
A^VÇÚO 1 32ò
1 6Ï 2016c 12�

Chinese Journal of Applied Probability and Statistics
Dec., 2016, Vol. 32, No. 6, pp. 603-616

doi: 10.3969/j.issn.1001-4268.2016.06.004

�»�é¡5Ýþ�3/n (n > 3)��Å�þ�(�

9Ù�Z.

Ü¡� MG_
(U9ó��ÆnÆ�, U9, 300387)

Á �: �©ÄuCopulaïÄ�Å�þ��»�é¡5nØ. ÄkïÄ
�»�é¡5Ýþ�

3/4��ÅCþ�Copula(�, �Ñ�»�é¡5Ýþ�3/4�Copula�°(�Z.. ,�ÿÐ���

�¹, �Ñ��Copula��»�é¡5Ýþ�3/n�7�^�, ïÄ
�»�é¡5Ýþ�3/n��Å

Cþ�Copula(�, ���»�é¡5Ýþ�u3/n�Copula�°��Z..

'�c: Copula; �Z.; �»�é¡; Fréchet-HoeffdingØ�ª
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§1. Ú ó

�ÅCþ�é¡53VÇÚO�4�½n!4�nØ!��dÚOÚ�ÅL§¥Ñ

k�A^. ©z[1]ÄuCopulanØïÄ
n«é¡5: ���5!»�é¡5ÚéÜ

é¡5. ���5´�~��é¡5½Â, �ëY.�Å�þ(X,Y )�éÜ©Ù¼ê�

H(x, y), >�©Ù©O�F (x)ÚG(y), éA�Copula�C(u, v), XJéu?¿�¢êxÚ

yÑkH(x, y) = H(y, x), ½é?¿�u, v ∈ I = [0, 1], ÑkC(u, v) = C(v, u), K¡�ÅC

þX, Y´����. XJH(x, y) 6= H(y, x), ½C(u, v) 6= C(v, u), K¡�ÅCþX, Y´Ø

����.

©z[2]½Â
�ÅCþ�Ø���5Ýþ, ïÄ
��Ø����ÅCþ�Copula

(�. ©z[3]ïÄ
,�ü:��½�Copula�`.�Ø���5Ýþ. ù��`þe

.CUÚCL¦����Copula C(u, v)�Fréchet-Hoeffdingþe.Ø�ª

max{u+ v − 1, 0} = W (u, v) 6 C(u, v) 6M(u, v) = min{u, v} (1)

CÄ. ©z[2]�Ñ
±e½n, =½n1Ú½n2.

½n 1 �C´��Copula, �C(a, b) = θ, :(a, b) ∈ I2, θ÷vmax{a + b − 1, 0} 6
θ 6 min{a, b}, @o

CL(u, v) 6 C(u, v) 6 CU (u, v), (2)

�©2015c8�18FÂ�, 2016c4�18FÂ�?Uv.
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Ù¥

CU (u, v) = min{u, v, θ + (u− a)+ + (v − b)+},

CL(u, v) = max{0, u+ v − 1, θ − (a− u)+ − (b− v)+}.

ùp��u�u“6 ”´Copula�gS'X [1], CU (u, v), CL(u, v)��½:��C(a, b) =

θ��`þ!e..

©z[3]��E
4�ÛÉ�Copula, ¦�äk���Ø���5, )º
��Ø���

Copula�(�A:Ú5�. ©z[4,5]©OïÄ
CUÚCL��'5ÝþÚ§��'Fréchet-

Hoeffding.�CÄ§Ý. ©z[6]ïÄ
�½Ø���5Ýþ�Copula��Zþe., T.

éFréchet-Hoeffding.?1
Uõ, �E'�°�,¿�Ø´��Copula, ´[Copula [7].

�©ïÄ�½,
�»�é¡5Ýþ�Copula��Zþe., ��
'�°(�(Ø.

�Å�þ'u:(a, b)´»�é¡�, XJ(X − a, Y − b)Ú(a−X, b−Y )äk�Ó�©Ù¼

ê, =H(x+ a, y + b) = H(a− x, b− y), Ù¥H(x, y) = 1− F (x)−G(y) +H(x, y)´H�

)�¼ê, eH(x+ a, y + b) 6= H(a− x, b− y), K¡�Å�þ´�»�é¡�.

½n 2 �X, Y´ëY.�ÅCþ, éÜ©Ù¼ê�H, >�©Ù¼ê©O�FÚG,

�'(�¼ê�C, �X, Y©O'u:a, b»�é¡, @o(X,Y )'u:(a, b)»�é¡�¿

©7�^�´

C(u, v) = Ĉ(u, v) = u+ v − 1 + C(1− u, 1− v), (3)

Ĉ(u, v)¡�C�)�Copula. eC(u, v) 6= Ĉ(u, v)K¡�ÅCþ´�»�é¡�.

©z[2, 8]é�»�é¡5�Ýþ�{?1
ïÄ, ½Â
�»�é¡5Ýþ:

δ(C) = 3 sup
u,v∈I

|C(u, v)− Ĉ(u, v)|, (4)

Ù¥3´¦��»�é¡5Ýþδ(C)���1�IOzXê, =k

sup |C(u, v)− Ĉ(u, v)| 6 1

3
.

¦�δ(C) = 1�Copula¡����»�é¡Copula, �k

|C(u, v)− Ĉ(u, v)| 6 min{u, v, 1− u, 1− v,max{|u− v|, |u+ v − 1|}}. (5)

�©ïÄ�½�»�é¡5Ýþ��ÅCþ�Copula(�9Ù�Z.. 12Ü©?Ø


�»�é¡5Ýþ�3/4��ÅCþ�Copula�(�Ú°(��Z.; 13Ü©ïÄ
�

»�é¡5Ýþ�3/n��ÅCþ�Copula�(�Ú°���Z..
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§2. �»�é¡5Ýþ�3/4�Copula(�9Ù�Z.

©z[6]ïÄ
�½Ø���5Ýþ��Å�þ��Z., T©´±1 (3/3), 3/4, 3/5,

1/2 (3/6)�©.:, ò[0, 1]©�¤
A��«m?1ïÄ�, `²ù
©.:3ïÄ

Copula��é¡5Ýþ��Z.¯K¥äk�¿Â. ©z[2]ïÄ
���»�é¡�Å

�þδ(C) = 1��Z.. �!·�ïÄ�»�é¡5Ýþδ(C) = 3/4��Copula9Ù�Z

..

k�ÑXe½Â, §�£ã
ü�Copula�m�'X.

½Â 3 éu?¿(u, v) ∈ I2, Copula C1(u, v), C2(u, v), eC1(u, v) = CT2 (u, v), =

C1(u, v) = C2(v, u), K¡C1(u, v)ÚC2(u, v)p�=�Copula, ¿¡C1(u, v)�C2(u, v)�=

�Copula, ½C2(u, v)�C1(u, v)�=�Copula.

½Â 4 éu?¿(u, v) ∈ I2, Copula C1(u, v), C2(u, v), eC1(u, v) = Ĉ2(u, v), =

C1(u, v) = u + v − 1 + C2(1 − u, 1 − v), K¡C1(u, v)ÚC2(u, v)p�»�é¡Copula, ¿

¡C1(u, v)�C2(u, v)�»�é¡Copula, ½C2(u, v)�C1(u, v)�»�é¡Copula.

2�Ñ8�Copula¼ê, §�3�¡°(.�ïÄ¥åX��^.

C1U = min
{
u, v,

1

2
+
(
u− 3

4

)+
+
(
v − 3

4

)+}
, (6)

C1L = max
{

0, u+ v − 1,
1

4
−
(1

4
− u
)+
−
(1

4
− v
)+}

; (7)

C2U = min
{
u, v,

1

4
+
(
u− 3

4

)+
+
(
v − 1

2

)+}
, (8)

C2L = max
{

0, u+ v − 1,
1

4
−
(1

4
− u
)+
−
(1

2
− v
)+}

; (9)

C3U = min
{
u, v,

(
u− 3

4

)+
+
(
v − 1

4

)+}
, (10)

C3L = max
{

0, u+ v − 1,
1

4
−
(1

4
− u
)+
−
(3

4
− v
)+}

, (11)

Ù¥x+ = max{x, 0}, §��| Xã1¤«.

��½Â�
Copula8:

C1 =
{
C
∣∣∣C(1

4
,
1

4

)
=

1

4

}
, C2 =

{
C
∣∣∣C(3

4
,
3

4

)
=

1

2

}
,

C3 =
{
C
∣∣∣C(1

4
,
1

4

)
= 0
}
, C4 =

{
C
∣∣∣C(3

4
,
3

4

)
=

3

4

}
,

C5 =
{
C
∣∣∣C(1

4
,
1

2

)
=

1

4

}
, C6 =

{
C
∣∣∣C(3

4
,
1

2

)
=

1

4

}
,

C7 =
{
C
∣∣∣C(1

4
,
1

2

)
= 0
}
, C8 =

{
C
∣∣∣C(3

4
,
1

2

)
=

1

2

}
,
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1

ã1 �þ�me©O�Copula C1U , C2U , C3U , C1L, C2L, C3L�| 

C9 =
{
C
∣∣∣C(1

4
,
3

4

)
=

1

4

}
, C10 =

{
C
∣∣∣C(3

4
,
1

4

)
= 0
}
,

C11 =
{
C
∣∣∣C(1

2
,
1

4

)
=

1

4

}
, C12 =

{
C
∣∣∣C(1

2
,
3

4

)
=

1

4

}
,

C13 =
{
C
∣∣∣C(1

2
,
1

4

)
= 0
}
, C14 =

{
C
∣∣∣C(1

2
,
3

4

)
=

1

2

}
,

C15 =
{
C
∣∣∣C(3

4
,
1

4

)
=

1

4

}
, C16 =

{
C
∣∣∣C(1

4
,
3

4

)
= 0
}
.

þ¡8Ü¥, C1 ∩C3 = ∅, C2 ∩C4 = ∅, C5 ∩C7 = ∅, C6 ∩C8 = ∅, C9 ∩C16 = ∅,
C10 ∩C15 = ∅, C11 ∩C13 = ∅, C12 ∩C14 = ∅. ��Copula C ∈ C5 (C6)��=�§�=

�Copula CT ∈ C11 (C12), C ∈ C7 (C8)��=�§�=�Copula CT ∈ C13 (C14), C ∈
C9 (C10)��=�§�=�Copula CT ∈ C15 (C16). ��Copula C ∈ C1 (C2)��=�§

�»�é¡Copula Ĉ ∈ C4 (C3), C ∈ C5 (C6)��=�§�»�é¡Copula Ĉ ∈ C8 (C7).

��C1U , C1LÑ´(C1 ∩ C2)���, C2U , C2LÑ´(C5 ∩ C6)���, C3U , C3LÑ´

(C9 ∩C10)���. e¡�½n�Ñ
Copula�»�é¡5Ýþ�u3/4�7�^�, ±9

�»�é¡5Ýþ�u3/4�Copula�Z..

½n 5 �ëY�Å�þ(X,Y )�Copula�C, )�Copula�Ĉ, eC��»�é¡5

Ýþδ(C) = 3/4, K
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(a)

C ∈ C =
8⋃

k=1

(C2k−1 ∩C2k). (12)

(b) é?¿C ∈ C,

C ∈ C1 (or 5 or 9) ∩C2 (or 6 or 10)��=�C1L (or 2L or 3L) ≺ C ≺ C1U (or 2U or 3U);

C ∈ C3 (7) ∩C4 (8)��=� Ĉ1L (2L) ≺ C ≺ Ĉ1U (2U);

C ∈ C11 (15) ∩C12 (16)��=�CT2L (3L) ≺ C ≺ C
T
2U (3U);

C ∈ C13 ∩C14��=� ĈT2L ≺ C ≺ ĈT2U ,

Ù¥C1U , C1L, C2U , C2L, C3U , C3Ldª(6)–(11)�Ñ.

(c) C1U (C1L), Ĉ1U (Ĉ1L), C2U (C2L), Ĉ2U (Ĉ2L), C3U (C3L), CT2U (CT2L), ĈT2U (ĈT2L),

CT3U (CT3L)��»�é¡5Ýþ�3/4�(b)¥8«�¹e��Zþ(e)..

y²:

(a) eδ(C) = 3/4, K�3��:(u0, v0) ∈ I2, ¦�(i) C(u0, v0) − C(v0, u0) = 1/4½(ii)

C(v0, u0) − C(u0, v0) = 1/4. e¡·�y²3(i)��¹eC ∈ C, (ii)��¹aq

Ñ. Äk(u, v)¥7L�3¦�(i)¤á�:, dª(5))�(u0, v0)��(1/4, 1/4), (1/4,

1/2), (1/4, 3/4), (1/2, 1/4), (1/2, 3/4), (3/4, 1/4), (3/4, 1/2)½(3/4, 3/4).

�(u0, v0) = (1/4, 1/4)�, Ĉ(1/4, 1/4) = 1/4 + 1/4 − 1 + C(3/4, 3/4) = C(3/4,

3/4)− 1/2. dC(1/4, 1/4)− Ĉ(1/4, 1/4) = 1/4�C(1/4, 1/4)−C(3/4, 3/4) = −1/4.

Ï�0 6 C(1/4, 1/4) 6 1/4, 1/2 6 C(3/4, 3/4) 6 3/4, ¤±, C(1/4, 1/4) = 1/4,

C(3/4, 3/4) = 1/2, =C ∈ (C1 ∩ C2). aq�y, �(u0, v0) = (3/4, 3/4)�, C ∈
(C3 ∩C4); �(u0, v0) = (1/4, 1/2)�, C ∈ (C5 ∩C6); �(u0, v0) = (3/4, 1/2)�, C ∈
(C7 ∩C8); �(u0, v0) = (1/4, 3/4)�, C ∈ (C9 ∩C10); �(u0, v0) = (1/2, 1/4)�, C ∈
(C11 ∩ C12); �(u0, v0) = (1/2, 3/4)�, C ∈ (C13 ∩ C14); �(u0, v0) = (3/4, 1/4)�,

C ∈ (C15 ∩C16).

eC ∈ (C1∩C2)∪ (C3∩C4)∪ (C5∩C6)∪ (C7∩C8)∪ (C9∩C10)∪ (C11∩C12)

∪ (C13 ∩C14) ∪ (C15 ∩C16), @o�½�3:(u0, v0) ∈ I2, ¦�3|C(u0, v0) − C(v0,

u0)| = 3/4, qÏ�δ(C) = 3 sup
u,v∈I

|C(u, v)− Ĉ(u, v)|, �δ(C) > 3/4, ØU��δ(C) >

3/4. ¤±(a)�´δ(C) > 3/4�7�^�.

(b) �C ∈ C, b�C1L ≺ C ≺ C1U , @oC(1/4, 1/4) = 1/4, C(3/4, 3/4) = 1/2, ¤±

C ∈ C1 ∩C2. ���C ∈ C1 ∩C2, @od½n1, C1U´C2¥?¿Copula�þ. [1],

qÏ�C1U ∈ C1 ∩C2, �C1U´C1 ∩C2���þ.. C1L´C1¥?¿Copula�e.,

qÏ�C1L ∈ C1 ∩C2, �C1L´C1 ∩C2���e.. Ù¦A«�¹aqÑ.
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(c) w,δ(C) > 3/4��¹Ø÷vd½n, �?Øδ(C) 6 3/4��¹=�. Äk, éu

∀C ∈ C1 ∩ C2��»�é¡5Ýþ�3/4�Copula C, ÑkC1L ≺ C ≺ C1U , �

C1L, C1U´C�þe.. Ùg, δ(C1U ) = 3 sup
u,v∈I

|C1U (u, v) − Ĉ1U (u, v)| = 3/4. �

δ(C1L(u, v)) = 3 sup
u,v∈I

|C1L(u, v) − Ĉ1L(u, v)| = 3/4, �C1L, C1U´C�þe(., Ù

¥Ĉ1U (u, v), Ĉ1L(u, v)dª(3)�. ¤±C1UÚC1L�8ÜC1∩C2¥�»�é¡5Ýþ

�3/4�Copula��Zþe.. Ù§Ô«�¹aqÑ. ù�Ò�¤
½n�y². �

3½n5 (a)¥, ÷v(12)ª�Copula¥�3¦�|C(u, v)− Ĉ(u, v)| = 1/4�:, �´Ø

UüØ|C(u, v) − Ĉ(u, v)| > 1/4�:, =÷vª(12)�Copulak|C(u, v) − Ĉ(u, v)| > 1/4.

,3(b)¥, �â(a)O�Ñ�þ.%Ø¬�3Ø���5Ýþ�u3/4��¹. Ï��

aCopula��Zþ(e).´ùaCopula¥��CFréchet-Hoeffding.M(W )�@��, Ø

���5Ýþ���Copulaþ(e).ålM(W )�ål�C, ¤±þ.�Ø���5Ýþ

�½�3/4. �Ø���5Ýþ��ªu0�, Copula��Z.ªuM(W ).

�±wÑ, C3U ≺ C2U ≺ C1U , C3L ≺ C2L ≺ C1L, ¤±C1U�C2U , C3U��Óþ

.; C3L�C1L, C2L��Óe.; Ĉ1U�Ĉ2U , Ĉ3U��Óþ.; Ĉ3L�Ĉ1L, Ĉ2L��Óe.;

C1U = CT1U�C
T
2U , CT3U��Óþ.; C3L = CT3L�C

T
1L, CT2L��Óe.. �¦.°(, 3½

n5¥, �»�é¡5Ýþ�3/4�Copula.�©¤
8«a.. ,ù8«�¹¬k�8�

�3, XC2U ∈ (C1 ∩C2) ∪ (C5 ∩C6). 3e¡é�»�é¡5Ýþ�3/n�?Ø¥, ·�

ò.?1
Ü¿, ����°��þe..

§3. �»�é¡5Ýþ�3/n (n > 3)�Copula(�9Ù.

�!òþã(Øí2����¹, ?Ø�»�é¡5Ýþ�3/n (n > 3)��ÅCþ

�Copula(�9Ù..

Ún 6 �»�é¡5Ýþ�3/n�Copula C(u, v)÷v: ∃ i, j ∈ N (g,ê), 1 6

i, j 6 n− 1, ¦�

C
( i
n
,
j

n

)
− C

(n− i
n

,
n− j
n

)
=
l + 1

n
, (13)

Ù¥l = i+ j − n.

y²: d(4)ª9C(u, v)��»�é¡5Ýþ�3/n, �

sup |C(u, v)− Ĉ(u, v)| = 1

n
. (14)

2d(5)ª�

min{u, v, 1− u, 1− v,max{|u− v|, |u+ v − 1|}} =
1

n
. (15)
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lþª�)�

(U, V ) =
{

(u, v)
∣∣∣u ∈ { 1

n
,

2

n
, . . . ,

n− 1

n

}
, v ∈

{ 1

n
,

2

n
, . . . ,

n− 1

n

}
, (u, v) 6=

(1

2
,
1

2

)}
.

�±wÑ, n�Ûê�, )��ê�(n− 1)2; n�óê�, )��ê(n− 1)2 − 1. 3I2þ

GØ
>.:(=u, vk���0½1�:)Ú¥%:(=:(1/2, 1/2)). Ï�>.:X(u0, 0):

Ĉ(u0, 0) = u0 − 1 + C(1 − u0, 1) = 0 = C(u0, 0), Ø÷v(15)ª. Ù§>.:X(u0, 1):

Ĉ(u0, 1) = C(u0, 1) = u0; ¥%:(1/2, 1/2): Ĉ(1/2, 1/2) = C(1/2, 1/2)�Ø÷v(15)ª.

-u = i/n, v = j/n,K∃ i, j ∈ N ,�1 6 i, j 6 n−1,¦�|C(i/n, j/n)−Ĉ(i/n, j/n)| =
1/n, d(3)ª�∣∣∣C( i

n
,
j

n

)
− Ĉ

( i
n
,
j

n

)∣∣∣ =
∣∣∣C( i

n
,
j

n

)
− C

(n− i
n

,
n− j
n

)
− i+ j − n

n

∣∣∣ =
1

n
.

�âþª��ü��ª

C
( i
n
,
j

n

)
− C

(n− i
n

,
n− j
n

)
=
i+ j − n+ 1

n
=
l + 1

n
,

=(13), Ú

C
(n− i

n
,
n− j
n

)
− C

( i
n
,
j

n

)
=

1 + n− i− j
n

=
1− l
n

. (16)

¯¢þ(16)ªÚ(13)ª�d. Ï�e(13)ª¤á, ò(16)ª��à�\(13)ª�

C
(n− i

n
,
n− j
n

)
− C

( i
n
,
j

n

)
=
n− i+ n− j − n+ 1

n
=
n− i− j + 1

n
=

1− l
n

.

Ón, d(16)ª��íÑ(13)ª. �

e¡©o«�¹: i + j 6 n�i > j; i + j 6 n − 1�i 6 j; i + j > n�i > j±

9i+ j > n�i 6 j?Ø÷v(13)ª�Copula(�.

P

D1 =
⋃

i+j6n,i>j

( ⋃
a=1,2,...,j

(Ca,1 ∩Ca,2)
)
,

Ù¥, a = 1, 2, . . . , j, i, j ∈ N , 1 6 i, j 6 n− 1,

Ca,1 =
{
C
∣∣∣C(n− i

n
,
n− j
n

)
=
a− 1− l

n

}
, Ca,2 =

{
C
∣∣∣C( i

n
,
j

n

)
=
a

n

}
.

D2 =
⋃

i+j6n−1,i6j

( ⋃
b=1,2,...,j

(Cb,1 ∩Cb,2)
)
,

Ù¥, b = 1, 2, . . . , i, i, j ∈ N , 1 6 i, j 6 n− 1, ù«�¹ei, jØÓ��1/2,

Cb,1 =
{
C
∣∣∣C(n− i

n
,
n− j
n

)
=
b− 1− l

n

}
, Cb,2 =

{
C
∣∣∣C( i

n
,
j

n

)
=
b

n

}
.

D3 =
⋃

i+j>n,i>j

( ⋃
c=1,2,...,j

(Cc,1 ∩Cc,2)
)
,



610 A^VÇÚO 1 32ò

Ù¥, c = 1, 2, . . . , n− i, i, j ∈ N , 1 6 i, j 6 n− 1,

Cc,1 =
{
C
∣∣∣C(n− i

n
,
n− j
n

)
=
c− 1

n

}
, Cc,2 =

{
C
∣∣∣C( i

n
,
j

n

)
=
l + c

n

}
.

D4 =
⋃

i+j>n,i6j

( ⋃
d=1,2,...,j

(Cd,1 ∩Cd,2)
)
,

Ù¥, d = 1, 2, . . . , n− j, i, j ∈ N , 1 6 i, j 6 n− 1,

Cd,1 =
{
C
∣∣∣C(n− i

n
,
n− j
n

)
=
d− 1

n

}
, Cd,2 =

{
C
∣∣∣C( i

n
,
j

n

)
=
l + d

n

}
.

½n 7 �ëY�ÅCþ(X,Y )�Copula�C(u, v), )�Copula�Ĉ. eC��»�

é¡5Ýþδ(C) = 3/n, K

C ∈D1 ∪D2 ∪D3 ∪D4. (17)

y²: eC ∈ D1 ∪D2 ∪D3 ∪D4, @o�½�3:(u0, v0) ∈ I2, ¦�3|C(u0, v0) −
C(v0, u0)| = 3/nδ(C) = 3 sup

u,v∈I
|C(u, v)− Ĉ(u, v)|, ·��±��δ(C) > 3/n.

�i+ j 6 n�i > j, d(1)ª, C((n− i)/n, (n− j)/n), C(i/n, j/n)I©O÷v−l/n 6
C((n− i)/n, (n− j)/n) 6 (n− i)/nÚ0 6 C(i/n, j/n) 6 j/n, 2d(13)ª, ��

−l
n
6 C

(n− i
n

,
n− j
n

)
6
n− i− 1

n
, (18)

1

n
6 C

( i
n
,
j

n

)
6
j

n
. (19)

-Ca,1, Ca,2¥�a = 1,KC((n−i)/n, (n−j)/n) = −l/n, C(i/n, j/n) = 1/n;-a = j,

KC((n− i)/n, (n− j)/n) = (n− i− 1)/n, C(i/n, j/n) = j/n. ¤±

C ∈D1 =
⋃

i+j6n,i>j

( ⋃
a=1,2,...,j

(Ca,1 ∩Ca,2)
)
. (20)

aq�yÙ§n«�¹e�C ∈D2, C ∈D3½C ∈D4, =

C ∈D1 ∪D2 ∪D3 ∪D4. �

e¡¦)�»�é¡5Ýþ�3/n�Copula��Z.. dunØ(½, Ã{�þ!@�

ò¤k�U�¹e�°(.L«Ñ5, ùp·�òCopula©¤
n− 1��a, ©O¦Ñ§

���Z.. Äk�ÑXeÚn:

Ún 8 éu∀ i, j ∈ N , 1 6 i 6 j 6 n− 1, θ ∈ [0, 1], XJCopula C(u, v)÷v

(a) C(i/n, j/n) = θ½C(j/n, i/n) = θ, KC(i/n, i/n)��±��θ, =kC(i/n, i/n) = θ.

(b) C((n− j)/n, i/n) = θ, KC((n− i)/n, i/n)��±��θ, =kC((n− i)/n, i/n) = θ.
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y²:

(a) dFréchet-Hoeffdingþe.Ø�ª, ��max{i/n + i/n − 1, 0} 6 C(i/n, i/n) 6 min

{i/n, i/n}, =C(i/n, i/n)����Ω1 = [min{(2i−n)/n, 0}, i/n]. ÓnC(i/n, j/n)½

C(j/n, i/n)����Ω2 = [min{(i+j−n)/n, 0}, i/n],Ï�(2i−n)/n 6 (i+j−n)/n,

�min{(2i− n)/n, 0} 6 min{(i+ j − n)/n, 0}, @o·�kΩ2 ⊆ Ω1, �eθ ∈ Ω2, @

oθ ∈ Ω1, �y.

(b) C((n − i)/n, i/n)����Ω3 = [0,min{(n − i)/n, i/n}], C((n − j)/n, i/n)���

�Ω4 = [0,min{(n− j)/n, i/n}], di 6 j��, Ω4 ⊆ Ω3. �eθ ∈ Ω4, @oθ ∈ Ω3, �

y. �

þãÚn¥, :(i/n, i/n)�Ìé��þ�:, �il1��n − 1�, :(j/n, i/n), (i/n,

j/n), 1 6 i 6 j 6 n − 1�H
Ø>.:	�¤k:, =(15)ª�¤k)Ú:(1/2, 1/2).

:((n − i)/n, i/n)�gé��þ�:, ((n − j)/n, i/n), 1 6 i 6 j 6 n − 1©O�:((n −
i)/n, i/n)9Ù���:, @o�il1��n− 1�, K((n− j)/n, i/n), 1 6 i 6 j 6 n− 1�

H
Ø>.:±	, gé��9Ùe��:. 3e¡½n9�Zþe.�ïÄ¥éùü«�

¹^�q��{��
y². �´gé��þ���>.:Ø÷vÚn8, I^Ù§�{y

², �e¡�½n9.

½n 9 (a) �»�é¡5Ýþ�3/n�Copula��Zþ.kn − 1�, §�´�½

ü:�

C
( i
n
,
i

n

)
=
i− 1

n
, 1 6 i 6 n− 1 (21)

�Copula�`þ., �

Ci,U (u, v) = min
{
u, v,

i− 1

n
+
(
u− i

n

)+
+
(
v − i

n

)+}
. (22)

(b) �»�é¡5Ýþ�3/n�Copula��Ze.kn− 1�, §�´�½ü:�

C
(n− i

n
,
i

n

)
=

1

n
, 1 6 i 6 n− 1 (23)

�Copula�`e., �

Ci,L(u, v) = max
{

0, u+ v − 1,
1

n
−
(n− i

n
− u
)+
−
( i
n
− v
)+}

. (24)

y²:

(a) é?¿1 6 i 6 n − 1, (21)ª÷vFréchet-Hoeffdingþe.Ø�ª, =max{i/n+

i/n− 1, 0} 6 (i− 1)/n 6 i/n. dÚn6, ÷vª(14)�:k

(U, V ) =
{

(u, v)
∣∣∣u ∈ { 1

n
,

2

n
, . . . ,

n− 1

n

}
, v ∈

{ 1

n
,

2

n
, . . . ,

n− 1

n

}
, (u, v) 6=

(1

2
,
1

2

)}
.
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ey(22)ª´�Zþ..

éu∀ i, j ∈ N , 1 6 i 6 j 6 n − 1, θ ∈ Ω1, dÚn8, XJkC(i/n, j/n) = θ½

C(j/n, i/n) = θª¤á, KC(i/n, i/n)��±��θ. d½n1,

Cθ,i,U (u, v) = min
{
u, v, θ +

(
u− i

n

)+
+
(
v − i

n

)+}
(25)

´dC(i/n, i/n) = θ(½��`þ., §�udC(i/n, j/n) = θ(½��`þ.

Cθ,i,j,U (u, v) = min
{
u, v, θ +

(
u− i

n

)+
+
(
v − j

n

)+}
,

��udC(j/n, i/n) = θ(½��`þ.

Cθ,i,j,U (u, v) = min
{
u, v, θ +

(
u− j

n

)+
+
(
v − i

n

)+}
.

¤±dC(i/n, i/n) = θ(½��`þ.Ò´dC(i/n, j/n) = θ½C(j/n, i/n) = θª

(½��`þ.¥���@��. ò÷vC(i/n, j/n) = θ, C(j/n, i/n) = θ½C(i/n,

i/n) = θª�Copulay��a, (25)ªÒ´ùaCopula��Zþ.. ù��Zþ.

�½´�½ü:�C(i/n, i/n) = θ¤(½�Copula��`þ., Ù¥θ ∈ [0, i/n]�

�1/n��ê�. e¡·�5üØ�½ü:(i/n, i/n)��θáue¡ü«�¹5y²

¦�ª(25)�þ(.�θ = (i− 1)/n.

(i) eθ = (i−k)/n. ÷vC(i/n, i/n) = (i−k)/n < (i−1)/n, 1 < k 6 i�Copula�

�`þ.�

Ci,k,U (u, v) = min
{
u, v,

i− k
n

+
(
u− i

n

)+
+
(
v − i

n

)+}
. (26)

þª�u(22)ª

Ci,U (u, v) = min
{
u, v,

i− 1

n
+
(
u− i

n

)+
+
(
v − i

n

)+}
.

�Ò´d(21)ª(½�Copula�`þ.�ud�½ü:�C(i/n, i/n) = (i −
k)/n(½�Copula�`þ.. ù�ÒüØ
¦�C(i/n, i/n) 6 (i− 1)/n�θ.

(ii) eθ = i/n. d

C
( i
n
,
i

n

)
=
i

n
(27)

(½�Copula��`þ.�M , �uCopula (22)ª. �´éu÷vª(27)��

»�é¡5Ýþ�3/n�Copula, e:(i/n, i/n)�÷v(14)ª�:, KkĈ(i/n,

i/n) = (2i−n)/n+C((n−i)/n, (n−i)/n) = i/n±1/n,�C((n−i)/n, (n−i)/n)

= (n− i± 1)/n. Ï�(n− i+ 1)/n > (n− i)/n, Ø÷vFréchet-Hoeffdingþ.

��, ¤±

C
(n− i

n
,
n− i
n

)
=
n− i− 1

n
(28)
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÷v(27)Ú(28)ª�Copula��`þ.�

C(u, v) = min
{
u, v,

n− i− 1

n
+
(
u− n− i

n

)+
+
(
v − n− i

n

)+}
,

§´d�½ü:�C((n− i)/n, (n− i)/n) = (n− i− 1)/n¤(½�Copula�Z

þ., Ú½n¥�(21), (22)ª��.

ùÒy²
(22)ª�÷vC(i/n, j/n) = θ, C(j/n, i/n) = θ½C(i/n, i/n) = θ�

Copula��Zþ.. 3ùn−1��Zþ.¥,Ø
n�óê�i = n/2�C(1/2, 1/2) =

(n/2 − 1)/n¤(½��Zþ.�»�é¡Copula	, Ù§þ��»�é¡5Ýþ

�3/n�Copula, `²ù«�Zþ.´�°(�.

(b) ©�½gé��þ�½e�:�Copula�ü«�¹y²(24)ª´�Ze..

1. éu∀ i, j ∈ N , 1 6 i 6 j 6 n − 1, θ ∈ Ω3, ��C((n − j)/n, i/n) = θ¤á, @

oC((n− i)/n, i/n)��±��θ. �±O�ÑdC((n− i)/n, i/n) = θ(½��

`e.

Cθ,i,L = min
{

0, u+ v − 1, θ −
(n− i

n
− u
)+
−
( i
n
− v
)+}

, (29)

�udC((n− j)/n, i/n) = θ(½��`e.

Cθ,i,j,L = min
{

0, u+ v − 1, θ −
(n− j

n
− u
)+
−
( i
n
− v
)+}

.

ò÷vC((n − j)/n, i/n) = θ½C((n − i)/n, i/n) = θ�Copulay��a, @o

(29)ª�daCopula�e(..

��Zþ.aq, ·�üØ±eü«�¹, y²�θ = 1/n�, (29)ª���

��.

(i) eθ = k/n > 1/n, Ù¥1 < k 6 min{(n − i)/n, i/n}�k ∈ N , dC((n −
i)/n, i/n) = 1/n¤(½��`e.

Ci,L(u, v) = max
{

0, u+ v − 1,
1

n
−
(n− i

n
− u
)+
−
( i
n
− v
)+}

,

=(24)ª, �udC((n− i)/n, i/n) = k/n(½��`e.

Ci,k,L(u, v) = max
{

0, u+ v − 1,
k

n
−
(n− i

n
− u
)+
−
( i
n
− v
)+}

. (30)

�ª(24)´ùaCopula�e(..

(ii) eθ = 0, dü:�C((n − i)/n, i/n) = 0¤(½�Copula��Ze.�W ,

,÷vù�ü:���»�é¡5Ýþ�1/n�Copula��Ze.�

C(u, v) = max
{

0, u+ v − 1,
1

n
−
(n− i

n
− u
)+
−
( i
n
− v
)+}

,

§Ò´d�½ü:�C((n− i)/n, i/n) = 1/n¤(½�Copula��`e..
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2. éu∀ i, j ∈ N , 1 6 i 6 j 6 n − 1, θ ∈ Ω4, :((n − i)/n, j/n)3:((n − i)/n,

i/n)�þ�, �il1��n − 1�, ((n − i)/n, j/n)�H
Ø>.:±	, gé�

�9Ùþ��:. �âFréchet-HoeffdingØ�ª, ��C((n − i)/n, j/n)���

�Ω5 = [(j− i)/n,min{(n− i)/n, j/n}]. dumin{(n− i)/n, j/n} > (j− i)/n+

1/n, Ïd

C
(n− i

n
,
j

n

)
=
j − i+ 1

n
(31)

3?¿1 6 i 6 j 6 n− 1e��¤á. d�½ü:�

C
(n− i

n
,
j

n

)
= β ∈ Ω5 (32)

¤(½�, ��»�é¡5Ýþ�1/n�Copula��`e.�udª(31)¥�½

�ü:�(½�Copula��`e.. =

C(u, v) = min
{

0, u+ v − 1,
j − i+ 1

n
−
(n− i

n
− u
)+
−
( j
n
− v
)+}

(33)

�:((n−i)/n, j/n)?�»�é¡5Ýþ�1/n��½¤k�Uü:��Copula

�`e.�e(.. ,, þª(33)�ud(23)ª(½�Copula��`e.(24)

ª, �(24)ª�daCopula�e(., �´�Ze..

nþ(24)ª�÷vC((n− j)/n, i/n) = θ, C((n− i)/n, i/n) = θÚª(32)�Copula��

Ze.. 3ùn − 1��Ze.¥, Øn�óê�i = n/2�C(1/2, 1/2) = 1/n¤(½��Z

þ.�»�é¡Copula	, Ù§Copulaþ��»�é¡5Ýþ�3/n�Copula, Ú�Zþ

.��, �Ze.�´�°(�. ½n9y.. �

e¡�ÑÙ¥�ü|�Zþe.Cn−1,U , Cn−1,LÚC1,U , C1,L�| , Xã2¤«, L�

ªXe(C1,U = Ĉn−1,U , C1,L = Ĉn−1,L).

Cn−1,U = min
{
u, v,

n− 2

n
+
(
u− n− 1

n

)+
+
(
v − n− 1

n

)+}
,

Cn−1,L = max
{

0, u+ v − 1,
1

n
−
( 1

n
− u
)+
−
(n− 1

n
− v
)+}

,

C1,U = Ĉn−1,U = min
{
u, v,

(
u− 1

n

)+
+
(
v − 1

n

)+}
,

C1,L = Ĉn−1,L = max
{

0, u+ v − 1,
1

n
−
(n− 1

n
− u
)+
−
( 1

n
− v
)+}

.

Cn−1,U�| dë�:(0, 0)Ú((n− 2)/n, (n− 2)/n), ë�:((n− 2)/n, (n− 1)/n)Ú

((n−1)/n, 1), ±9ë�:((n−1)/n, (n−2)/n)Ú(1, (n−1)/n)�n^�ã|¤; Cn−1,L�

| dë�:(0, (n − 1)/n)Ú(1/n, (n − 2)/n), ë�:(1/n, 1)Ú(2/n, (n − 1)/n), ±9ë

�:(2/n, (n− 2)/n)Ú(1, 0)�n^�ã|¤; Ĉn−1,U�| dë�:(0, 1/n)Ú(1/n, 2/n),
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ã2 �þ�me©O�Cn−1,U , Cn−1,L, Ĉn−1,UÚĈn−1,L�| 

ë�:(1/n, 0)Ú(2/n, 1/n), ±9ë�:(2/n, 2/n)Ú(1, 1)�n^�ã|¤; Ĉn−1,L�|

 dë�:(0, 1)Ú((n − 2)/n, 2/n), ë�:((n − 2)/n, 1/n)Ú((n − 1)/n, 0), ±9ë�

:((n− 1)/n, 2/n)Ú(1, 1/n)�n^�ã|¤.

3ùn − 1|þe.¥, :(i/n, i/n), 1 6 i 6 n − 1þ uÌé��þ; :((n − i)/n,

i/n), 1 6 i 6 n − 1þ ugé��þ. e^d = sup
u,v∈I

|C1(u, v) − C2(u, v)|L«Copula C1

�C2�m�ål, @o�»�é¡5Ýþ�3/n��Zþ(e).´�»�é¡5Ýþ�

3/n�Copula¥ålM(W )�C�. ½n9¥��Zþ.�M�ål, �Ze.�W�ål

þ�1/n, n��, ål��, nªuÃ¡�, ålªu0, �Zþe.ªuMÚW .

312!n = 4��¹¥, ·���
8«ØÓ�¹e��°(�., ù
�Z.÷v

C3U ≺ C2U ≺ C1U , C3L ≺ C2L ≺ C1L, =�Z.�±Ü¿, C1UÚC3L´§��°��Zþ

e., ù�½n9�(Ø´���. en = 3, Ò��ü|�Z., �©z[2]����»�é

¡Copula��`.�Ó.
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The Structure and Best-Possible Bounds of Random

Variables which Degree of Radial Asymmetry is 3/n (n > 3)

ZHANG Xiaoyu XU Fuxia
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Abstract: We study the random variables of radial asymmetry based on copulas. We research on

the structure of random variables which radial asymmetry degree is 3/4 and get the exact best-possible

bounds of random variables which radial asymmetry degree is equal to 3/4. Then we expand to general

case. We propose an essential condition of radial asymmetry degree is 3/n and study the structure of

copula. We provide a broad bounds of copula that the radial asymmetry degree is 3/n.
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