C°°(M) being strictly positive, such that M is convex under
the new metric § = ¢~ 2g.

For the detailed construction of ¢, the reader can refer to Wang (2007). Now we can
discuss the convergence problem of the diffusion processes under the new metric g. For
(M,g), let 6, A be the corresponding gradient operator and Laplace-Beltrami operator,
Ric be the new Ricci curvature and p(x,y) be the new Riemannian distance from z to y.

It’s easy to get the following equations:
A=A+ (d-2)Vliegy), Vh=ep 2Vh
Then the operator L can be rewritten as
L= 2 [A+(d—2)Viogp+Vh] = o (A + W),
where W = (d — 2)Vlog ¢ + Vh.
Let J be a positive function satisfying
J(r) = sup {Ap(-,2)(y) + (W (y), Vo, 2)(®))g, pla.y) = r, (2,y) ¢ Cut} < oo,

where Cut:={(z,y) :  and y are conjugate points}. How to get the quantitative expres-
sion of J(r)? Let’s give an example. Recall that Ric < 0 for the noncompact manifold. In
particular, if Ric > (d—1)kq for some ko < 0 and ||W||os < 00, using Laplacian comparison
theorem, we have Ap(8(r)) < (d — 1)5/(r)/n(r) and (W, 6/})5 < |[Wleo < 00. So we can
just take J(r) = (d — 1)n'(r)/n(r) + ||[W| s, where

n(r) = sinh(v/=kor)/v/ —ko, ko <O0. (2.3)
For any continuous function () > 0, let
Co)i= [ I By [ e @0ds [T Wutudn 1 =0
0 0 s

Especially, if we take ¥ (z) = 1, F(r) can be just taken as fg e~ C0)ds.

Now, we can construct the function V as follows.
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Lemma 2.2 Let V(f) = sipr(x) — f(y)]/[F o p(m,y)]’% Then V(f) satisfies
a#y
conditions (2.1), (2.2).

Let us consider the geodesic polar coordinates of metric on M: (r,6), which has the
expression: ds? = dr? + Y hy;(r,0)d0;d0;, 1 < 4,5 < d — 1, where 6 is (d — 1)-dimensional
unit spherical coordinatelsjjand (hij) is a positive matrix. The volume element of M under
geodesic polar coordinates is denoted by A(r,0)dr A df, where df is the volume element
on the (d — 1)-dimensional unit spherical S4~1(1). Assume that o € M, and denote p(o, z)
= p(z). As 0 is the spherical coordinate of exp,!(x)/p(z), without confusion, we can
denote 6 = exp,'(z)/p(z). Let B : [0,p(0,z)] — M be the minimal geodesic from o to
xz under (M,g). So B(t) = exp, (t8), t € [0, R(0)), where R(#) = sup{t : 5(t) € M}. By
the geodesic completeness of M, we have that S(R(0)) € OM Ucut(o), cut(o) is the set of

conjugate points of o.

Let £(z) > 0 be a test function on the manifold M. Denote

) 7O A(r,0)
() A(p(x),0) /pm eB3r)”

The following result is the main theorem of algebraic convergence for the reflecting L-

(B(r))m(B(r))dr.

o1(x) =

diffusion process on M with non-convex boundary.

Theorem 2.1 Suppose that M satisfies the conditions of Lemma 2.1. Let V be
as in Lemma 2.2.

(i) If there exists a positive function £(x) on M and a constant ¢ > 1, such that

sup o1(x) < 00, /F(p(:c))zﬁ(x)zq_Qﬂ(dx) < 0.
xeM

Then the process has algebraic convergence, i.e. (1.1) holds.
(ii) On the contrary, assume that the process has algebraic convergence with respect
to V. If there is a monotone increasing function ¢ : M — [0, 00) satisfying
(a) there exists sufficiently large positive integer m so that f ¢Pmdr = oo;
(b) [|V¢||* has upper bound;
(c) there exists € < 2¢g such that V(( A N) < N€ for all N € N.
Then for all 0 < k < 2q — &, we have [ ¢*(z)r(dz) < oo.

Using a different method from the proof of Theorem 2.1, we can obtain another

criterion of algebraic convergence. Let £ > 0 as before. Define

§(x)p(x) / RO A(r,6)
p

T@ AW, Sy EEE) "

o9(x) =
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Theorem 2.2 Suppose that M satisfies the conditions of Lemma 2.1. Let V be
as in Lemma 2.2. If there exists a positive function £(z) and a constant ¢ > 1, satisfying

sup og(x) < 00, /F(p(:L‘))Zﬁ(x)Zq_Qﬁ(dx) < 00,
zeM

then the process has algebraic convergence with respect to V.

According to Theorem 2.2, we select a particular test function to get a more convenient

criterion.

Corollary 2.1 Suppose that M satisfies the conditions of Lemma 2.1 and define
V as in Lemma 2.2. If there exists g > 1, such that
o0
/ CWy(u)du - /¢_Q(w)02(:n)2q7r(d:r) < 00,
0

then the process has algebraic convergence with respect to V.

In particular, if (M,g) has constant curvature Ky, then we have A(r,6) = n(r)?1,
where 7n(r) defined as (2.3) with Kj instead of k. So we can get more explicit expressions
of o1(x) and og(x) which are not very difficult to computed.

For more general case, we can use the comparison theorem to simplify o1 and oo. For
example, if Ric > (d — 1)k for some ko < 0, denote n by (2.3) and define

2(y R(O) p(p)d—1
o1 (x) = W(x):;(p((x)))d_l /p(x) ;((g(r))P(ﬁ(r))ﬂ(ﬁ(r))dr;
E(@)p(x) / O ()
P

m(@)n(p(@) 1w Wﬂ(ﬁ(r))dr.

In fact, 01(x), d2(x) are the new expressions of o1(z), oo(z) by replacing A(r,6) with
n(r)4

52(.1‘) =

respectively. Then we have the corollary as follows.

Corollary 2.2  Under the additional condition of Ric > (d—1)ko for some ko < 0,
Theorem 2.1 and Theorem 2.2 are still valid by using d;(z) instead of o;(z), i = 1,2,
respectively.

In fact, our results are also suitable for the convex manifolds because ¢ = 1 in this
case. Especially, when M = R, we have Ric = 0, 8(r) = ry/p(y), Cut is null, R() = +oo
and ¢ = 1. Thus,
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which is consistent with Theorem 2.1 of Wang (2004). Therefore, the above conclusions
are more general.

Furthermore, our conclusion can be used for the hyperplane. We have known that
many manifolds with boundary are diffeomorphic to the hyperplane. Consider the special
case that M is d-dimensional upper half-plane H?. Let o as the origin of the coordinates.
To judge the algebraic convergence, we only need to take supremum of o; (i = 1,2) for
y € H.

§3. Proofs of the Results

Our starting point is the following theorem which gives a sufficient (necessary) con-
dition of algebraic convergence for general Markov semigroup. See Liggett (1991) for

details.

Theorem 3.1 (Liggett-Stroock) Let 1 < p, ¢ < oo, such that 1/g +1/p = 1.
Suppose that V : L2(7r) — [0, c0] satisfies V(cf + d) = 2V (f) for all ¢,d € R. Consider
the following two statements.

(i) There exists a constant C’ > 0, such that
|f ==fI* <C'DHPVNHY fe (D), (3.1)

where D(f) = [ |V f|?m(x)dz is the Dirichlet form of the operator L with domain (D) =
{f € I2(m) s D(f) < oo},

(ii) There exists a constant C' > 0, such that ||P,f —7f||? < CV(f)/t97 1, for all t > 0,
f € L*(n).
Then we have the following conclusions:

(a) If (i) holds and V satisfies the contraction condition V(P;(f)) < ¢V (f), ¢ > 0,
then (ii) holds;

(b) If the process is reversible with respect to 7 and (ii) holds, then (i) holds.

Remark 1 In the original Liggett-Stroock theorem in Liggett (1991), the contrac-
tion property of V' is represented as V(P f) < V(f). Here we use V(P:(f)) < cV(f)
instead of V(P,f) < V(f). It is easy to check that the Liggett-Stroock theorem still holds.

In fact, the criteria for algebraic convergence of this paper are some more explicit
conditions for (3.1) of the Liggett-Stroock theorem in the context of diffusion processes

on M. Now, we will start from the contraction property of V.
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Proof of Lemma 2.2  Apparently, V (f) satisfies (2.1). When z # y, we have

SRR e A e e

By symmetricity, we only need to prove

bif(x) = fy) ’2

x#\mew) < V(). (3.3)

For some fixed y, we temporarily abbreviate p(z,y) to p(z) for convenience. Firstly, we

have

LF(p(x))

¢ *[AF(p(x)) + WE(p(x)] = ¢ 2 [F"(p(x)) + F'(p(a))(Lp(x) + Wp(x))]
< @ (p(x)) + J (p(2) F'(p(x))] = —¢~*(p(2)) < 0.

Next, let X; be the L-diffusion process with Xy = . We have

EW@MMM=FW%W+APJHWMMSFW%M-
Thus, we have

‘Ptf(x)—f(y)r_

Em(f<Xt) ) F(p(Xt7y)>)) ’2

Fop(x,y) F(p(Xt,y))  F(p(z,y)
f@) = f) 2\ B F(p(Xey)1? _ | ETF(p(Xt,9)) |2
< (s [T ) ey | =Y PRy | <V

which yields (3.3) by making the supremum over all z # y on the left-hand side.
Therefore, taking the supremum over all  # y on the left-hand side of (3.2) yields
V(P f) <9V (f) for all ¢t > 0. Hence the proof of Lemma 2.2 is completed. O

Proof of Theorem 2.1 We only prove the part (i) of the theorem since the proof
of part (ii) is quite similar as the diffusion processes on R™. See Wang (2007; Theorem
2.1) for details.

By the Liggett-Stroock theorem, we only to check condition (3.1). So we will start
from the variance ||f — 7 f||?, f € L?(w). Because the diffusion process which we studied
is reflecting on M, f must satisfy Neumann boundary, i.e. N f|aas = 0. Since C§°(M) is
dense in the function class 7 = {f|f € L*(r), N flaam = 0}, it is easy to see that C5°(M)
is large enough for us to discuss the problem by an approximation argument.

Suppose that o € M is the original point, and recall that p(o,z) = p(x). Let f €
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C§°(M), £ > 0. We have
I =P = int [ w(do)(f@) - o < [ w(do)(f(@) - f0)?
(@) - f(0)y?

f(z) < ) = f(0)
(] (s} " ] () s

= 1V/P.11'/9, (3.4)
Let B : [0, p(z)] = M (B(0) = o, B(p(z)) = x) be the minimal geodesic between o and
x under the new metric g. Then |d3(t)/dt|; = 1, and

df(B(t)) ds(t)
dt dt

) < ¥sly |2 = 9ty

- <€f’ dt

We get

1= [0 - sorran < [ ( 7 T a)

) o) _ 2 ) o)
< [er@( [ e wao) < [ @ptaman) [T rRE)"

Then, we establish geodesic polar coordinates (r, ) with o as the original point. We have
R(0) T
t< [ @0 [T A0 BenpEmsEmar [V EE)s

R(O) _ R(0)
= [ e [ IRIREE)s [ AG ¢ 2 E)pE) (s
Sd—1(1) 0 s

R(0)

— [ A o). O 1By [ A 0)E B350 dr

p(y)

_ / o1 (y)e ()7 (v) [V £ 2(y)dy.

Here in the third step, @ is the spherical coordinates of exp, !(y)/p(y). By the conformal
change, we have

IVF2=@*(Vf VF).

Combining the above results with sup o1(y) < oo gives that there exists constant C; such
yeM

that
1< sup o) [ 1V Pr)dy = €1 [ 197Patu)ay = D0 (3.5)

yeM
On the other hand,

@) - f(0)y? )
= [ (P52 P mtaa) <V [ PPl sta. @9
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Hence we get II < CoV (f) for some constant Co when [ F(p(z))?¢(2)%2n(dz) < oco.
Combining (3.5), (3.6) with (3.4), we obtain that there exists constant C' such that
| f=m(f)|I? < CD(f)YPV(f)*/9. By Theorem 3.1 (Liggett-Stroock theorem), the reflecting

L-diffusion process has algebraic convergence. O

Proof of Theorem 2.2  Let the symbols I and II be the same as in the proof of
Theorem 2.1. We have

R(9) o t_
—2 : 7 7(b(s))ds
t<2 [ a0 [T Ao @@ [ saE0) | 9100

R(O) _ R(6) ¢

- g : r,0)E2(B(r))m(B(r))dr =(8(s))ds

=2 [ [T [T Ar0e 2 se)reer [[195E)
R(6)

~ B B p(z) _
=2 975047 .0 | Al o) 3)m(aar- [ 9 5()s b

p(x)

By Schwarz’s inequality, we obtain

t<o] [ [ 9 rmees) )

[ (95056 | " A (0. 0G0 BB ()]

This means when sup og(x) < 0o, I < CD(f) for some constant C. The rest of the proof
zeM
is the same as the corresponding part of the proof of Theorem 2.1. O

Proof of Corollary 2.1 We select a simple test function & = 1. By a proof

similar to that of Theorem 2.2 and Schwarz’s inequality, we obtain that
I£ =PI < [ wlan)(f@) - 1) <1 [ (V4P @)oa(an(ar)
<o [wsp@rtan] " [19P@mnebna)
Let v be the minimal geodesic satisfying ~(¢) = exp, (tv) and v = Vf(z). So we have

7(0) = 2, 7/(0) = Vf(x). Thus,

iy L0 = F0)

2 _ 21U f2 — o2
V=9 IVflz=¢ t=0  p(y(t),x)

S V(e (@) [F'(0).

Then we obtain

I =71 < 4DV ()] [ o7 @) P 0) oo n(as)

1/q
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According to Theorem 3.1, Corollary 2.1 is proved. g

Proof of Corollary 2.2 From the conditions of Lemma 2.1, using comparison the-
orem (see Cheeger and Ebin, 1992), we deduce that A(r,)/n(r)?! is the non-increasing
function of r when Ric > (d — 1)ko for some ko < 0, which means A(r, 8)/A(p(y),0) <
(n(r)/n(py)))4! for r > p(y). Thus we have d1(z) > o1(x) and 2(x) > oa(z). Using
this inequality, we can replace o1(z) by d1(z) in Theorem 2.1. Similarly, for o2(x) in The-
orem 2.2, we can replace it with da(z) to determine whether the processes have algebraic

convergence. O
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