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Abstract

Let Xi ∼ Fαi , Yi ∼ F γi , i = 1, 2, . . . , n, be all independent PRHR variables. Firstly, we show

that (α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn) implies (Y1:n, Y2:n, . . . , Yn:n) ≥st (X1:n, X2:n, . . . , Xn:n).

Secondly, we consider the comparison of convolutions of independent heterogeneous PRHR variables

with respect to the usual stochastic ordering. Suppose α1 ≥ α2 ≥ · · · ≥ αn and γ1 ≥ γ2 ≥ · · · ≥ γn,

we prove that (α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn) implies
n∑
r=k

Yr ≥st

n∑
r=k

Xr, for all 1 ≤ k ≤ n. The

results established here strengthen some of the results known in the literature.
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§1. Introduction

Order statistics play an important role in statistical inference, life testings, reliability

theory and many other areas. Let X1, X2, . . . , Xn be n random variables and let Xi:n

denotes their ith order statistic, i = 1, 2, . . . , n. In reliability theory, the kth order statistic

Xk:n corresponds to the lifetime of a (n − k + 1)-out-of-n system. Parallel and series

systems are the building blocks of more complex coherent systems, wherein the lifetime

of a series system corresponds to the smallest order statistic X1:n and the lifetime of

a parallel system corresponds to the largest order statistic Xn:n. Many authors have

studied stochastic comparisons of lifetimes of series and parallel systems, for example, see

Khaledi and Kochar (2000, 2006), Dykstra et al. (1997), Fang and Zhang (2011, 2012),

and references cited therein.
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Proportional reversed hazard rates (PRHR) model and proportional hazard rates

(PHR) model are two important models in reliability theory. Let X1, X2, . . . , Xn denote

the lifetimes of n components of a system with distribution functions F1, F2, . . . , Fn, re-

spectively. If there exist positive constants α1, α2, . . . , αn and a distribution function F (x)

with corresponding density function f(x) and survival function F (x) such that

Fi(x) = Fαi(x), i = 1, 2, . . . , n,

we say that random variables X1, X2, . . . , Xn follow the PRHR model. Meanwhile, F (x)

and r̃(x) = f(x)/F (x) are called the baseline distribution and baseline reversed hazard

functions, respectively, and α1, α2, . . . , αn are the proportional reversed hazard rate param-

eters. We all know that generalized exponential distribution and exponentiated Weibull

distribution are special cases of this model. This model have discussed in Chapter 7 of

Marshall and Olkin (2007). If there exist positive constants λ1, λ2, . . . , λn such that

F i(x) = [F (x)]λi , i = 1, 2, . . . , n, (1.1)

we say that random variables X1, X2, . . . , Xn follow the PHR model. In this case, r(x) =

f(x)/F (x) is the hazard rate corresponding to the baseline distribution F (x), then the

hazard rate of Xi is λir(x), i = 1, 2, . . . , n. So, (1.1) can be expressed as

F i(x) = e−λiR(x), i = 1, 2, . . . , n,

where R(x) =
∫ x

0 r(t)dt, is the cumulative hazard rate of X. For example, exponential

random variables with hazard rates λ1, λ2, . . . , λn is follows the PHR model with R(x) = x.

Many interesting results have been obtained about the PHR model in the literature.

Pledger and Proschan (1971) have proved that if (X1, X2, . . . , Xn) and (Y1, Y2, . . . , Yn)

have proportional hazard rate vectors (µ1, µ2, . . . , µn) and (ν1, ν2, . . . , νn), then

(µ1, µ2, . . . , µn) �m (ν1, ν2, . . . , νn),

implies that, Xi:n ≥st Yi:n, i = 1, 2, . . . , n. Subsequently, Proschan and Sethuraman

(1976) generalized the above result from componentwise stochastic ordering to multivariate

stochastic ordering, that is, (X1:n, X2:n, . . . , Xn:n) ≥st (Y1:n, Y2:n, . . . , Yn:n).

Recently, Balakrishnan et al. (2014) studied stochastic comparison of vectors of order

statistics in the PRHR model with respect to usual multivariate stochastic order. Let

Xi ∼ Fαi , Yi ∼ F γi , i = 1, 2, be all independent PRHR variables, then

(α1, α2) �m (γ1, γ2)
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implies

(Y1:2, Y2:2) ≥st (X1:2, X2:2).

The above result only consider stochastic comparison of vectors of order statistics between

two PRHR variables. In this paper, we obtain some new results about stochastic compar-

ison of vector of order statistics in the PRHR model. Specifically, let Xi ∼ Fαi , Yi ∼ F γi ,
i = 1, 2, . . . , n, be all independent variables. We will prove that

(α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn)

implies

(Y1:n, Y2:n, . . . , Yn:n) ≥st (X1:n, X2:n, . . . , Xn:n).

Furthermore, suppose

α1 ≥ α2 ≥ · · · ≥ αn and γ1 ≥ γ2 ≥ · · · ≥ γn,

we show that

(α1, α2, · · · , αn) �m (γ1, γ2, . . . , γn)

implies
n∑
r=k

Yr ≥st

n∑
r=k

Xr,

for all 1 ≤ k ≤ n.

§2. Preliminaries and Main Results

First, we give the definition of the usual multivariate stochastic ordering.

Definition 2.1 Let X = (X1, X2, . . . , Xn) and Y = (Y1, Y2, . . . , Yn) be two ran-

dom vectors, X is said to be larger than Y in the usual stochastic order if f(X) ≥ f(Y )

for all increasing function f(x1, x2, . . . , xn) (i.e. increasing in each coordinate); in symbols,

X ≥st Y .

Majorization is a very interesting topic in statistics, which is a pre-ordering on vectors

by sorting all components in decreasing order.

Definition 2.2 Let λ = (λ1, λ2, . . . , λn), λ∗ = (λ∗1, λ
∗
2, . . . , λ

∗
n) denote two n-

dimensional real vectors. Let λ[1] ≥ λ[2] ≥ · · · ≥ λ[n], λ
∗
[1] ≥ λ∗[2] ≥ · · · ≥ λ∗[n] be their

ordered components. λ∗ is said to be majorized by λ, in symbols λ �m λ∗, if
k∑
i=1

λ[i] ≥
k∑
i=1

λ∗[i]; for k = 1, 2, . . . , n− 1, and
n∑
i=1

λi =
n∑
i=1

λ∗i .
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The following four results will be needed to prove our main results.

Lemma 2.1 (Shaked and Shanthikumar, 2007; p.273) Let X and Y be two n-

dimensional random vectors. If X ≥st Y and h : <n → <k is any k-dimensional increasing

(decreasing) function, then for any positive integer k, the k-dimensional vectors h(X) and

h(Y ) satisfy the multivariate ordering h(X) ≥st (≤st) h(X).

Lemma 2.2 (Proschan and Sethuraman, 1976) Let Xi ∼ [F (x)]µi , Yi ∼ [F (x)]νi ,

i = 1, 2, . . . , n, be all independent. Then

(µ1, µ2, . . . , µn) �m (ν1, ν2, . . . , νn) =⇒ (X1:n, X2:n, . . . , Xn:n) ≥st (Y1:n, Y2:n, . . . , Yn:n).

Lemma 2.3 Let X1, X2, . . . , Xn be independent random variables with Xi ∼
beta (1, αi), i = 1, 2, . . . , n. Then X1, X2, . . . , Xn follow the PHR model.

Proof From Xi ∼ beta (1, αi), i = 1, 2, . . . , n, we can obtain, for ∀x ∈ (0, 1),

F i(x) = (1− x)αi .

So, the result is hold according to the definition of PHR model. �

From the definition of beta distribution, we have the following result.

Lemma 2.4 Let X1, X2, . . . , Xn be independent random variables with Xi ∼
beta (αi, 1), i = 1, 2, . . . , n. Then 1−Xi ∼ beta (1, αi), i = 1, 2, . . . , n.

Now, we give a sufficient condition for the usual multivariate stochastic ordering

between vectors of order statistics from two sets of heterogeneous beta random variables.

Theorem 2.1 Let Xi ∼ beta (αi, 1), Yi ∼ beta (γi, 1), i = 1, 2, . . . , n, be all inde-

pendent random variables. If

(α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn),

then

(Y1:n, Y2:n, . . . , Yn:n) ≥st (X1:n, X2:n, . . . , Xn:n).

Proof Firstly, from Lemma 2.4, we get

1−Xi ∼ beta (1, αi), 1− Yi ∼ beta (1, γi), i = 1, 2, . . . , n.

So, from Lemmas 2.2 and 2.3,

(α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn)
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implies

(1−X1:n, 1−X2:n, . . . , 1−Xn:n) ≥st (1− Y1:n, 1− Y2:n, . . . , 1− Yn:n). (2.1)

Now, let us consider the function

h(x1, x2, . . . , xn) = (1− x1, 1− x2, . . . , 1− xn),

where 0 < xi < 1, i = 1, 2, . . . , n. Obviously, the function h(x1, x2, . . . , xn) is a n-

dimensional decreasing function. Therefore, from Lemma 2.1 and the ordering in (2.1),

we have

(Y1:n, Y2:n, . . . , Yn:n) = h(1− Y1:n, 1− Y2:n, . . . , 1− Yn:n)

≥st h(1−X1:n, 1−X2:n, . . . , 1−Xn:n) = (X1:n, X2:n, . . . , Xn:n).

Secondly, we extend the above result to the PRHR model. �

Theorem 2.2 Let Xi ∼ Fαi , Yi ∼ F γi , i = 1, 2, . . . , n, be all independent random

variables. Then

(α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn)

implies

(Y1:n, Y2:n, . . . , Yn:n) ≥st (X1:n, X2:n, . . . , Xn:n).

Proof Let X∗i ∼ beta (αi, 1) and Y ∗i ∼ beta (γi, 1), i = 1, 2, . . . , n, be all indepen-

dent. Then, according to Theorem 2.1, we get

(α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn)

implies

(Y ∗1:n, Y
∗

2:n, . . . , Y
∗
n:n) ≥st (X∗1:n, X

∗
2:n, . . . , X

∗
n:n).

Since the baseline distribution function F (x) is increasing in x, F−1(x) is also an

increasing function, and so from Lemma 2.1, we have

(α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn)

implies

(F−1(Y ∗1:n), F−1(Y ∗2:n), . . . , F−1(Y ∗n:n)) ≥st (F−1(X∗1:n), F−1(X∗2:n), . . . , F−1(X∗n:n)).

Note that,

(X1:n, X2:n, . . . , Xn:n)
st
= (F−1(X∗1:n), F−1(X∗2:n), . . . , F−1(X∗n:n))
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and

(Y1:n, Y2:n, . . . , Yn:n)
st
= (F−1(Y ∗1:n), F−1(Y ∗2:n), . . . , F−1(Y ∗n:n)).

Therefore, the required result follows immediately. �

An interesting and useful special case of Theorem 2.2 is given in the following corollary.

Corollary 2.1 Under the conditions of Theorem 2.2,
∑
r∈I

Yr:n ≥st
∑
r∈I

Xr:n, for each

subset I of {1, 2, . . . , n}. Thus, for k = 1, 2, . . . , n, we have

k∑
r=1

Yr:n ≥st

k∑
r=1

Xr:n (2.2)

holds; in particular,
n∑
r=1

Yr:n ≥st

n∑
r=1

Xr:n. (2.3)

Proof Since
∑
r∈I

xr:n is an increasing function of (X1:n, X2:n, . . . , Xn:n), we imme-

diately obtain the results according to Theorem 2.2 and Definition 2.1. �

Let Xi ∼ Fαi , Yi ∼ F γi , i = 1, 2, . . . , n, be all independent random variables. Suppose

α1 ≥ α2 ≥ · · · ≥ αn and γ1 ≥ γ2 ≥ · · · ≥ γn. Thus, we can obtain X1 ≥st X2 ≥st · · · ≥st

Xn and Y1 ≥st Y2 ≥st · · · ≥st Yn holding from the definition of distribution function. Next,

we consider the comparison of convolutions of independent heterogeneous PRHR variables

with respect to the usual stochastic order.

Theorem 2.3 Let Xi ∼ Fαi , Yi ∼ F γi , i = 1, 2, . . . , n, be all independent random

variables, where α1 ≥ α2 ≥ · · · ≥ αn and γ1 ≥ γ2 ≥ · · · ≥ γn. Then if

(α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn),

we have
n∑
r=k

Yr ≥st

n∑
r=k

Xr, (2.4)

for all 1 ≤ k ≤ n.

Proof For k = 1, (2.4) coincides with (2.3). Let 2 ≤ k ≤ n. Since (α1, α2, . . . , αn)

�m (γ1, γ2, . . . , γn), we denote θ =
n∑
r=k

γr −
n∑
r=k

αr ≥ 0. Define

δk = λk + θ, δi = λi, i = k + 1, k + 2, . . . , n,

we have (δk, δk+1, . . . , δn) �m (γk, γk+1, . . . , γn). Let Zi ∼ F δi . By (2.3), we get

n∑
r=k

Yr ≥st

n∑
r=k

Zr. (2.5)
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Since δk = λk + θ ≥ λk, then Zk ≥st Xk. Also Xk and
n∑

r=k+1

Xr, Zk and
n∑

r=k+1

Zr are

independent, respectively. Therefore, we have

n∑
r=k

Zr ≥st

n∑
r=k

Xr. (2.6)

Combining (2.5) and (2.6) yields the desired result (2.4). �

Last, we give a typical direct application of Theorem 2.2.

A random variable X is said to have the exponentiated Weibull (EW) distribution if

its cumulative distribution function and probability density function are given by

F (x;α, β, λ) =
(
1− e−(λx)β

)α
, x > 0, α > 0, β > 0, λ > 0,

and

f(x;α, β, λ) = αβλβxβ−1e−(λx)β
(
1− e−(λx)β

)α−1
, x > 0, α > 0, β > 0, λ > 0.

Here, α and β are shape parameters and λ is a scale parameter, respectively. EW(β, α, λ)

would be used to denote a EW distribution. The EW distribution including many distri-

butions as special cases, for example, the standard two-parameter Weibull distribution,

the generalized exponential (GE) distribution, the Burr type X distribution.

Corollary 2.2 Let Xi ∼ EW(β, αi, λ), Yi ∼ EW(β, γi, λ), i = 1, 2, . . . , n, be all

independent random variables. For all β > 0, λ > 0, if

(α1, α2, . . . , αn) �m (γ1, γ2, . . . , γn),

we have (Y1:n, Y2:n, . . . , Yn:n) ≥st (X1:n, X2:n, . . . , Xn:n).
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