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§1. Ú ó

��Âñ�Vg´ HsuÚ Robbins [1] Ú\�. ¡VÇ�m (Ω,A ,P)þ��ÅCþS

� {Xn, n > 1}��Âñu~ê C, XJé?¿� ε > 0,
∞∑
n=1

P(|Xn − C| > ε) < ∞. 3�

�Âñ�½Âe, �â B-CÚn�� Xn → C a.s., �� Xn �pÕá�, A�??Âñ�

du��Âñ, Ïd��Âñ�A^�\2�. HsuÚ Robbins [1] y²
ÕáÓ©Ù�Å

Cþ��Úk��^�e, ��þ���ÂñuoNþ�. Erdös [2] y²
_½n. Baum

Ú Katz [3] y²
é?¿� ε > 0, "þ���ÅCþS� {X,Xn, n > 1}3ÕáÓ©Ù^
�e, E|X|p/r <∞ (p > 1, 1/2 < r < 1)Ú

∞∑
n=1

np−2P
(∣∣ ∞∑
i=1

Xi

∣∣ > εnr
)
<∞�p�d. �

þ�½nÚy²�õ
��Âñ5�, ��Âñ5�$^��«��.�ÅCþ�ïÄ¥.

�©Ì�ïÄ1� NA�ÅCþ���Âñ5, Äk·�50��'Vg9k'½n.

½Â 1 ¡�ÅCþS� {Xn, n > 1}�VÇk.u�ÅCþ X (P� {Xn} ≺ X),

XJ�3�~ê C, ¦�é¿©�� x > 0, k sup
n>1

P(|Xn| > x) 6 CP(|X| > x).

½Â 2 ¡�ÅCþ X1, X2, . . . , Xn (n > 2)´K�� (negatively associated, ±e

{¡ NA)�, XJé {1, 2, . . . , n}�?¿ü���Ø��f8 A = {i1, i2, . . . , ik}� B =

∗I[g,�ÆÄ7�8 (1OÒ: 11271020!11201004)!S �g,�ÆÄ7�8 (1OÒ: 1508085MA11)ÚS 

���eg,�ÆïÄÄ7­:�8 (1OÒ: KJ2014A083)]Ï.
?ÏÕ�ö, E-mail: mlguo@ahnu.edu.cn.

�© 2015c 5� 21FÂ�, 2015c 12� 27FÂ�?Uv.
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{j1, j2, . . . , jm}, k+m < n,Ñk Cov (f1(Xi1 , Xi2 , . . . , Xik), f2(Xj1 , Xj2 , . . . , Xjm)) 6 0,Ù

¥ f1, f2´?¿ü�éz�C�þ�ü�¼ê, �����3.

¡�ÅCþS� {Xn, n > 1}´ NA�, XJé?¿ n > 2, �ÅCþ X1, X2, . . . , Xn

´ NA�. ¡�ÅCþ
� {Xni, i > 1, n > 1}´1� NA�, XJé?¿ n > 1, �ÅC

þS� {Xni, i > 1}´ NA�.

NAVgd AlamÚ Saxena [4]ÄgJÑ, Joag-DevÚ Proschan [5], Block� [6]XÚ/

ïÄ
 NA5�. du�þ�õ�©Ù´ NA�, NA�ÅCþ3VÇØÚ�ÅL§±9

ÚOÆ¥��^FÃâÑ, é§�ïÄ�w�c�­�. �8, ®²k�X��é�õ�n

Ø¤J�øÖö?�ÚÆS, X Joag-DevÚ Proschan [5] ¼�
 NAÄ�5�, Matula [7]

y²
n?ê½n, ShaoÚ Su [8] ïÄ
'u NA�ÅCþ�­éê½Æ, Shao [9] �Ñ


NA�ÅCþ� R -Ø�ªÚ Kolmogorov.Ø�ª. d	, LiangÚ Su [10], Liang [11], ±9

Baek� [12]ÑïÄ
 NA�ÅCþ���Âñ5. e¡´ Liang [11]�Ñ�½n:

½n A β > −1, {Xn, n > 1}´ NA�ÅCþS�� {Xn} ≺ X. {ani = cni(i/n)β

·(1/n), 1 6 i 6 n, n > 1} ´n�¢
�, é?¿� n > 1,
n∑
i=1

ani = 1, �é?¿�

1 6 i 6 n, �3~ê C1Ú C2¦� 0 < C1 6 cni 6 C2 <∞. r > 1, e

E|X|(r−1)/(1+β) <∞, −1 < β < −1/r;

E|X|r ln(1 + |X|) <∞, β = −1/r;

E|X|r <∞, β > −1/r;

EXn = 0,

(1)

K
∞∑
n=1

nr−2P
(

max
16k6n

∣∣∣ k∑
i=1

aniXi

∣∣∣ > ε
)
<∞, ∀ ε > 0. (2)

��, {X,Xn, n > 1}´Ó©Ù� NA�ÅCþS�, e÷v (2), K (1)¤á.

CesàroÚ´~^��ÅCþ�\�Ú, �Xê� Aαn. ½Â

Aαn =
(α+ 1)(α+ 2) · · · (α+ n)

n!
, n = 1, 2, . . . � Aα0 = 1,

ùp α > −1. 5¿� Aαn ∼ nα/Γ(α+ 1), =� n→∞�, ÎÒü>'��4�� 1.

Gut [13]y²
ÕáÓ©Ù�ÅCþS� CesàroÚ���Âñ5.

½n B {X,Xn, n > 1}´ÕáÓ©Ù�ÅCþS�, � r > 1� EX = 0, e
E|X|(r−1)/α <∞, 0 < α < 1− 1/r;

E|X|r ln(1 + |X|) <∞, α = 1− 1/r;

E|X|r <∞, 1− 1/r < α 6 1,

(3)
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K
∞∑
n=1

nr−2P
(∣∣∣ n∑

i=1
Aα−1n−iXi

∣∣∣ > εAαn

)
<∞, ∀ ε > 0. (4)

��, e (4)¤á, K (3)¤á� EX = 0.

�©�Ì�8�´rþã½ní2�1� NA�ÅCþ
�¿*� β �����. d

	, Òy²�{
ó, �©¤æ^�y²�{� Liang [11] ����{ØÓ, y²L§��

{z. 3Qã�©�Ì�(Ø�c, ·�ké~^ÎÒ?1`². ©¥ C �L�~ê, 3Ø

Ó ���ØÓ. ½Â lnx = ln max(x, e). I(A)´�8Ü Aþ�«5¼ê. an � bn L«

�3�~ê C ¦� an 6 Cbn, an ≈ bn�L�3�~ê C1Ú C2¦� C1bn 6 an 6 C2bn.

e¡�Ñ�©y²¤IÚn.

Ún 3 [14] {Xni, 1 6 i 6 n, n > 1}´1� NA�ÅCþ
�, {bn, n > 1}´�¢ê
S�. e

(i)
∞∑
n=1

bn
n∑
i=1

P{|Xni| > ε} <∞, ∀ ε > 0,

(ii) é,� δ > 0, �3 q > 1¦�
∞∑
n=1

bn
( n∑
i=1

VarXniI{|Xni| 6 δ}
)q
<∞,

K
∞∑
n=1

bnP
{

max
16k6n

∣∣∣ k∑
i=1

(Xni − EXniI{|Xni| 6 δ})
∣∣∣ > ε

}
<∞, ∀ ε > 0.

Ún 4 [10] {Xn, n > 1}´ NA�ÅCþS�, {ani, 1 6 i 6 n, n > 1}´¢
�, e

é¿©�� nÚ?¿�� δ > 0÷v

P
(

max
16i6n

|aniXi| > ε
)
< δ, ∀ ε > 0,

Ké¿©�� nk
n∑
i=1

P(|aniXi| > ε)� P
(

max
16i6n

|aniXi| > ε
)
.

§2. Ì�½n9y²

½n 5 � {X,Xni, i > 1, n > 1} ´Ó©Ù�1� NA �ÅCþ
�. r > 1,

p > 1/2, p+β > 0,� 1/2 < p 6 1�b½ EX = 0. {ani ≈ (i/n)β(1/n)p, 1 6 i 6 n, n > 1}
´n�¢
�. Ke�ªf�d:

(i)


E|X|(r−1)/(p+β) <∞, −p < β < −p/r;

E|X|r/p ln(1 + |X|) <∞, β = −p/r;

E|X|r/p <∞, β > −p/r,

(5)

(ii)
∞∑
n=1

nr−2P
(

max
16k6n

∣∣∣ k∑
i=1

aniXni

∣∣∣ > ε
)
<∞, ∀ ε > 0. (6)
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y²: ky (5)⇒ (6). é?¿� ε > 0·�k

∞∑
n=1

nr−2
n∑
i=1

P(|aniXni| > ε)�
∞∑
n=1

nr−2
n∑
i=1

P
(
|X| > ε

C
i−βnp+β

)
≈
∫ ∞
1

xr−2
∫ x

1
P
(
|X| > ε

C
xp+βy−β

)
dydx (- u = xp+βy−β, v = y)

=
1

p+ β

∫ ∞
1

du

∫ u1/p

1
u(r−1)/(p+β)−1vβ(r−1)/(p+β)P

(
|X| > ε

C
u
)

dv

≈



∫ ∞
1

u(r−1)/(p+β)−1P
(
|X| > ε

C
u
)

du� E|X|(r−1)/(p+β), −p < β < −p/r;∫ ∞
1

ur/p−1 lnuP
(
|X| > ε

C
u
)

du� E|X|r/p ln(1 + |X|), β = −p/r;∫ ∞
1

ur/p−1P
(
|X| > ε

C
u
)

du� E|X|r/p, β > −p/r

<∞. (7)

(5)%¹
 E|X|r/p < ∞. � r/p > 2�, w,k E|X|2 < ∞. 5¿� p + β > 0, p >

1/2, Ké¿©�� q > 1k r − 2− q(p+ β) < −1, r − 2− q(p− 1/2) < −1. u´é,�

δ > 0, �3 q > 1¦�

∞∑
n=1

nr−2
( n∑
i=1

E(aniXni)
2I{|aniXni| 6 δ}

)q
6

∞∑
n=1

nr−2
( n∑
i=1

a2niEX
2
)q
�

∞∑
n=1

nr−2
( n∑
i=1

a2ni

)q
�

∞∑
n=1

nr−2
( n∑
i=1

i2βn−2(p+β)
)q

≈



∞∑
n=1

nr−2−2q(p+β), −p < β < −1/2;

∞∑
n=1

nr−2−2q(p−1/2)(lnn), β = −1/2;

∞∑
n=1

nr−2−2q(p−1/2), β > −1/2

<∞. (8)

� r/p < 2�,5¿� p+β > 0, r > 1, r/p > 0,Ón,é¿©�� qk r−2−q(p+β)r/p <

−1, r − 2− q(r − 1) < −1. u´k

∞∑
n=1

nr−2
( n∑
i=1

E(aniXni)
2I{|aniXni| 6 δ}

)q
6

∞∑
n=1

nr−2
(
δ2−r/p

n∑
i=1

E(aniX)r/pI{|aniX| 6 δ}
)q

�
∞∑
n=1

nr−2
( n∑
i=1

a
r/p
ni EX

r/p
)q
�

∞∑
n=1

nr−2
( n∑
i=1

a
r/p
ni

)q
�

∞∑
n=1

nr−2
( n∑
i=1

iβr/pn−(p+β)r/p
)q
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≈



∞∑
n=1

nr−2−q(p+β)r/p, −p < β < −p/r;

∞∑
n=1

nr−2−q(r−1)(lnn), β = −p/r;

∞∑
n=1

nr−2−q(r−1), β > −p/r

<∞. (9)

�â (7), (8), (9), 5¿� VarXni 6 EX2
ni, dÚn 3, ´�

∞∑
n=1

nr−2P
(

max
16k6n

∣∣∣ k∑
i=1

(aniXni − EaniXniI{|aniXni| 6 δ})
∣∣∣ > ε

)
<∞, ∀ ε > 0,

e¡�Iy²é,� δ > 0,

I =: max
16k6n

∣∣∣ k∑
i=1

EaniXniI{|aniXni| 6 δ}
∣∣∣→ 0, n→∞.

d (5) �� E|X|r/p < ∞. � p > 1 �, �3 r′ > 1 ¦� 1/p < r′/p < min{1, r/p}, �
E|X|r′/p <∞, K

I 6
n∑
i=1

E|aniXni|I{|aniXni| 6 δ} 6 δ1−r
′/p

n∑
i=1

E|aniX|r
′/pI{|aniX| 6 δ}

�
n∑
i=1

a
r′/p
ni E|X|r′/p �

n∑
i=1

a
r′/p
ni ≈


n−(p+β)r

′/p, −p < β < −p/r′;

n−(r
′−1)(lnn), β = −p/r′;

n−(r
′−1), β > −p/r′

→ 0, n→∞.

� 1/2 < p 6 1�, 5¿� EX = 0� r/p > 1, K

I = max
16k6n

∣∣∣ k∑
i=1

EaniXniI{|aniXni| > δ}
∣∣∣� n∑

i=1
E|aniX|I{|aniX| > δ}

�
n∑
i=1

E|aniX|r/pI{|aniX| > δ} �
n∑
i=1
|ani|r/p ≈


n−(p+β)r/p, −p < β < −p/r;

n−(r−1)(lnn), β = −p/r;

n−(r−1), β > −p/r

→ 0, n→∞.

�e5·�y² (6) ⇒ (5). ´� max
16i6n

|aniXni| 6 2 max
16k6n

∣∣ k∑
i=1

aniXni

∣∣, u´d (6)á

�
∞∑
n=1

nr−2P
(

max
16i6n

|aniXni| > ε
)
<∞, ∀ ε > 0. (10)
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� r > 1�, (10)%¹


P
(

max
16k6n

|ankXnk| > ε
)
→ 0, n→∞. (11)

¯¢þ, � r > 2�, (11)w,¤á. � 1 < r < 2�, du ani ≈ (i/n)β(1/n)p, 5¿�{
max
16k6n

|kβXnk|, n > 1
}
'u n´�ü�, K

∞ >
∞∑
n=1

nr−2P
(

max
16k6n

|kβXnk| > εnp+β
)

=
∞∑
i=0

2i+1−1∑
n=2i

nr−2P
(

max
16k6n

|kβXnk| > εnp+β
)

>
∞∑
i=0

2i2(i+1)(r−2)P
(

max
16k62i

|kβXnk| > ε2(i+1)(p+β)
)

= 2r−2
∞∑
i=0

2i(r−1)P
(

max
16k62i

|kβXnk| > (ε2p+β)2i(p+β)
)
. (12)

5¿� r − 1 > 0, d (12)��

P
(

max
16k62i

|kβXnk| > ε12
j(p+β)

)
→ 0, ∀ ε1 > 0.

Ké?¿� n, �3�ê i¦� 2i 6 n 6 2i+1 − 1, � n→∞�,

P
(

max
16k6n

|ankXnk| > ε
)
6 P

(
max
16k6n

|kβXnk| >
ε

C
np+β

)
6 P

(
max

16k62i+1
|kβXnk| >

ε

C
2i(p+β)

)
= P

(
max

16k62i+1
|kβXnk| >

ε

C
2−(p+β)2(i+1)(p+β)

)
→ 0.

A^Ún 4, ·�k

∞∑
n=1

nr−2
n∑
i=1

P(|aniXni| > ε) <∞, ∀ ε > 0.

aq (7)�y²L§, ´�

∞ > C +
∞∑
n=1

nr−2
n∑
i=1

P(|aniXni| > ε) > C + C
∞∑
n=1

nr−2
n∑
i=1

P
(
|X| > ε

C
i−βnp+β

)

≈



C + C

∫ ∞
1

u(r−1)/(p+β)−1P
(
|X| > ε

C
u
)

du, −p < β < −p/r;

C + C

∫ ∞
1

ur/p−1 lnuP
(
|X| > ε

C
u
)

du, β = −p/r;

C + C

∫ ∞
1

ur/p−1P
(
|X| > ε

C
u
)

du, β > −p/r

≈


C + CE|X|(r−1)/(p+β), −p < β < −p/r;

C + CE|X|r/p ln(1 + |X|), β = −p/r;

C + CE|X|r/p, β > −p/r.

(5)Ú (6)´�d�. �
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5P 6 - p = 1, K½n 5´ Liang [11]�(Ø, �©¥½n´Ùí2/ª, �ÃN\

��^�. ½n�y²L§Ú Liang¤æ^���g���ØÓ, ¦�y²L§4�/{

z. ½n 5�õ
 NA�ÅCþ���Âñ5, ¦ÙA^�\2�.

íØ 7 {X,Xni, i > 0, n > 1}´Ó©Ù�1� NA�ÅCþ
�. r > 1, p > 1/2,

0 < α 6 1� EX = 0. Ke�ªf�d:

(i)


E|X|(r−1)/(αp) <∞, 0 < α < 1− 1/r;

E|X|r/p ln(1 + |X|) <∞, α = 1− 1/r;

E|X|r/p <∞, 1− 1/r < α 6 1,

(13)

(ii)
∞∑
n=1

nr−2P
(

max
06k6n

∣∣∣ k∑
i=0

(Aα−1n−i )
pXni

∣∣∣ > ε(Aαn)p
)
<∞, ∀ ε > 0. (14)

y²: -½n 5 ¥� ani = (Aα−1n−i /A
α
n)p 9 β = p(α − 1), 5¿� Aα−10 = 1 �

Aαn ≈ nα/Γ(α+ 1), u´k

∞∑
n=1

nr−2
n∑
i=0

P
(
|(Aα−1n−i )

pXni| > ε(Aαn)p
)

=
∞∑
n=1

nr−2
n∑
i=0

P
(
|(Aα−1i )pX| > ε(Aαn)p

)
=

∞∑
n=1

nr−2P
(
|X| > ε(Aαn)p

)
+
∞∑
n=1

nr−2
n∑
i=1

P
(
|(Aα−1i )pX| > ε(Aαn)p

)
6

∞∑
n=1

nr−2P
(
|X| > ε

C
nαp
)

+
∞∑
n=1

nr−2
n∑
i=1

P
(
ip(α−1)|X| > ε

C
nαp
)

<∞.

þªÚ�1��Âñ��=� E|X|(r−1)/(αp) <∞, 1��Âñ�y²ë� (7).

d
n∑
i=0

Aα−1n−i = 1 +
n∑
i=1

Aα−1i ��

n∑
i=0

ani =
n∑
i=0

(Aα−1n−i /A
α
n)p =

[
1 +

n∑
i=1

(Aα−1i )p
]/

(Aαn)p ≈ 1

nαp
+

n∑
i=1

ip(α−1)

nαp
.

Ù{y²�½n 5aq, ��Ñ. �

ë � © z
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Equivalent Conditions of Complete Convergence for

Weighted Sums for Arrays of Row-Wise Negatively

Associated Random Variables

ZHANG LiJun GUO MingLe

(School of Mathematics and Computer Science, Anhui Normal University, Wuhu, 241003, China)

Abstract: In this article, applying the result of complete convergence for negatively associated (NA)

random variables which is obtained by Chen et al. [14], the equivalent conditions of complete convergence

for weighted sums of arrays of row-wise negatively associated random variables is investigated. As a result,

the corresponding results of Liang [11] is generalized, moreover, the proof procedure is simplified greatly

which is different from truncation method of Liang’s. Thus, Gut’s [13] result on Cesàro summation of i.i.d.

random variables is extended.
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