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Abstract: For a financial or insurance entity, the problem of finding the optimal dividend
distribution strategy and optimal firm value function is a widely discussed topic. In the present
paper, it is assumed that the firm faces two types of liquidity risks: a Brownian risk and a Poisson
risk. The firm can control the time and amount of dividends paid out to shareholders. By suffi-
ciently taking into account the safety of the company, bankruptcy is said to take place at time ¢ if
the cash reserve of the firm runs below the linear barrier b + kt (not zero), see [1]. We deal with
the problem of maximizing the expected total discounted dividends paid out until bankruptcy. The
optimal dividend return (or, firm value) function is identified as the classical solution of the associ-
ated Hamilton-Jacobi-Bellman (HJB) equation where a second-order differential-integro equation
is involved. By solving the corresponding HJB equation, the analytical solution of the optimal firm
value function is obtained, the optimal dividend strategy is also characterized, which is of linear
barrier type: at time ¢ the firm keeps cash inside when the cash reserves level is less than a critical
linear barrier xo + kt and pays cash in excess of this linear barrier as dividends.
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§1. Introduction

This paper represents a model for financial valuation of a firm which has control of the
dividend payment as well as potential profit by choosing different business activities among
those available to it. We associate the value of the company with the expected present
value of the net dividend payouts since, according to [2], the value of a company in a world
of perfect capital markets is exactly the expected present value of future dividends. Our

objective is to find a dividend payout scheme that maximizes the expected total discounted
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dividends payment until bankruptcy, i.e., until the capital runs below the linear barrier
b + kt for the first time.

During the recent decades, there has been an upsurge in dealing with market models
that take into account dividend strategies, owing to the recent development of mathemati-
cal tools in finance. Hgjgaard and Taksar ¥l allow the company to control its risk exposure
by choosing its business activity and to invest in a risky asset. They show that the optimal
value function is concave and find that the optimal policy is of a barrier type. Cadenillas
et al. ™ provide the solution of an optimization problem where the cash reserves follow a
mean reverting process. Lil® analyzes the distribution of dividends payments of a com-
pound risk model perturbed by diffusion for barrier strategy. Optimal dividend problems
are also treated in [6-13] and the references therein.

However, most of these works are based on pure diffusion models. It has been observed
that pure diffusion models are not robust enough to capture the appearance of jumps in
the cash reserves. As a result, jump-diffusion processes have been gaining popularity for
modelling finance. Belhaj% considered the problem of optimal dividend pay-outs for a
firm of which the cash reserves follow a jump-diffusion process: the firm faces two types
of risks, a Brownian risk that represents small movements in the cash flow and a Poisson
risk that represents large movements in the cash flow and that corresponds to losses due
to unexpected events. The optimal dividend payout policies (subject to maximization of
the expected total discounted dividend payments until bankruptcy) with and with out
insurance was obtained, which turned out to be barrier strategy.

In this paper, we will continue the study in this direction. Namely, we deal with the
dividend optimization problem in the jump-diffusion financial model, while a linear barrier
b+ kt is present, i.e., bankruptcy takes place at time ¢ if the cash reserve of the firm runs
below the linear barrier b+ kt. The presence of the linear barrier b+ kt can be retrospected
to [1] and can be explained as follows: the firm has to keep some cash reserves in order to
protect itself against future losses since it’s financially constrained. It turns out that the
optimal firm value function is a classical solution to a Hamilton-Jacobi-Bellman (HJB)
equation, and, the optimal dividend policy is a linear barrier strategy: at time ¢ the firm
keeps cash inside when the cash reserves level is less than a critical linear barrier xg + kt
and pays cash in excess of this linear barrier to shareholders as dividends.

We mention that, although a similar outline parallel to that of [14] is present in this
paper, our new definition of bankruptcy requires a more delicate mathematical treatment,
especially in the proof of the main result, i.e., Theorem 2. We also mention that, when

our model degenerates to that of the existing literatures, our results coincides with the
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existing results, see Remarks 3-5.
The rest of this paper is organized as follows. In Section 2, we present the mathemat-
ical model. Section 3 is devoted to address the problem of finding the optimal firm value

function and the optimal dividend distribution strategy.

§2. The Mathematical Model

We start with a probability space (§2,.%,P) endowed with a filtration {%;;t > 0}
satisfying the usual condition, a standard Brownian motion {wy;¢ > 0} and a Poisson
process {N¢;t > 0} which is independent of {wy;t > 0}. It is assumed that both {wy; ¢t > 0}
and {Ng;t > 0} are adapted to the filtration {%;¢ > 0}. Our state variable is the reserve
process which represents the liquid assets of the firm. In the absence of control, the

reserves evolve according to
Ny
Xi=x+ct+ow— > Yy,
n=1

where = > 0 is the initial capital, ¢ is the expected cash flow, o is the volatility of the
cash flow, {Y,;n > 1} are a sequence of i.i.d. positive random variables with cumulative
distribution function F(y) = foy e P*dz. We denote the intensity and the n-th jump time
of the Poisson process {Nyt > 0} by A and T, respectively. According to [14], the
Brownian motion represents small movements of the cash reserves and corresponds to the
continuous part in the cash flow, while the Poisson process represents large movements in
the cash reserves and corresponds to big losses.

The manager can control the timing and the amount of dividends paid out to the

shareholders. Under the manager’s control the reserves evolve according to

Ny
XE=a+cdt+ow — 3. Yy, — Ly,

n=1

where L; represents the cumulated dividend paid up to time ¢. L; is said to be admissible if
it is an adapted right-continuous nondecreasing process, and, 0 < AL; < XtL, —(b+kt), i.e.,
the manager cannot pay an amount of dividends which bring the reserve level below the
linear barrier b+kt. Here, we get the linear dividend barrier b+kt (b is a constant dividend
barrier and k is a constant linear slope) involved in our model, in order to sufficiently take
into account the safety of the company. Actually, the presence of the constant dividend
barrier b is natural, since the constant dividend barrier strategy has already been proved

the optimal dividend strategy in a large number of risk models. While, if k¥ = 0, then it
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would probably result to an ultimate ruin probability (probability of the event that the
value of the objective risk process drops below 0 in finite time) of 1. Hence, we would
rather have a positive slope k in our present risk model, which do good to protecting the
insurer from going bankruptcy.

Let the time of bankruptcy be defined by 7% := inf{t > 0; X} < b+ kt}. With
this definition of bankruptcy, it’s natural to assume that ¢ > k, in which case we have a
positive net cash flow per unit of time.

With each admissible dividend strategy, the associated firm value function is defined

as follows

Vilw) =i [ "o,

i.e., the expected discounted net dividends paid out to shareholders until the time of
bankruptcy. We mention that § > 0 is a discount factor, which can also be interpreted
as a measure of the preference of shareholders to receive dividend payments earlier rather
than later.

Denote the class of all admissible dividend policies by II. Then the optimal firm value

function of the maximization problem can be defined through V' (z) := sup Vi (x). Hence,
Lell

V(z) =0, for all z < b. Our objective is to characterize the optimal firm value function
V(z) and find an admissible optimal dividend policy {L};t > 0} such that V(z) = Vi« (z).
It needs to be mentioned that, throughout the paper, the positive safety loading condition
(the expected cash flow per unit of time is larger than the expected loss: ¢ > A\/[3) is not

needed.

§3. Constructing Optimal Firm Value Function and
Optimal Dividend Distribution Strategy

The computation of the optimal return function V' (z) and the optimal dividend policy
is based on some Hamilton-Jacobi-Bellman (HJB) equation. Before motivating the HJB
equation, let us define an operator which would be important in overlapping the main
results of the present paper.

Suppose that v € C2(R) : R — R is a candidate optimal return function. Let 27 be

defined as follows.

0.2

Fv(x) = 71}"(30) + (¢ — k)v'(z) — Mo(z) + )\/Ow v(z —y)dF (y).
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Using similar arguments as used in [3], we can verify that V satisfies the following
dynamic programming principle.

L

TNAT
V(x) = sup E, [ / e ALy + I crrye TV(XE —kT)|, 2>, (1)
Lell 0—

for any stopping time 7.

For any h > 0 and admissible strategy {L;;t > 0} associated with initial capital
x > b, define vF = hAinf{t > 0; X} —kt ¢ (x —h,x+h)}, then v&' — 0 as h — 0. Choose
h <z — b, we get from (1) that

V(z) > E, [efévﬁv(xfﬁ —kof)], x>0,

since v,f < 71, Applying Ité’s formula and noting that X # X% only at the arrival of a
claim, we get

g VK
Viz) > V() — / Se O V(XE — ks)ds + / (c = k)e V(XL — ks)ds
0— 0—
vl vl 9
b —sy v L hOT syl
+/ oe” *V'(X; —k‘s)dws—l—/ - © V(XY — ks)ds
0— 0—
AX#0

+ 3 e [V(XE —ks+ AXE) - V(XL — k)]

sgvﬁ
UL o
h —6s L L
1 / / eIV (XL — ks — ) — V(XL — ks)]dF(y)ds
0— 0
UL D
h —ds L L
A / / e V(XL — ks — ) — V(XL — ks)]dF(y)ds
0— 0
’UL

h vy
=V(z)+ / e (o — )V (XE — ks)ds + / oe %V (XL — ks)dw,
0— 0—

+ /vh /oo e BWV(XE —ks—y) — V(XE — ks)](N(ds,dy) — MdF(y)ds), (2)
- J0

where AX; = X5 — Xs— and N(t,A) = > I{n,_N,_=1,vy,ea} A € B(Ry), t >0, is the
s<t

Ny
Poisson random measure associated with the compound Poisson process { > Yi,t > 0}.

k=1
By [15; page 62, line 19],

{ / t / T eV (XE — ks — ) — V(XE — ks)|(N(ds, dy) — MF(y)ds); ¢ > o}
0 JO

is a martingale with mean zero. Also,

t
{/ oe V! (XL — ks)dws; t > O}
0—
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is a martingale with zero mean. Taking expectations in (2) leads to
vy
Via) > Via) + B / o0 (ef — BV (XL — ks)ds]. (3)
0—

Subtracting V(z) from both sides of (3), dividing them by E[vf] and letting h tends to
zero, we have

(o7 —0)V(x) <0, x >b.

In addition, for any 0 < h < x —b we can find strategy {L}';t > 0} corresponding to initial
reserve x — h such that Vyu(x — h) > V(z — h) — h?, define a strategy corresponding to
initial reserve x as {L; = h + L; t > 0}. This corresponds to an initial payout of size h,

and then following an h?-optimal strategy. Then,
V()2 Vi(z)=h+Vi(z—h)>h+V(e—h)—h?  z>b.
Subtracting V(x — h) from both sides, dividing by h, and letting h | 0 yields
Vi(z) > 1, x> b.

Definition 1 A continuous and increasing function v € C2((b, o)) : (b, 00) ++ (b, c0)

satisfies the HJB equation of the optimal dividend problem if

(o —d)v(x) <0, x > b, (4)
v'(x) > 1, x> b, (5)
max{(« — §)v(z),1 —v'(x)} =0, x > b. (6)

The following Theorem 2 devotes to motivating a classical solution to the HJB equa-
tion, and, verifying that the candidate dividend strategy characterized in (22) bellow is
the optimal dividend strategy.

Theorem 2 Let v(x) be given by (17) with xo given by (18) or (19), then it charac-
terizes a classical C2((b,00)) solution to the HJB equations (4)—(6). In addition, if we define
a dividend strategy as in (22), then this dividend strategy is the optimal dividend strategy,

and the corresponding dividend return function is exactly v(x).

Proof of Theorem 2  For any solution of the HJB equation v(z), define zy =
sup{z = b| (& —d)v(xz) > 1—2'(x) for all x € [b, 2]}, then we claim that zo > b. If it is not
the case, then for any e > 0, there exist z. € [b,b+ ¢€) such that 1 —v'(z¢) > (& —0)v(ze).
By the continuity of the functions 1—v' () and (&7 —§)v(z) (since v(x) € C3((b,00))), there
exists ¢ > 0 such that 1 —v'(z) > (&7 —0)v(z) for all € (xc — 0,2+ 0) C [b,b+¢€), hence
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(o —6)v(r) < 1—v'(z) = max{(&/ —d)v(x),1—2v'(x)} =0, for all z € (zc— 0,z +0) C [b,
b+ ¢€), which implies v(z) = v(x. — 0) +  — (ze — 0), for all x € (ze — 0,z + 0) C [b,b+¢€).
Now we choose the above € > 0 small enough such that v(b+€) < (¢ — k)/(A + 9), so, by

the increasing property of v(x),

v(:v)gv(b—i—e)<cz_l;, for all € (zc — 0,z + 0) C [b,b+ €),

therefore, for all z € (z — 0,z + 0) C [b,b+ €) we have
0=1-(2)> (o — &)o(x) > %027)”(3:) F(e— BW'(z) — A+ 0)u(z)

c—k:_
A+6

z (c—k) = (A+9) 0,

which is a contradiction. Thus zg > b.

In what follows immediately, we motivate solution of the HJB equation by considering
the cases b < xg < 400 and b < g = 400, respectively.

Case 1: b < g < +00. In this case, we consider the following system of integro-

differential equation:
(o —d)v(x) =0, x € [b, xo);
1—2'(x) =0, x € [z, +00]; (7)

max{ (<« — d)v(x),1 —v'(z)} =0, x > b.

Simple algebraic manipulations turn the first equation of (7) into

%021)”(3;) + (c— k' (z) — (A + O)v(z) + ABe P? /:v v(y)ePdy =0, x € [b,xo]. (8)
b

Multiplying both sides of (8) by e%* gives rise to

[%azv"(az) F(e— k)W (@) — (A + 5)u(x)]eﬁw Y /b Co)etdy,  webzol. (9)

Taking derivatives on both sides of (9) and then rearranging yields

S (@) 4 [30%8 + (e~ B)] (@) + (e~ B)8 — (A + )/ (@) — Bou(a) =0,

x € [b, xo). (10)

Let P(0) = 026%/2 + [02B/2 + (¢ — k)]0 + [(c — k)B — (A + 6)]0 — BS. Then it can be
verified that

lim P(#) = —oc; P(—pB) = B\ > 0; P(0) = —-p6 <0, lim P(0) = +oc.

60— —o0 0—+o00
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Hence, P(0) has three zeroes 01, 0, 03 with —0co < 1 < —f < 6 < 0 < 03 < +oc.
Additionally,

2(c—k)

01 +0z+ 035 =—0— 5

g

Thus, the solution of the HJB equation can be expressed as
v(z) = C1eh® 4 Cye??® 4 C3e%3®,
with boundary condition
v(b) =0, (11)
and

502" (B) + (e~ K/ (6) =, (12)

the latter of which is derived from letting 2z = b in (8). Combining (11) and (12) we get

C1e? + Oyt + C3e%0 = 0, (13)

Crefr? [3029% +(c— k)el} + Cpeleb [30293 4 (- k)@} + Cyelat [30203 +(c— k)83 =o0.

(14)
Solving (13)—(14), we arrive at
Oretit — gt T2+ (e = )] = [6%63/2 + (c — k)0
[0203/2 + (c — k)B3] — [0202/2 4 (c — k)01’
Chef2b — (efad [0%01/2 + (c — k)61 — [0°03/2 + (c — k)bs]
[0%03/2+ (c — k)6z] — [0262/2 + (c — k)0]
Let
i = 30293 +(c—k)b;, i=1,2,3,
then the solution of the first equation of the HJB equation (7) can be expressed as
1
o(w) = Cae™ = (ry = ra)e " 4 (ry = rg)e” 7 o (rg — )Y,
x € [b,xo].
Solving (7) we arrive at
1
C3e93br . [(rg — rg)eel(x_b) + (r — rg)e(’?(z_b) + (ro — rl)e(’?’(”‘b)],
2 —T1
v(r) = x € [b, zo]; (15)

v(xo) + = — o, x € [z, +00).
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Due to the continuity of v'(x) at xg, we have v'(z¢o—) = 1, which implies,

1
Csee3br2 —r [(r3 — 12)01eP1@0=Y) 1 (5 — 1:3)09e%2(070) (g — 1)h3eP (@00 = 1. (16)

With (16), v(z) in (15) can be re-expressed as
(r3 — 12)e?1@=0) () — 3)e®2(@=0) L (1) — pp)el3(2=0)

(r3 — 1r9)01e91(x0=) 4 (11 — 13)hoef2(w0=b) 4 (g — 11)f3e03(z0=0)’
v(z) = x € [b, zo]; (17)

v(xo) + x — o, x € [xg, +00).

Since v € C2((b,00)), the solution v(zx) in (23) must satisfy also v”(zo—) = 0, which

implies

(7“3 — 7“2)9%691(3:0_1)) + (7"1 — r3)95662($0_b) + (TQ — r1)0§e‘93(x0_b) .
(T3 — T2)91691(x0—b) + (7’1 — 7“3)92602(900_17) + (7”2 — T1)93693(x0_b) N

0, (18)
that is,
(r3 — ro)02e1@0=0) L (p) — r3)p2e02(@0=0) 4 (py — pp)p2e03(@0—0) — ), (19)

In fact, the existence and uniqueness of solution xy of the equation (19) can be verified as
follows. Facts that

ry— 11 = %UQ(G% —01) + (c—k)(02 — 61) = 302(92 +01) + (¢ = k)| (62 — 1)
= 208+ 05)(02 — 01) < 0
vy — 1y = —302(5 +00)(85 — 02) > O;
r —Tr3 = —%0’2(,3 +02)(01 — 03) > 0,
lead to

eosbr : r [(r5 — 172)017* @70 1 (1) — 13)09e%2 (70 1 (ry — 1)03e%(@0)] > 0, (20)
2 —T1

and

1
e‘%’br2 — [(rg — 179)03e91 @70 () — 13)03e72(0) 4 (g — 7’1)0%603(967}))] >0, (21)

In addition, from (12) and (20), we get

1 1
502 eogbr T [(r3 — r2)03 @0 4 (ry — 13)03e%2(=0) 4 (1) — 7’1)93693(%1))]]
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1
= = (C - k) [eesbﬁK?B — r2)91e01(x7b) + (7'1 — 7”3)92802(9671)) + (7"2 — 7“1)93693@7())]

< 0.

While (21) implies that the function

I(x) = ofsb [(7,3 . 7‘2)9%691(364)) +(ry — 7'3)(93692(964)) + (ry — Tl)egeeg(%b)]

To —T1
is strictly increasing with lirf l(x) = +o00. Hence there exist a unique xg such that (18)
T—>+00
holds.
Fortunately, with the solution (17) with xo given by (18) or (19) (if it is indeed a
solution to the HJB equation), we can propose a candidate dividend strategy as follows:
XL — (o + kt), if XE > kt+ o
ALY = t (o ) t 0 (22)
0, otherwise.
Hence, we can for the moment put aside the arguments of the case b < xy = oo and
forward with the verification of the optimality of strategy (22).

We now first check that the function given by (17) with xo given by (18) or (19) is
exactly a solution to the HJB equations (4)—(6). By construction it is easy to see that
v(x) satisfy (& — d)v(x) =0 on (b, zy] and

(7“3 — 7,2)91601(9:717) + (7"1 — 7"3)92892(957()) + (7'2 — ’f'1)(93€93(z*b)
(7"3 — r2)91e91($0_b) + (rl — 7"3)92692(330_17) + (7'2 — 7’1)03603(10_1}

x € (b, zo), (23)

v(z) = 721

since we have already checked that the function
g(z) = —[(rg — r2)01M 0 L () — 14)0262(0) 4 (ry — p1)B5e3 @)

attains it’s minimum on (b, zo] at x, during the construction of solution (17) of case 1.

We need still to check that (& — d)v(z) < 0 on [zg, +00). Actually, for z € [zg, +00),

(o —8)v(x) = %azv"(az) +(c— k)W (z) = (A + O)v(z) + ABe P2 /b ’ v(y)ePVdy

=(c—k)— (A +0)v(z) + ABe P /bxv(y)e’gydy

=(c—k)— (A +0)[v(zo) + = — xo] + \Be™P* /bx v(y)e’dy,

which implies

Ape 07 / v(y)e™dy = (o = )o(x) — (c = k) + (A + d)o(a), (24)
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and

[( — @) = (A +6) - B[Age /b o(y)edy| + ABu(x)

—(A+0) = B( — d)v(z) + B(ec — k) — 0B[v(z0) + = — x0], (25)
where we have used (24) in the latter equation. Rearranging (25) yields

(o = 0)o(x)] + B — S)v(x) = —(A+0) + B(c — k) — 6pv(wo) — 6B(x — x0)
= —%(722/”(3:0—) —08(x — ) <0, (26)

where we have used (10) (let = 1 zo in (10), v”(x0) = 0) and the fact that v"'(zo—) > 0.
With (26) we see that [(&/ — §)v(x)]” < 0 whenever (&7 — d)v(x) = 0. Together with
(o — d)v(xg) = 0, it is obvious that (& — §)v(x) < 0, for any x € [zg, +00). Therefore,
the function defined by equation (17) is indeed a solution of the HJB equations (4)—(6).

In the sequel, we will check the optimality of the dividend strategy given by (22). For
a given dividend strategy L € L, define the following set.

={s <t; AL; # 0}/{Tn;n > 1},

which represents the jumps up to time ¢ in the dividend process, that do not occur at the
same time as a jump in the compound Poisson process. Let the continuous part of the
processes { X — kt;t > 0} and {L;t > 0} be denoted by {X/“;t > 0} and {L$;t > 0},
respectively. From Theorem 4.57 (It6’s formula) in page 57 of [16], we have

675(1‘//\7' ) (X

tATL

—k(tATh))

taTh taTL
= v(z) —/ de % u(XE — ks)ds —l—/ e %/ (XL — ks)d(XL — ks)

1 tATL
+3 / e (XY — ks)d(XI, X,
+ X e (XL — ks 4+ AXE) — o(XE — ks) — /(XL — ks)AX)]
s<UATL

tatl tAT
=v(zx) — / Se % p(XE — ks)ds + / (¢ — k)e %0 (XE — ks)ds
tnrk tath 2
—i—/ oe 9% (XL — ks)dw, +/ Ee*‘ssv”(XsL — ks)ds
0— 0—

tAT
— / e % (XE —ks)dLe 4+ Y e (XL —ks+ AXD) —w(XE — ks)]
0—

5€DyprL
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/t/\T / —6s XL — ks — y) — U(XSL_ - ks)]N(dS, dy)

tATh s L &) — v L 6 s
+ / /0 e (XL — ks) — o(XE — ks — y)|N(ds, dy)

taTE v
=v(x) +/ e (o — 0)v(XL — ks)ds +/ " oe % (XL — ks)dw,
0—
tATE o0
+ / e (XL — ks) — (XL — ks —y)|N(ds,dy)
0 0
tATh 00
+ / e (XL — ks —y) —v(XE — ks)](N(ds,dy) — ABe P¥dyds)
0 0
taTE
— / e Y (XE —ks)dLE — Y e AL,

s<tATL

+ Y e (XL —ks+ AXD) —o(XE —ks)+ ALY

SE'@t/\T

+ /0 e P (XF — (XE — ) (as. 20V (ds, dy).

Since v/(x) > 1 we have v(XL —ks)+ (XL — XL) <o(XL —ks) and v(XL —ks)+ (XL —

y— XE) <v(XL — ks —y), we conclude that

S e B w(XE —ks+ AXE) —o(XE — ks) + AL,
SED

tArL

= Y e uXE —ks+AXE) —o(XE —ks)+ (XE — xI) <o,
€9,

tarLl

and
tAT [ee) 5
[ e s =0 ks + [ (XE = (XE =) a1, 0N (s ) <0

Therefore, we have

e—5(tATL) (X

ATl k(t AnTh))

< o(a) /t/\T e % (o — ) (XL — ks)ds
/t/\r / e B w(XE — ks —y) —v(XE — ks)](N(ds,dy) — A\Be P¥dyds)

tnrL
+ / e O (XE — ks)dw, — / e (XE —ks)dLE — Y e AL,
0— 0—

s<tATL

tAT
< v(x) +/ e (o — 0)v(XL — ks)ds
0
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taTh e8]
- / / e B w(XE — ks —y) —v(XE — ks)](N(ds,dy) — A\Be P¥dyds)
0 0
v{; taTl
+/ oe %% (XL — ks)dw, —/ e %dLE— Y e AL, (27)
0— 0—

s<tATL

Additionally, it follows from [15; page 62, line 19] that the compensated sum:
t 00
t— / / e (XL — ks —y) —o(XE — ks)](N(ds,dy) — ABe P¥dyds)
0o Jo

is an (.%;)-martingale. Taking expectations on both sides of (27) and recalling (&7 — )
v(XE — ks) <0 results in

tATL
o(@) > B[ o (XE L — k(EATH)] + | / eI+ Y e AL,

tATL
s<tATL

tATL
>Ex[ / e AL+ 3 e_5sALS]
0—

s<taTl
tnrl
- Ex[ /0 _ e—‘?SdLS] (28)

Finally, taking limits as ¢ — oo in (28), we have

L

(@) = Ex[ / ' e*édes} = Vi(z). (29)
Since the strategy L is arbitrary, it follows that
v(z) = V(). (30)
In addition, if we replace L with L* and noting the condition

*

lim E,[e AT )y (XL o~ k(tATE))]

t—+oo
— 1 —6t L* _srL* L* L*
= dim Ep e o(Xy — k) iy e w(Xpe = R ) sy
— 1 —6t L* . _5t *
= Jim E,[e™0(X," —kt)geroy] < lim Eo[e™u(Xi" — ki)

(since U(XTLL** — k") =0 and v(X}" — kt) is bounded due to XF — kt < x),

then the inequalities in (27)—(30) are all equalities, hence
v(z) = Vi (z) < V(x),

which together with (30) leads to v(x) = V(x) = Vi+(x). Theorem 2 is proved. O
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Remark 3 If b=k =0, then the corresponding optimal return function is,

(13 — 1r9)e"® 4 (ry — 13)e?2® 4 (ry — ry)efs® € [0, 20)
, z , 2ol
() = { (r3—r2)01eh70 + (ry — r3)faef270 4 (ry — ry)fzef70 ’ (31)

v(xo) + x — o, x € [z, +00),

with zy being the unique solution of the following equation,
(rs — 7“2)9%6911’0 + (r1 — 7’3)0%69”0 + (ro — r1)0§e93x° =0,

iyt = 1,2, satistying —oo < 0] < —p < 02 < 0 < 03 < +00 being the set of zeroes o
0;,i=1,2,3 isfyi 0 B <0 0<d bei h f f
the following equation,
1 1
50200+ | 5078+ ¢| 02 + (0B — (A + 9)]0 — B3 =0,
and r; = 0263/2 +cb;, i =1,2,3. And, the corresponding optimal dividend strategy is
XE — 2, if XL > xp:
ALy =" = (32)
0, otherwise.
Equations (31)—(32) coincides with the corresponding results of Theorem 3.3 in [14].
Remark 4 If b = k = o = 0, then by the fact that v/(z¢) = 1 the corresponding
optimal return function is,
[y — (X + 6)]eT — [ch; — (X + §)]ef2"
o) = { [ = v 0))0r 70 — [ehy — (X +0) ePoeo”

U(IQ) + x — o, T € [‘TOa —|—OO),

x € [0, zo];

with {6;,7 = 1,2} satisfying —5 < 6 < 0 < 0 < (A +0)/c < 00 being the set of zeroes

of the following equation,
4 [cB — (A +0)]0 — BS = 0.

In addition, g is the unique minimizer of the function [cfs — (X + 8)]01e%1® — [cO; — (A +0)]

Oox

. 926 i.e.,

[cBy — (A + 6)]0%e"170 — [c; — (X + 0)]h2e2%0 = 0

1 [cf2 — (A +6)]6%
0y — 6y fo {[091 —(A+ 5)}9; }’

(33)

or o

or o = 0 if the solution of (33) does not exist. Note that there should be a unique solution

of (33) if it's solution does exist, since for all x > 0 we have

{[cBa — (A + 6)]62e% — [ch) — (X + 0)]p2eP22Y
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= [cf2 — (A +0)]63e” ™ — [c6y — (A +6)]63e™* > 0,

by the facts that [cfy — (A +6)] <0, [c61 — (A +0)] <0, 1 < 0 and 02 > 0. Further, the
corresponding optimal dividend strategy is
XtL_* — X, if XtL_* > X0;

AL} = (34)
0, otherwise.

Equations (33)—(34) coincides well with the corresponding results of Theorem 2.39, Theorem
2.41 and (2.34) in [17], or coincides with the corresponding results of [18] if we additionally

let the interest rate 7 = 0 in that paper.

Remark 5 |Ifb =%k = 0and S 1 oo which means the compound poisson term vanishes

in our model, in this case (8) degenerates to

%O’Q’U”(CL‘) +cv'(z) — (A + 8)v(z) =0, x € [0, zo),

with boundary conditions v(0) = 0, v'(z9) = 1 and v”(x¢) = 0. Then the corresponding

optimal return function is,

eﬁlx _ e@gx
) € 10, zo;
v(z) = { hehr®o — fhebeo © € [0, (35)
v(zp) + = — o, x € [xg, +00),

with zy being the unique solution of the following equation,

2 0
920170 _ 92,0200 _ _ 1 { 1 ‘}
e 5e or To 702 —a, og —92 ,

{6;,1 = 1,2} satisfying —oo < 0] < 0 < 62 < +00 being the set of zeroes of the following

equation,

1
50—292 +cf—(A+0)=0.
And, the corresponding optimal dividend strategy is

XE — g, if XL > ao;
ALy =" = (36)
0, otherwise.

Equations (35)—(36) coincides with the corresponding results of Theorem 3.2 in [19].
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84. Conclusion

For a financially constrained firm with both small and large movements of cash flow,
we use a jump-diffusion model with exponentially distributed jumps to characterize it’s
asset process. Meanwhile, a linear barrier is present in the model in order to characterize
risk aversion of the firm, bankruptcy takes place whenever the reserve of the firm runs
below the linear barrier. It’s found that the optimal dividend policy is of a linear barrier
type: whenever the firm’s cash accumulates beyond a target linear barrier, the amount
in excess of this linear ascending line is distributed to shareholders as dividends. As to
our knowledge, this is different from the results of existing literature, where the optimal
dividend strategy is mostly of barrier type. We also characterize the optimal firm value
function, where the firm value function or the value of a firm is exactly the expected

present value of future dividends according to [2].
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ML R F RV BB IR B P Y S AL T LD SR G

£EBK IXAV
(BRI B 2 B, B8R, 830012; 2JH I TRHUERL R, [H17, 361005)

W OE: TSR AT E, FREA AR AR AL 4 A KBRS BT IZ TR
S, EA S, BRATR A T T IE P 2SS Brownian XU Al Poisson XU, 2 5] AT DL ) 6 i 7R 19
Sy LBUBR Gy LI Ta). SN T o0 IR A TS 22 A, SO SUBB = IR 18] R A 7 38 42 /K P B IR T 4R 1 1)
b + k(B %), AR AR FORIB %, 2 0 SCHR[1). A SRR T R R W 4618 8 B S 07 1 18] 42 4y
CLHTILE FIIA R 0 ) . B SRR — A H AU T IHIB T R, A SC 20 ok T B i 4 AR R
BRI AR (1) 5 A1 SR 0. 45 SRR WA, Ao A1 SR MG S 481 1 T 0 4 5k, B, M A | B R KCPAR T2 P
o + kthf, AT T4 A F B R KB I Z M TR, 885 3 43K A 3B E v R 4

KR RIRAEREL RN LI A S
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