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§1. Ú ó

[7,©Û´�Å©Û����©|. glYoshida [1]��'u(r, p)-NÝ�� 

�(Ø, Æö�m©'5ÙK$Ä3Hölder�êe�[7,�¼4�nØ. BaldiÚRoy-

nette [2]|^� �óä��
ÙK$Ä3Hölder�êe�Âñ�Ý(J, ChenÚBala-

krishnan [3]��ÙK$Ä'u(r, p)-NÝ��¼éêÆ(J, LiuÚRen [4]\r
ÙK$

ÄOþ3Hölder�êe'u(r, p)-NÝ�� �(J, ��3Hölder�ê�(r, p)-NÝeÙ

K$Ä��¼ëY�(Ø. �©|^� ��� �, ��ÙK$ÄOþ3[7,Âñ¿

Âe'u(r, p)-NÝ�ÛÜ�¼4��Âñ�Ý.

�Ä²;�Wiener�m(B,H, µ), ér > 0, p > 1, �Dr,p´Wiener�¼�Sobolev�

m, =

Dr,p = (1−L )−r/2Lp, ‖F‖r,p = ‖(1−L )r/2F‖p, F ∈ Lp,

Ù¥LpP�(B,µ)þ�¢�¼ê�Lp�m, L´(B,H, µ)þ�Ornstein-Uhlenbeck�f. é

r > 0, p > 1, (r, p)-NÝ½ÂXe: ém8O ⊂ B,

Cr,p(O) = inf{‖F‖pr,p;F ∈ Dr,p, F > 1, µA�??3Oþ},

�é?¿8ÜA ⊂ B,

Cr,p(A) = inf{Cr,p(O);A ⊂ O ⊂ B, O´m8}.
∗I[g,�ÆÄ7�8(1OÒ: 71162017)Ú2Ü�g,�ÆÄ7�8(1OÒ: 2014GXNSFAA118010)]Ï.

�©2015c5�4FÂ�, 2015c12�31FÂ�?Uv.
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�C d�l[0, 1]�Rd�ëY¼ê�m, D�þ(.�ê‖f‖ = sup
06t61

|f(t)|, Ù¥| · |L«

îAp��ê. P

C d
a = {f ∈ C d; f(0) = a},

H d =
{
f ∈ C d

0 ; f(t) =

∫ t

0
ḟ(s)ds, ‖f‖2H d =

∫ 1

0
|ḟ(t)|2dt <∞

}
,

H d´�½ÂXeSÈ�Hilbert�m:

〈ρ1, ρ2〉H d =

∫ 1

0
(ρ̇1(s), ρ̇2(s))ds.

�µ´C d
0þ�WienerÿÝ, (C d

0 ,H
d, µ)´�²;Wiener�m. é0 < α < 1/2, �Äü

Banach�m

C α =

{
f ∈ C d

0 ; ‖f‖ = sup
s,t∈[0,1]
s 6=t

|f(t)− f(s)|
|t− s|α

<∞
}
,

C α,0 =

{
f ∈ C α; lim

δ→0
sup

s,t∈[0,1]
0<|t−s|<δ

|f(t)− f(s)|
|t− s|α

= 0

}
,

K(C α,0,H d, µ)�´�²;Wiener�m(ë�©z[2]�½n2.4), ω ∈ C α,0´IOÙK$Ä.

½ÂI : B → [0,∞]�: ef ∈ H d, I(f) = ‖f‖2
H d/2; ÄKI(f) = ∞. PF = {f ∈ H d;

I(f) 6 1}.
BaldiÚRoynette [2]y²
�3k = k(α) > 0, ¦�

lim
ε→0

ε2/(1−2α) lnP{‖w‖ 6 ε} = −k, (1)

?�Ú, é?¿f ∈ Fk

lim
ε→0

ε2/(1−2α) lnP
(∥∥∥w − f

ε1/(1−2α)

∥∥∥ 6 τε) = −I(f)− kτ2/(2α−1). (2)

§2. ý�(Ø

Ún 1 (�[3; ½n2.1]) �{Sε}ε>0´C α,0þ�V��5�f, ¦�é?¿ε > 09A

⊂ C α,0kµ(S−1ε A) = µ(ε−1/2A). Ké(r, p) ∈ [0,∞)× (1,∞), k

− inf
f∈

◦
A

I(f) 6 lim
ε→0

ε lnCr,p(S
−1
ε A) 6 lim

ε→0
ε lnCr,p(S

−1
ε A) 6 − inf

f∈A
I(f).

Ún 2 (�[6; Ún2.1]) �k ∈ N, q1, q2 ∈ (1,∞)÷v1/p = 1/q1 + 1/q2. K�3~

êc = c(k, p, q1, q2) > 0, ¦�é?¿−∞ < ai < bi <∞, δ ∈ (0, 1)9Fi ∈ Dk,kq1k

Ck,p

( n⋂
i=1
{ai < F̃i(z) < bi}

)1/p
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6 cnkδ−k
(

1 + max
16i6n

‖Fi‖k,kq1
)k
µ
( n⋂
i=1
{ai − δ < Fi(z) < bi + δ}

)1/q2
,

Ù¥F̃i�Fi�[ëY?�.

Ún 3 �k, p, q1, q2XÚn2¥½Â. é?¿ε > 09f ∈ F , �

F (i)
ε (w) =

∥∥∥ε(w(ti + hi·)− w(ti)√
hi

)
− f

∥∥∥, hi > 0, ti > 0, i = 1, 2, . . . , n,

K�3�~êc = c(k, p, q1, f) > 0, é?¿δ ∈ (0, 1], ε ∈ (0, 1], k

Ck,p

( n⋂
i=1
{z : ai < F (i)

ε (z) < bi}
)1/p
6 cnkδ−2k

2−kµ
( n⋂
i=1
{z : ai− δ < F (i)

ε (z) < bi + δ}
)1/q2

.

y²: |^Ún2, aq©z[6]¥Ún2.2´y. �

Ún 4 �f ∈ F , α�k > 0X(2)ª¥¤½Â, Két > 0, τ > 0k

lim
ε→0

ε2/(1−2α) lnCr,p

(∥∥∥w(t+ h·)− w(t)√
h

− f

ε1/(1−2α)

∥∥∥ 6 ετ)
= lim

ε→0
ε2/(1−2α) lnµ

(∥∥∥w(t+ h·)− w(t)√
h

− f

ε1/(1−2α)

∥∥∥ 6 ετ)
= − I(f)− kτ2/(2α−1).

y²: ÏNÝäk5�Cr,p(·) > µ(·), ��Iy²eª=�:

lim
ε→0

ε2/(1−2α) lnCr,p

(∥∥∥w(t+ h·)− w(t)√
h

− f

ε1/(1−2α)

∥∥∥ 6 ετ)
6 lim

ε→0
ε2/(1−2α) lnµ

(∥∥∥w(t+ h·)− w(t)√
h

− f

ε1/(1−2α)

∥∥∥ 6 ετ).
�q1, q2, p, kXÚn2¤½Â, �k = [r] + 1, é?¿1 > δ > 0, c0 > 0, �âÚn3k

Cr,p

(∥∥∥w(t+ h·)− w(t)√
h

− f

ε1/(1−2α)

∥∥∥ 6 ετ)1/p
6 c0(ε

1/(1−2α)+1δ)−2k
2−kµ

(∥∥∥ε1/(1−2α)w(t+ h·)− w(t)√
h

− f
∥∥∥ 6 ε1/(1−2α)+1(τ + δ)

)1/q2
,

2|^(2)ª�

lim
ε→0

ε2/(1−2α) lnCr,p

(∥∥∥w(t+ h·)− w(t)√
h

− f

ε1/(1−2α)

∥∥∥ 6 ετ)
6

p

q2
lim
ε→0

ε2/(1−2α) lnµ
(∥∥∥w(·)− f

ε1/(1−2α)

∥∥∥ 6 ε(τ + δ)
)

= − p

q2
(I(f) + k(τ + δ)2/(2α−1)),

��-þª¥δ → 0, q2 → p, Ún4¼y. �
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§3. ÙK$ÄOþ�¼�ÛÜ[7,Âñ�Ý

�xu´�lR
+�R+�üNØ~¼ê, �â©z[8], b�xu÷v0 < xu 6 u�u/xuü

NØ~. Ú\PÒρu = ln(ux−1u lnu), �ét ∈ [0, u− xu]P

Mt,u(s) =
w(t+ xus)− w(t)

x
1/2
u (kρu)α−1/2

, s ∈ [0, 1],

Ù¥kX(2)¥¤½Â. �L��Bå�, Ú\PÒLL(x) = ln lnx. �©Ì�(J�½n8,

T(J�y²dÚn5!Ún69Ún7�¤.

Ún 5 lim
u→∞

inf
t∈[0,u−xu]

‖Mt,u(s)‖ > 1, Cr,p - q.s.

y²: é1 < θ < (1 − ε)−2, �un = θn. À�·�η > 0¦�δ0 = 1/(θ1/2(1 −
ε))2/(1−2α) − η > 1. �g(u) = xu(ρu)−2/(1−2α), hn = [un+1/g(un)], ti = ig(un), i = 0, 1,

2, . . . , hn. Kk

min
0<i6hn

‖Mti,un+1(s)‖

6 sup
06i6hn

sup
06s6g(un)

∥∥x−1/2un+1
(kρun+1)1/2−α(w(s+ ti + xun+1 ·)− w(ti + xu·))

∥∥
+ inf
t∈[0,un+1−xun+1 ]

∥∥x−1/2un+1
(kρun+1)1/2−α(w(t+ xun+1 ·)− w(t))

∥∥
= I1 + I2. (3)

é?¿0 < ε < 1, dÚn4, �n¿©��k

Cr,p

(
min

06i6hn
‖Mti,un+1(s)‖ 6 1− ε

)
6

∑
06i6hn

Cr,p

(∥∥∥w(ti + xun+1 ·)− w(ti)

(ρun+1xu)1/2

∥∥∥ 6 θ1/2(1− ε)
(ρun+1)1−α

)
6 (1 + hn) exp{−ρun+1δ0}

6
un+1 + g(un)

g(un)

( xun+1

un+1 lnun+1

)δ0
,

Ïd�âBorel-CantelliÚn��

lim
n→∞

min
06i6hn

‖Mti,un+1(s)‖ > 1, Cr,p - q.s. (4)

,��¡, Ú\PÒ

V (j, n) = sup
06T61

‖w(Tg(un) + ti + jg(un) + g(un)·)− w(ti + jg(un) + g(un)·)‖,



1 1Ï o{�, 4[÷: ��'uÙK$Ä�¼4�½n�[7,Âñ�Ý 53

Ké?¿ε > 0, k

Cr,p{I1 > ε}

= Cr,p

{
x−1/2un+1

(kρun+1)1/2−α sup
06i6hn

sup
06T61

‖w(Tg(un) + ti + xun ·)− w(ti + xun ·)‖ > ε
}

6
[xun/g(un)]∑

j=0

hn∑
i=0

Cr,p

{
x−1/2un+1

(kρun+1)1/2−α
xαun

(g(un))α
V (j, n) > ε

}
6

[xun/g(un)]∑
j=0

hn∑
i=0

Cr,p

{ k1/2−αθα+3/2

(ρun+1)1/2+α
√
g(un)

V (j, n) > ε
}
,

éuF =
{
f ∈ C α,0; sup

06t61
‖f((1/2)t+ (1/2)·)− f((1/2)·)‖ > ε

}
, du

µ
{ k1/2−αθα+3/2

(ρun+1)1/2+α
√
g(un)

V (j, n) > ε
}

= µ
{√2 k1/2−αθα+3/2

(ρun+1)1/2+α
w ∈ F

}
,

inff∈F I(f) > ε2/32, �dÚn1, �n¿©��k

Cr,p

{ k1/2−αθα+3/2

(ρun+1)1/2+α
√
g(un)

V (j, n) > ε
}
6
( xun+1

un+1 lnun+1

)ε2(ρun+1 )
2α/(128θα+3/2)

.

�Ä��n→∞�, ρun+1 →∞, lk

∑
n
Cr,p{I1 > ε} 6

∑
n

xun+1

g(un)

un+1 + g(un)

g(un)

( xun+1

un+1 lnun+1

)ε2(ρun+1 )
2α/(128θα+3/2)

<∞,

2g|^Borel-CantelliÚn�

lim
n→∞

I1 = 0, Cr,p - q.s. (5)

éÜ(3) – (5)ª�

lim
n→∞

I2 > 1, Cr,p - q.s. (6)

?�Ú, éuu ∈ [un, un+1)k

inf
t∈[0,u−xu]

‖Mt,u(s)‖

> k1/2−αρ1−αu inf
t∈[0,un+1−xun+1 ]

(xun+1ρun+1)−1/2‖w(t+ xun+1 ·)− w(t)‖

>
1

θ2(1−α)
· I2, (7)

3þª¥-θ → 1, 2(Ü(6)!(7)ªy�Ún5. �
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Ún 6 e lim
u→∞

ln(u/xu)(LL(u))−1 <∞, Kk

lim
u→∞

inf
t∈[0,u−xu]

‖Mt,u(s)‖ 6 1, Cr,p - q.s.

y²: PA = lim
u→∞

xu/u, w,A 6 1. e¡©ü«�¹?Ø.

(i) eA < 1. ½ÂS�{un, n > 1}Xe: u1 = 1, un+1 = un + xun+1 , P

∆w = w(tn + xun ·)− w(tn), tn = un − xun ,

léun > 1, k{‖(xunρun)−1/2∆w‖ > ε}�pÕá. é?¿ε > 0, �λ = [x] + 1, dÚ

n3k

Cr,p

( z⋂
n=m0

(‖Mtn,un(s)‖ > 1 + ε)
)1/p

= Cr,p

( z⋂
n=m0

(∥∥∥ ∆w

(ρunxun)1/2

∥∥∥ > k(1−2α)/2(1 + ε)ρα−1un

))1/p
6 czλ

(
k(1−2α)/2ερα−1uz

)−2λ2−λ z∏
n=m0

{
1− µ

(∥∥∥ ∆w

(ρunxun)1/2

∥∥∥ < k(1−2α)/2(1 + ε)ρα−1un

)}1/q2
,

?�Ú�â(2)ª, �n¿©��k

µ
(∥∥∥ ∆w

(ρunxun)1/2

∥∥∥ < (1 + ε)k(1−2α)/2ρα−1un

)
>
( xun
un lnun

)δ0
,

Ù¥é,�δ > 0, δ0 = (1 + ε)2/(2α−1) + δ < 1. �k

Cr,p

( z⋂
n=m0

(‖Mtn,un(s)‖ > 1 + ε)
)1/p

6 czλ
( ρ1−αuz

εk(1−2α)/2

)2λ2+λ
exp

(
− 1

q2

z∑
n=m0

( xun
un lnun

)δ0)
,

éuþª¥�?ê, �±y²�3,�π0 > 0, ¦�

z∑
n=m0

( xun
un lnun

)δ0
> π0(lnuz)

1−δ0 ,

qÏ lim
u→∞

ln(u/xu)(LL(u))−1<∞, ��3,�N0 > 0¦�u/xu6 (lnu)N0 . �θ0 > 2/(1 −

δ0), u0 = e(ln z0)
θ0 , K�z0v
�, z > z0�, klnuz > (ln z)θ0 , �k(lnuz)

1−δ0 > (ln z)2.

Ón, éc1 > 0, �z¿©��, kc1z > lnuz, �k

Cr,p

( z⋂
n=m0

(‖Mtn,un(s)‖ > 1 + ε)
)1/p

6 czλ(LL(uz))
(1−α)(2λ2+λ) exp

(
− π0
q2

(lnuz)
1−δ0

)
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6 c2z
λ(ln z)(1−α)(2λ

2+λ) exp
(
− π0
q2

ln2 z
)
→ 0, z →∞,

Ù¥c2 = c2(λ, p, q1, k, α). ?k

Cr,p

{ ∞⋃
z=1

∞⋂
n=z

(‖Mtn,un(s)‖ > 1 + ε)
}

= 0,

�d���Ún6(Ø.

(ii) eA = 1, Kxu = u, d�y²ë�©z[3]¥�½n3.2. Ún6¼y. �

Ún 7 e lim
u→∞

ln(u/xu)(LL(u))−1 =∞, Kk

lim
u→∞

inf
t∈[0,u−xu]

‖Mt,u(s)‖ 6 1, Cr,p - q.s.

y²: �âÚn7^����3�S�{un, n > 1}, ÷vun/xun = np0 , p0 > 1. w

,{un}üN4O, ��n→∞�un →∞. �ti = ixun+1 , i = 0, 1, 2, . . .,

vn =
[ un
xun+1

]
− 1, h(n) =

ln(un/xun)

LL(un)
=

lnnp0

LL(un)
,

Kun = exp(np0/h(n)), ��n → ∞, h(n) → ∞. é?¿θ > 0, �n → ∞knθ(lnun)−1 →
∞,

1 6
un+1

un
= exp{(n+ 1)p0(h(n+1))−1 − np0(h(n))−1} 6 exp{np0(h(n))−1−1} → 1.

�ÄÀ�·��β > 0¦�β0 = (1 + ε)2/(2α−1) + β < 1. -λ = [x] + 1, P

Ωi = (xun+1ρun+1)−1/2(w(ti + xun+1 ·)− w(ti)),

K�âÚn39(2)ª, �n¿©��k

∞∑
n=1

Cr,p

(
inf

t∈[0,un−xun+1 ]
‖Mt,un+1(s)‖ > 1 + 2ε

)
6

∞∑
n=1

Cr,p

(
min

06i6vn
‖Ωi‖ >

k(1−2α)/2(1 + 2ε)

(ρun+1)1−α

)
6

∞∑
n=1

(1 + vn)pλ
( ρ1−αun+1

εk(1−2α)/2

)p(2λ2+λ)
µ
(

min
06i6vn

‖Ωi‖ >
k(1−2α)/2(1 + ε)

(ρun+1)1−α

)p/q2
6

∞∑
n=1

(1 + vn)pλ
( ρ1−αun+1

εk(1−2α)/2

)p(2λ2+λ)(
1− µ

(
‖w(·)‖ < k(1−2α)/2(1 + ε)

(ρun+1)1/2−α

))(1+vn)/q2
6

∞∑
n=1

(1 + vn)pλ
( ρ1−αun+1

εk(1−2α)/2

)p(2λ2+λ)(
1−

( xun+1

un+1 lnun+1

)β0)(1+vn)/q2
6

∞∑
n=1

cnpλp0(ln(n+ 1))p(1−α)(2λ
2+λ) exp

{
− p

q2

[ un
xun+1

]( run+1

un+1 lnun+1

)β0}
,
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Ù¥~êc > 0. éþªÏLÀ�·��p0���

∞∑
n=1

cnpλp0(ln(n+ 1))p(2λ
2+λ)(1−α) exp

{
− p

q2

[ un
xun+1

]( xun+1

un+1 lnun+1

)β0}
<∞,

2|^Borel-CantelliÚnly��3�4OS�un, �n→∞�un →∞, ¦�

lim
n→∞

inf
t∈[0,un−xun+1 ]

‖Mt,un+1(s)‖ 6 1, Cr,p - q.s. (8)

éu ∈ [un, un+1), k

inf
t∈[0,u−xu]

‖Mt,u(s)‖ 6 inf
t∈[0,un−xun+1 ]

(xun+1ρun+1)1/2

(xunρun)1/2
‖Mt,un+1(s)‖,

�Ä�
xun+1ρun+1

xunρun
→ 1, n→∞,

Ïd�â(8)ª?��

lim
u→∞

inf
t∈[0,u−xu]

‖Mt,u(s)‖ 6 1, Cr,p - q.s.

l�d/y�Ún7. �

½n 8 e lim
u→∞

ln(u/xu)(LL(u))−1 <∞, Kk

lim
u→∞

inf
t∈[0,u−xu]

‖Mt,u(s)‖ = 1, Cr,p - q.s. (9)

e lim
u→∞

ln(u/xu)(LL(u))−1 =∞, Kk

lim
u→∞

inf
t∈[0,u−xu]

‖Mt,u(s)‖ = 1, Cr,p - q.s. (10)

y²: �âÚn5!Ún6��(9)ª¤á,2�âÚn5!Ún7��(10)ª¤á. �
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Abstract: In this paper the local functional limit theorem for increments of a Brownian motion is derived

with large and small deviations, and the local functional convergence rate for increments of Brownian

motion in Hölder norm with respect to (r, p)-capacity is estimated.
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