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Á �: 3¨v�^£8�.¥, �â�ä�Ä¼êXê��*¿Â, ±(:ü>êâ:4��

�54~¼ê��ÛÜ¨v�­, �E
�«#�ÛÜ¨v�^£8�.. ØÓu�N¨v�^, T�

{¦��êâ:83ÛÜäk���ÅÄ5�, U��[Ü­����¨v, l
U�Ð/��­�

3[Ü`Ý�1wÝ�m�²ï. �[(Jw«, �êâäk�mÉ�5�, æ^T�{�£8�.�

'�N¨v�.k�Ð�&EOK�©.

'�c: �N¨v�^; ÛÜ¨v�^; É��5; 4�

¥ã©aÒ: O212.7

§1. Ú ó

£8©Û�?Ö´l®�êâ:8{(xi, yi), i = 1, 2, . . . , n}¥���ACþy�)ºC
þx�m�¼ê'X [1]. �.P�

yi = f(xi) + εi, i = 1, 2, . . . , n. (1)

Ï~b½(ε1, ε2, . . . , εn)
′ = ε ∼ N(0, σ2I), ¦y = f(x) = E(y|x).

£8�.oNþ�©�ü�a, ëê�.Ú�ëê�.. Ù¥ëê�.´b½¼ê

f(x)�/ª®�, 
Ù¥�ëê��, ¤±�.�?ÖÒ=z�éëê��O. 2�A^

�õ��5£8�.=b½f(x) = xβ, Ù¥x = (x1, x2, . . . , xn)�)ºCþ, β = (β1,

β2, . . . , βn)
′���ëê. ëê�./ª{'!O�p�, ®ïá�õ�nØ, ¢SA^9

Ù2� [2], �Ù":´�.�[ÜUåR5Øv, 
��U¬k�.�½�Ø�ºx. �

ëê�{Øb½¼êf(x)�äN/ª [3], 
´^�
¼ê[Üóä5[Üf(x), ~��k

Ø(kernel)£8!�^(spline)£8!ÛÜõ�ª£8� [3, 4]. �ëê�{�`:´[ÜU

år, �":´�.�O�Úu�E,, ��3“�êz¹”¯K. T�{´�c£8©Û¥

�~¹��ïÄ+��� [5, 6]. �^¼ê
uê�©Û+��ïÄó�, �Ú\�ÚOÆ

�3�ëê£8¥��×�uÐÚA^ [3, 4], 1w�^X��.´;.�L [7]. ¨v�^

£8(penalized spline regression)ÄkdEilersÚMarx [8]JÑ, Ù±B�^�¼ê[Üóä,

∗I[g,�ÆÄ7U�Ä7(11026076)ÚS �Æ�ïÔöOy�8(J18520205)]Ï.
?ÏÕ�ö, E-mail: yanglq@ahu.edu.cn.
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38I¼ê¥\\�^Xê���©�Ú��¨v, ±d5��­�éêâ:�LÝ[Ü

y�. Ruppert� [9]�[0�
Äu�ä�Ä�¨v£8�^, Ù¨v�����ä�Ä¼

êXê�²�Ú. ùü«�L5�¨v�^�{Cc5���\ïÄÚ2�A^, �3ù

ü«�{¥, é�^Xê�¨vÑ´þ!¨v, ½ö¡��N¨v, =é¤k ���^

Xê�¨v�­´�Ó�, vk�Äêâ��mÉ�5é¨v�ÛÜ5�¦. RuppertÚ

Carroll [10]�Ñ
�«ÛÜ¨v�^, �T�{�ÛÜ¨vëê�O�LuE,, nØþI

�õ���|¢5Ïé�`¨vëê�, Ïd�öòÙ=z�õ­����|¢5ÏéÛ

Ü�`�, �¨vëê�vk�*)º.

�©�Ñ�«�*�ÛÜ¨v�^£8�{, ÏLÚ\©ã��Sêâ�4�5N!

¨v�­, ¦�T�{�·Üuäk�mÉ�5�êâ. �.�¦)O�{', �I$^²

;�*£8Eâ, 
�`¨vëê�À���I{ü�����|¢. êâ�[(Jw«

T�{'�N¨v�^£8äk²w�&EOK�©`³.

§2. �N¨v�^£8{0

�!éÄu�ä�Ä¼ê��N¨v�^��{0 [9].

Ppg�^�ä�Ä¼ê�

x = (1, x, x2, . . . , xp, (x− κ1)p+, (x− κ2)
p
+, . . . , (x− κK)p+),

Ù¥κ1 < κ2 < · · · < κK�À½�(:, �ä�¼ê

(x− κi)p+ =

0, x 6 κi;

(x− κi)p, x > κi.

�f(x) = xβ, β = (β1, β2, . . . , βK)′��^Xê. é�½�êâ8(xi, yi), i = 1, 2, . . . , n,

Py = (y1, y2, . . . , yn)
′, �OÝ
X = (x′1,x

′
2, . . . ,x

′
n)
′, Ù¥xi = (1, xi, x

2
i , . . . , x

p
i , (xi −

κ1)
p
+, (xi − κ2)

p
+, . . . , (xi − κK)p+). K�.(1)¥ëê�Ã¨vÊÏ���¦(OLS))�

β̂ = argmin{‖y −Xβ‖2} = (X ′X)−1X ′y. (2)

w,, du8I¼ê��Ä
éêâ�[Ü`Ý, 
vk�Ä[Ü­��1w`Ý, Ï
[

Ü­�f̂(x) = xβ̂3(:�õ��3éêâ�LÝ[Üy�, =­�kLõØ7��ÛÜ

��. Ïd, �
�Ñù«y�, Ï~´38I¼ê¥\\o÷Ý¨v�, ?
ëê��O

��

β̂ = argmin{‖y −Xβ‖2 + λβ′Dβ} = (X ′X + λD)−1X ′y, (3)

Ù¥, λβ′Dβ�é�ä�Xê�¨v, λ > 0�¨vëê(�¡�1wëê), ¨vÝ
D =

diag(0p+1,1K)´Ìé��cp+ 1����0�K����1�é�Ý
. Ïd, T¨v��
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��¥, z�ëêβp+1, βp+2, . . . , βp+K�¨v�­´���, o¨vþdëêλ5N!. ·

�¡ù«�{��N¨v�^£8, ½ö��þ!¨v�^£8.

§3. ÛÜ¨v�^£8

�N¨v�^ÏL,«&EOKÏé�`¨vëêλ, ¦�[Ü­�31wÝÚ[Ü

`Ý�m��ûÐ�²ï, l
��
éÐ��.[Ü�J. �*	¨vÝ
��, �êâ

8äkwÍ��mÉ�5(~XÉ��5)�, éØÓ(: ��Xê�1ØÓ�­�¨v

ò´�Ün�ÀJ. ½=�ÄXea.�¨vÝ


D(α) = diag(0, 0, . . . , 0, α(κ1), α(κ2), . . . , α(αK))

¿XÛÜnÀJ¨v�­α(κ1), α(κ2), . . . , α(κK)¤���ïÄ�¯K. nØþ, ·��±

ÏLRK¥�Û|¢5Ïé�`�α(κ1), α(κ2), . . . , α(κK)���, �3(:�ê�õ�O

�þ��, Ï
A�Ø�U¢y. �d, Ruppert� [9]ÏLÅÚ�����|¢�êA�(

: ��α(κi), Ù¦ ��α(κj)ÏLéα(κi)��5��5¢y, w,T�{O��´'

�E,, 
���´�«ò¥�?n�{.

*	�^¼êf(x) = β0 + β1x+ β2x
2 + · · ·+ βpx

p+ βp+1(x− κ1)p+ + βp+2(x− κ2)p+ +

· · ·+βp+K(x−κK)p+��, f(x)�´ÏLéõ�ª¼êβ0+β1x+β2x
2+ · · ·+βpxp3z�(

:κi?\\��“6Ä�”βp+i(x− κi)p+, ±d¢y­��ÛÜCz, l
UR5/�[Üê

â�(·Ü�.µee¨v�^£8�¦)=´Äud«g�, Tµeeòβp+i(x− κi)p+À
��Å�A, 
òβ0+β1x+β2x

2+ · · ·+βpxpÀ��½�A [9]). Ïd, l�*¿Âþ, ¨v

�λβ′Dβ���, �´ÏL���βp+i²�Ú���5��ù
“6Ä�”�^���. Ä

ud�*¿Â, �êâ��3,�(:NCäk���ÅÄ5�, �AT#N[Ü­�3

d �k�õÅÄ�gd, Ïd3¨v�¥A������­. ��, KA~�­�3T?

ÅÄ�gd, =A\�¨v��­. 3d¿Âþ, ·��ÑXe�*�ÛÜ¨v�­��

�, -

ρk = max{|xi − xj | |xi, xj ∈ [κk−1, κk+1]}, k = 1, 2, . . . ,K,

L = max(ρk) + 1,

�EÛÜ¨v�­�α(κk) = L− ρk, k = 1, 2, . . . ,K. =òz�(:?�ÛÜ¨v�­�

��T(:�m��ü«mSêâp�4���5��üN~¼ê. d�ëê[Ü(J=

�

β̂ = argmin{‖y −Xβ‖2 + λβ′D(α)β} = (X ′X + λD(α))−1X ′y, (4)

Ky�[Ü�ŷ =Xβ̂.
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,	, �©(:ê8Ú ��À�A^
RuppertÚCarroll [10]í���K. ¦^��

�xi, i = 1, 2, . . . , n��© :��(:, =(:κk�xi�1κk = (k + 1)/(K + 2)�© 

:.

¨vëêλ�À��±�âõ«&EOK5û½, �©æ^�õê©z¤í��2Â

���y(generalized-cross-validation, GCV)OK?1 [4, 9, 10], Ù¥

GCV(λ) =
‖y − ŷ‖2

{1− n−1Tr (Hλ)}2
,


Tr (Hλ)´Hλ = X(X ′X + λD(α))−1X ′�,, λ´¦�GCV(λ)�������, �±

ÏL����|¢¼�.

§4. � [

�!�Ñü��[¢~, ±w«�©¤JÑ�ÛÜ¨v�^�[Ü�J, ¤kO�!

�ã!©Ûó�þ3R3.02¥�¤.

~ 1 f(x) = 10(sinx/x), yi = f(xi) + εi, xi ∼ U[1, 20], εi ∼ N(0, σ2), n = 600.

σ2�
8�ØÓ�, l��mÅìO�. �g�ÅÁ�(J�Ñ:ã!�N¨v[Ü­�!

ÛÜ¨v[Ü­��ã1.

ã1 Ñ:!�N¨v[Ü­�!4�N!�ÛÜ¨v[Ü­�ã

ã2aæ^�N¨v�^£8, �`¨vëêλ = 10.150505, ��&EOK�©�

Cp1 = 438.7787, GCV1 = 438.9091, AIC1 = 6.083864, RMSE1 = 20.51942;

ã2bæ^ÛÜ¨v�^£8, �`¨vëêλ = 6.043434, ��&EOK�©�

Cp2 = 438.4203, GCV2 = 438.5498, AIC2 = 6.083046, RMSE2 = 20.51178.
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a b

ã2 ¨vëêλ�GCV(λ)¼ê'Xã(a.�N¨v, b.4�N!�ÛÜ¨v)

Ó���, 3��&EOKe, 4�N!�ÛÜ¨v�^£8�.äk�Ð�Ly.

~ 2 -f(x) = 10
√
x(1− x) sin((18π)/(0.8x + 1)), yi = f(xi) + εi, xi ∼ U[0, 1],

εi ∼ N(0, σ2), n = 660. σ2�
8�ØÓ�, l��mkO�~. �g�ÅÁ�(J�Ñ:

ã!�N¨v[Ü­�!ÛÜ¨v[Ü­��ã3.

ã3 Ñ:!�N¨v[Ü­�!4�N!�ÛÜ¨v[Ü­�ã

ã4aæ^�N¨v�^£8, �`¨vëêλ = 1.565657× 10−5, ��&EOK�©�

Cp1 = 10 020.057, GCV1 = 10 024.823, AIC1 = 9.212123, RMSE1 = 97.50420;
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a b

ã4 ¨vëêλ�GCV(λ)¼ê'Xã(a.�N¨v, b.4�N!�ÛÜ¨v)

ã4bæ^ÛÜ¨v�^£8, �`¨vëêλ = 8.875758× 10−6, ��&EOK�©�

Cp2 = 9977.466, GCV2 = 9981.688, AIC2 = 9.207894, RMSE2 = 97.45515.

Ó���, 3��&EOKe, 4�N!�ÛÜ¨v�^£8�.äk�Ð�Ly.

?�Ú, ·�ò~1Õá­EÁ�100g, 3zgÁ�¥P©OP

D1 = Cp1 − Cp2, D2 = GCV1 −GCV2,

D3 = AIC1 −AIC2, D4 = RMSE1 − RMSE2.

ã5�Ñ
o|êâ8D1, D2, D3, D4��ªã. dã5��, Äu4�N!�ÛÜ¨v�^

£8�.3�Nþ'�N¨v�^£8�.kwÍ��©`³. é~2, Õá­EÁ�(J

w«äkÓ��(Ø.

3þü~¥, ·��ò�©¤JÑ�Äu4�N!�ÛÜ¨v�^�{�RuppertÚ

Carroll [10]¤��ÛÜ¨v�^£8�{�
Á�é', �[(Jw«ü«�{&EOK

�©vkwÍ�O, ÏdTüa�{��.[Ü�J�Éé�. �w,�©¤��{ÃØ

3�*¿Âþ, �´3O�E,ÝþÑäk²w�`³.

±þ(Jw«
�©¤JÑ�ÛÜ¨v{�'u�N¨v{3[Ü�Åêâþ�`

�5. �
?�Úu��©¤�Ñ��{3[Üý¢¼êþ�°(5, ·�3100g�[¢

�¥, P¹
Xeü��I, ©O´[Ü��ý¢¼ê��²þ �²�Ú

MSB = n−1
n∑
i=1

(f(xi)− f̂(xi))2

±9 �²�Ú²��

RSB =

√
n∑
i=1

(f(xi)− f̂(xi))2.
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a b

c d

ã5 100gÕá­EÁ�e, a, b, c, d�géAuD1, D2, D3, D4��

3~1¥P

D1 = MSB1 −MSB2, D2 = RSB1 − RSB2,

3~2¥P

D3 = MSB1 −MSB2, D4 = RSB1 − RSB2.

ã6�Ñ
D1, D2, D3, D4��ªã. dã6��, ÛÜ¨v�.'�N¨v�.3[Üý¢

¼ê� ���, [Ü(J�ä°(5.

§5. o (

�êâäk�mÉ�5�, �Edêâ°Ä�ÛÜ¨v�­, �UJ,¨v�^£8

�.�oN�J. �©Äu�^�ä�Ä¼êXê��*¿Â, �Ñ�êâ3ÛÜ��S

äk���ÅÄ5�, �A#Nd?�[Ü­�äk���ÅÄ5, ÏdA�����¨
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a b

c d

ã6 100gÕá­EÁ�e, a, b, c, d�géAuD1, D2, D3, D4��

v. 3d¿Âþ, �©�E
±4���5ü~¼ê��ÛÜ¨v�­��{. �[(J

w«, æ^T�{�¨v�^£8�.�'�N¨v�., ÃØ´é�Åêâ�[Ü`Ý,

�´éý¢¼ê�[Ü°(ÝÑk�Ð�&EOK�©. ��'RuppertÚCarroll [10]JÑ

�ÛÜ¨v�^£8�., T�{�,3&EOK�©þA�vk�O, �3�*¿ÂÚ

O�E,Ýþäk²w�`³.
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Local Penalized Spline Regression Model Based on Range

LI Meng YANG Lianqiang JIANG Kun HE Shengxian

(School of Mathematical Sciences, Anhui University, Hefei, 230601, China)

Abstract: Inspired by intuitive meanings of truncated power basis’s coefficients, the local penaliza-

tion based on range’s linear decreasing function is given in penalized spline regression model. This method

gives less penalization to fitting curve where data is with more volatility, which makes fitted curve controls

tradeoff between goodness-of-fit and smoothness better. Simulations show that regression models with

local penalized spline obtain lower information rules’ scores than global penalized spline when the data is

with heteroskedasticity.

Keywords: global penalized spline; local panelized spline; heteroskedasticity; range
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