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§1. Ú ó

© ê£8�.�@d KoenkerÚ Bassett3 1978cJÑ. �{ü�© ê£8�.

´�5�., �Cþ XéÏCþ Y ��5 p (p ∈ (0, 1))© ê£8�.´

Y = XTβ + U, (1)

Ù¥, ëê β ´M ���þ, P(U 6 0 |X) = p, Y ∈ R, X ∈ RM �1��©þ� 1. �

(Yi, Xi), i = 1, 2, . . . , n´ (Y,X)�*ÿ��.

é�. (1), �O β ����{´ KoenkerÚ D’Orey [2] JÑ���ýéål{ (LAD

{). T�{����O� β̂LAD = arg min
β
dp(β), Ù¥

dp(β) , p
∑

XT
i β−Yi<0

|XT
i β − Yi|+ (1− p)

∑
XT

i β−Yi>0
|XT

i β − Yi|.

Otsu [3] �Whang [4] ò1w²�q,{ (SEL{)Ú\�. (1)�ëê�OÚu�¥.

®�K(u)�Ø¼ê, Ú\ Gh(w) =
∫
u<w/hK(u) du, �

Zi(β) , [Gh(XT
i β − Yi)− p]Xi. (2)
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3u� β �, SEL{¤^ÚOþ´

lSEL(β) , −2 sup
{ n∑
i=1

ln(npi)
∣∣∣ pi > 0,

n∑
i=1

pi = 1,
n∑
i=1

piZi(β) = 0
}

= 2
n∑
i=1

ln[1 + λT(β)Zi(β)], (3)

Ù¥, M ���þ λ(β)÷v

n∑
i=1

Zi(β)

1 + λT(β)Zi(β)
= 0, �

1

1 + λT(β)Zi(β)
> 0, 1 6 i 6 n. (4)

LAD{¤^ÚOþ´

lLAD(β) , n(β̂LAD − β)TΛ−10 (β̂LAD − β), (5)

Ù¥, Λ0 , p(1− p)D−10 S0D
−1
0 , S0 , E[XiX

T
i ], D0 , E[f(0 |Xi)XiX

T
i ], f(u |Xi)´ Xi ®

�� Ui�^��Ý¼ê.

Otsu [3]ÚWhang [4]y²
3�½^�e, u�ÚOþ lLAD(β0)Ú lSEL(β0)3 H0 : β

= β0eþ�©ÙÂñ�gdÝ�M �k�©Ù χ2
M .

P ALAD = {lLAD(β0) > χ2
M,1−α}Ú ASEL = {lSEL(β0) > χ2

M,1−α}, Ù¥ χ2
M,1−α ´

χ2
M � 1 − α© ê, ±¯� ALAD Ú ASEL �áý�©O�� H0 �ü�u�. e¡¡ù

ü�u�� lLAD u�Ú lSEL u�. Otsu [3] ÚWhang [4] �(ØL²ùü�u��1�a

�Ø�4�VÇþ� α.

±þ¤JïÄ�Ñ´�1�a�Ø�VÇ. �3A^¥, Ýº�1�a�Ø�VÇ�

´­��. �©Ì�ïÄ�u�� β0  lý� β � an = O(n−1/2)�, þãu��É H0

�VÇ, =�1�a�Ø�VÇ. �d, 1 2!y²3 H1 : β = β0 + an eÚOþ lLAD(β0)

Ú lSEL(β0)Ñ�©ÙÂñ��¥%k�©Ù. 1 3!ÏL�Å�['� lLAD u�Ú lSEL

u��õ�, (JL²3Ün���1�a�Ø�cJe, lSELu��õ��p.

§2. H1 eu�ÚOþ�ìC©Ù

é�. (1), �©u� H0 : β = β0 vs H1 : β = β0 + an, Ù¥ β ´�.��½ý�, C

z�´�u�� β0. 3�Ñ�©�(Øc, ëì©z [4]Ú\e¡ 6�~^^�:

C 1. (Yi, Xi), i = 1, 2, . . . , n, i.i.d. ∼ (Y,X);

C 2. Yi = XT
i β + Ui, f(u |Xi) ´ Xi ®�� Ui �^��Ý¼ê. é Xi Ú u ���,

f(u |Xi)k., �3 u = 0�,���S'u u�3 r�ëY�ê;

C 3. S0 = E[XiX
T
i ]Ú D0 = E[f(0 |Xi)XiX

T
i ]´�ÛÉÝ
;
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C 4. Ø¼êK(u)÷v

∫
R
ujK(u) du =


1, j = 0;

0, j = 1, 2, . . . , r − 1;

cr, j = r,

Ù¥, óê r > 2, cr ��~ê;

C 5. h÷v nh2r → 0, n→∞;

C 6. a� an´ RM ¥�~ê�þ.

3�©¥,
L−→L«�©ÙÂñ,

P−→L«�VÇÂñ,
a.s.−→L«A�??Âñ.

½n 1 � lSEL(β)Ú lLAD(β)d (3)Ú (5)½Â,e^�C 1 – C 5¤á,K3H0 : β =

β0e, � n→∞�,

(I) lLAD(β0)
L−→ χ2

M ,

(II) lSEL(β0)
L−→ χ2

M .

½n 1�(Ø (I)5g©z [5], (Ø (II)5g©z [3]Ú [4]. e¡ü�½n´�©�Ì

�(Ø.

½n 2 � χ2
M (∆)´gdÝ�M , �¥%ëê� ∆ = aTΛ−10 a�k�©Ù, Ù¥ Λ0

= p(1− p)D−10 S0D
−1
0 . e^� C 1 – C 3Ú C 6¤á, K3 H1 : β = β0 + ane,

(I) � an = o(n−1/2)�, lLAD(β0)
L−→ χ2

M , n→∞,

(II) �
√
nan → a�, lLAD(β0)

L−→ χ2
M (∆), n→∞.

y²: (Ü
√
n (β̂LAD − β0) =

√
n (β̂LAD − β) +

√
nan Ú©z [5]�(Ø

√
n (β̂LAD

−β)
L−→ N(0,Λ0)B�� (I)Ú (II). �

½n 3 e^� C 1 – C 6¤á, K3 H1 : β = β0 + ane,

(I) � an = o(n−1/2)�, lSEL(β0)
L−→ χ2

M , n→∞,

(II) �
√
nan → a�, lSEL(β0)

L−→ χ2
M (∆), n→∞.

½n 2 Ú½n 3 L²e
√
nan → a, K P(lLAD(β0) > χ2

M,1−α |H1) Ú P(lSEL(β0) >

χ2
M,1−α |H1)äk�Ó�4� P(χ2

M (∆) > χ2
M,1−α). ëì©z [6]Ú [7]��3H1e, lLAD

u�Ú lSELu��ìCõ�¼êÑ´

P(χ2
M (∆) > χ2

M,1−α) ≈ 1− Φ
{
χM,1−α −

√
∆− (M − 1)

lnχ2
M,1−α − ln ∆

4χM,1−α − 4
√

∆

}
, (6)
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Ù¥, χM,1−α =
√
χ2
M,1−α , Φ(·)´IO��©Ù�©Ù¼ê.

'u½n 3, (I)´ (II)�AÏ�¹, ��I�y² (II). e¡ëì©z [8]¥½n 1.1�

y²5y² (II). Äk�Ñn^Ún�^, Ù¥Ún 45g©z [8]�Ún 3, Ún 55g©

z [4]�Ún 1.

��B, Ú\IP Ui,n , Yi −XT
i β0, K3 H1e Ui,n = Ui +XT

i an.

Ún 4 � ζi > 0, i = 1, 2, . . . , n, i.i.d. XJ E[ζ21 ] < ∞, K max
16i6n

ζi = o(n1/2) �

n−1
n∑
i=1

ζ3i = o(n1/2), a.s.

Ún 5 ®� Zi(β)d (2)½Â, e^� C 1 – C 5¤á, K E[Zi(β)] = O(hr), n→∞.

Ún 6 P IA � A�«5¼ê, � G0(u) , I{u>0}, Zi , [G0(X
T
i β − Yi)− p]Xi. e

^� C 1 – C 6¤á, �
√
nan → a, K3 H1 : β = β0 + ane, � n→∞�,

(I) E[Zi(β0)] = E[Zi(β)]−D0an
−1/2 + o(n−1/2),

(II) Zi(β0)
a.s.−→ Zi,

(III) n−1
n∑
i=1
‖Zi − Zi(β0)‖2

a.s.−→ 0.

y²: (I) 3 H1e Ui,n = Ui +XT
i an, d TaylorÐª�

E[Zi(β0)] = E([Gh(−Ui,n)− p]Xi)

= E
([
Gh(−Ui)−

1

h
K
(−Ui

h

)
XT
i an − p

]
Xi

)
+ o(an)

= E[Zi(β)]− E
[1

h
K
(−Ui

h

)
XiX

T
i an

]
+ o(n−1/2), (7)

®� h→ 0, f(u |Xi)k.�3 u = 0?ëY, ��â��{Ú��Âñ½n�

√
nE
[1

h
K
(−Ui

h

)
XiX

T
i an

]
= E

(
E
[1

h
K
(−Ui

h

) ∣∣∣Xi

]
XiX

T
i

)√
nan

= E
([ ∫

R
K(y)f(−hy |Xi) dy

]
XiX

T
i

)√
nan

→ D0a, n→∞.

(Ü (7)�� E[Zi(β0)] = E[Zi(β)]−D0an
−1/2 + o(n−1/2).

(II) ∀w ∈ (0,∞), n→∞�

sup
u∈(w,∞)

|Gh(u)− 1| = 1−
∫ w/h

−∞
K(y) dy → 0.

� Gh(u)3 (w,∞)þ��Âñu 1. Ón, Gh(u)3 (−∞,−w)þ��Âñu 0.
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Ïd ∀w ∈ (0,∞), Gh(u)3 (−∞,−w) ∪ (w,∞)þ��Âñu G0(u). ù�(Ø(Ü

Ui,n → Ui, Ú P(Ui 6= 0) = 1, � n→∞�,

|Gh(−Ui,n)−G0(−Ui)| 6 |Gh(−Ui,n)−G0(−Ui,n)|+ |G0(−Ui,n)−G0(−Ui)|
a.s.−→ 0.

l
 Zi(β0) = [Gh(−Ui,n)− p]Xi
a.s.−→ [G0(−Ui)− p]Xi = Zi, n→∞.

(III) w,

1

n

n∑
i=1
‖Zi − Zi(β0)‖2

=
1

n

n∑
i=1

[Gh(−Ui,n)−G0(−Ui)]2XT
i Xi

6
2

n

n∑
i=1
{[Gh(−Ui,n)−G0(−Ui,n)]2 + [G0(−Ui,n)−G0(−Ui)]2}XT

i Xi,

dÚn 4Ú^� C 3� max
16i6n

|XT
i an| = o(1) a.s., 
 Ui,n = Ui +XT

i an, � ∀ ε > 0, a.s.k

lim
n→∞

1

n

n∑
i=1

[Gh(−Ui,n)−G0(−Ui,n)]2XT
i Xi

= lim
n→∞

1

n

n∑
i=1

[Gh(−Ui,n)−G0(−Ui,n)]2[I{|Ui,n|>ε} + I{|Ui,n|6ε}]X
T
i Xi

6 lim
n→∞

(
sup
|w|>ε

[Gh(w)−G0(w)]2 × 1

n

n∑
i=1

XT
i Xi +

1

n

n∑
i=1

I{|Ui|62ε}X
T
i Xi

)
= 0× EXTX + EI{|U |62ε}X

TX

→ 0, ε→ 0.

Ón�� lim
n→∞

n−1
n∑
i=1

[G0(−Ui,n)−G0(−Ui)]2XT
i Xi = 0, a.s., ��B� (III). �

½n 3 (II)�y²: duy²��, òÙ©� (a), (b), (c), (d)o�Ü©.

(a) Äky²�3��� λ(β0) ∈ RM ¦�

lSEL(β0) = 2
n∑
i=1

ln[1 + λT(β0)Zi(β0)], (8)

Ù¥ λ(β0)÷v (4). �y λ(β0)��3��5, �Iy² ∃ δ > 0¦� a.s.

lim inf
n→∞

inf
α∈A

1

n

n∑
i=1

I{αTZi(β0)>0} > δ, (9)

Ù¥ A´ RM ��Nü �þ.

e¡y² (9). ëì©z [9]Ú [10]��{, � ZiXÚn 6¥½Â, K Z1, Z2, . . . i.i.d.,

E[Z1] = 0� Var (Z1) = p(1− p)S0. d©z [11]��3 ε0 > 0¦�

lim inf
n→∞

inf
α∈A

1

n

n∑
i=1

I{αTZi>ε0} >
1

2
inf
α∈A

P(αTZ1 > ε0) > 0, a.s. (10)
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�âØ�ª I{αTZi>ε0} 6 I{αTZi(β0)>ε0/2} + I{αT(Zi−Zi(β0))>ε0/2}�

inf
α∈A

1

n

n∑
i=1

I{αTZi>ε0} 6 inf
α∈A

1

n

n∑
i=1

I{αTZi(β0)>ε0/2} + sup
α∈A

1

n

n∑
i=1

I{αT(Zi−Zi(β0))>ε0/2}. (11)

(Ü ∀ a ∈ R, I{|a|>1} 6 |a|2Ú Hölder’sØ�ª�

sup
α∈A

1

n

n∑
i=1

I{αT(Zi−Zi(β0))>ε0/2} 6
4

nε20

n∑
i=1
‖Zi − Zi(β0)‖2

a.s.−→ 0, n→∞. (�Ún 6 (III))

Ïd a.s. lim
n→∞

sup
α∈A

n−1
n∑
i=1

I{αT(Zi−Zi(β0))>ε0/2} = 0, (Ü (10)Ú (11)�

lim inf
n→∞

inf
α∈A

1

n

n∑
i=1

I{αTZi(β0)>ε0/2} >
1

2
inf
α∈A

P(αTZ1 > ε0), a.s.

w, δ , inf
α∈A

P(αTZ1 > ε0)/2÷v (9). âd�� 0:´d {Z1(β0), Z2(β0), . . . , Zn(β0)})

¤�à��S:, Ïd�3��� λ(β0)÷v (8).

(b) � ξn = max
16i6n

‖Zi(β0)‖, (Ü |Gh(XT
i β0 − Yi)− p| 6 1ÚÚn 4�

ξn 6 max
16i6n

‖Xi‖ = op(n
1/2), Ú

1

n

n∑
i=1
‖Zi(β0)‖3 6

1

n

n∑
i=1
‖Xi‖3 = op(n

1/2). (12)

½Â Sn , n−1
n∑
i=1

Zi(β0)Zi(β0)
T, y3y²

Sn
P−→ p(1− p)S0, n→∞. (13)

dr�ê½n�

1

n

n∑
i=1

ZiZ
T
i

a.s.−→ E[Z1Z
T
1 ] = p(1− p)S0, n→∞. (14)

éÝ
 B = (bij)
M
i,j=1, ½Â |B| ,

∑
16i, j6M

|bij |, K ∀ ε > 0

P
(∣∣∣ 1
n

n∑
i=1

[Zi(β0)Zi(β0)
T − ZiZT

i ]
∣∣∣ > ε) 6 1

ε
E
∣∣∣ 1
n

n∑
i=1

[Zi(β0)Zi(β0)
T − ZiZT

i ]
∣∣∣

6
1

ε
E|Z1(β0)Z1(β0)

T − Z1Z
T
1 |.

d��Âñ½nÚ Zi(β0)
a.s.−→ Zi�� n→∞�, E|Z1(β0)Z1(β0)

T − Z1Z
T
1 | → 0, �

1

n

n∑
i=1

[Zi(β0)Zi(β0)
T − ZiZT

i ]
P−→ 0. (15)
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(14)� (15)�y (13)¤á.

(c) d?y² Z(β0) , n−1
n∑
i=1

Zi(β0)´ìC���

√
nZ(β0)

L−→ N(−D0a, p(1− p)S0), n→∞. (16)

d¥%4�½n�

1√
n

n∑
i=1

Zi
L−→ N(0, p(1− p)S0), n→∞. (17)

du ∀n ∈ N+, (Zi(β0), Zi), i = 1, 2, . . . , n, i.i.d., ¿�� n→∞�, Zi(β0)
a.s.−→ Zi. ��

â��Âñ½n�� n−2
n∑
i=1

Var (
√
n [Zi(β0)− Zi])→ 0, (Ü Chebyshev�ê½ÆíÑ

1

n

n∑
i=1

√
n [Zi(β0)− Zi]−

√
nE[Z1(β0)− Z1]

P−→ 0.


dÚn 5ÚÚn 6 (I)�
√
nE[Z1(β0)− Z1] =

√
nE[Z1(β0)]→ −D0a, �

1

n

n∑
i=1

√
n [Zi(β0)− Zi]

P−→ −D0a. (18)

(Ü (17)� (18)B� (16)Xe

√
nZ(β0) =

1

n

n∑
i=1

√
n [Zi(β0)− Zi] +

1√
n

n∑
i=1

Zi
L−→ N(−D0a, p(1− p)S0).

(d) 3 (a), (b), (c)�Ä:þ, ëì©z [8]¥½n 1.1�y²��½n 3 (II)Xe

lSEL(β0) = nZ
T
(β0)S

−1
n Z(β0) + op(1)

L−→ χ2
M (∆), n→∞.

y²�.. �

§3. �Å�[

�[æ^©z [4]�¥ ê£8�. (p = 0.5, M = 2)

Yi = XT
i β + Ui, i = 1, 2, . . . , n. (19)

Ù¥, Xi = (1, X2,i)
T, β = (1, 1)T. X2,1, X2,2, . . . , X2,n �þ!©Ù U[1, 5]���. Ø� Ui

l±e 3«©Ù¥�):

(i) Ui, i = 1, 2, . . . , n, ÑlgdÝ� 3� t©Ù t(3);

(ii) Ui = 4Vi/(1 +X2,i), Ù¥ V1, V2, . . . , Vn, i.i.d. ∼ N(0, 1), ¿�� X2,1, X2,2, . . . , X2,n

Õá;
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(iii) Ui, i = 1, 2, . . . , n, i.i.d. ∼ χ2
3 − χ2

3, 0.5, Ù¥ χ2
3, 0.5´ χ2

3�¥ ê.

3þ¡ 3«�¹¥, Uiþ÷v P(Ui 6 0 |Xi) = 0.5. 3 (i)� (ii)¥, UiÑlé¡©Ù.

3 (i)� (iii)¥, Ui � Xi Õá. 3 (ii)¥, Ui �©Ù�6u Xi. 3 (iii)¥, Ui Ñl �©

Ù. �©éù 3«�¹©O?1�[.

�[�, U (3)Ú (5)O�ÚOþ lSEL(β0)Ú lLAD(β0). ëì©z [4], �©^ Λ̂�O

(5)¥� Λ0, 
Λ̂ = p(1− p)D̂−1ŜD̂−1,

D̂ = n−1
n∑
i=1

h−1K
((
Yi −XT

i β̂LAD

)
/h
)
XiX

T
i ,

Ŝ = n−1
n∑
i=1

XiX
T
i .

(20)

3 (3) Ú (20) ¥Ñ^�Ø¼ê K(u), Whang [4] ©OòØ¼ê K1(u) = (3/4)(1 −
u2)I(|u| < 1)Ú K2(u) = (15/16)(1− u2)2I(|u| < 1)^u (3)Ú (20)¥. �´·�uy3

�[L§±e�¹¬ª�u): zg�[�)��� (Yi, Xi), i = 1, 2, . . . , n¥��õ$�

�Ü¬Ñy |Yi −XT
i β̂LAD|/h > 1��¹. �
��d�¹K��[(J, �©3 (20)¥

À^ GaussØ¼êK(u) = exp(−u2/2)/
√

2π. 3 (3)¥, �©�À^ GaussØ¼ê.

u��wÍ5Y²� α = 0.05. � h = n−γ , ëì©z [7] � an = −δ(1, 1)Tn−1/2.

� n ∈ {20, 35, 50}, γ ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.7, 0.9} Ú δ ∈ {0.5, 1, 1.5, 2, 3}, K�
(n, γ, δ)� 105|��. é (n, γ, δ)�z�|��Ñ­E�[ N = 5000g.

lLAD u�Ú lSEL u��1�a�Ø�VÇ´ αLAD , P(lLAD(β0) > χ2
2, 0.95 |H0)Ú

αSEL , P(lSEL(β0) > χ2
2, 0.95 |H0), õ�´ pLAD , P(lLAD(β0) > χ2

2, 0.95 |H1) Ú pSEL ,

P(lSEL(β0) > χ2
2, 0.95 |H1), ìCõ�Ñ´ p0 , P(χ2

2(∆) > χ2
2, 0.95). �â (6)��

p0 ≈ 1− Φ
{
χM, 1−α −

√
aTΛ−10 a− (M − 1)

lnχ2
M, 1−α − ln(aTΛ−10 a)

4χM, 1−α − 4
√
aTΛ−10 a

}
, (21)

Ù¥ a = −δ(1, 1)T. é (i), (ii)Ú (iii), Λ0©O�

Λ(i) =
p(1− p)
f2t (0)

(
1 3

3 31/3

)−1
,

Λ(ii) =
p(1− p)
f2N(0)

(
1 10/3

10/3 37/3

)−1(
1 3

3 31/3

)(
1 10/3

10/3 37/3

)−1
,

Λ(iii) =
p(1− p)
f2χ(χ2

3, 0.5)

(
1 3

3 31/3

)−1
,

Ù¥, ft´ t(3)�VÇ�Ý, fN´ N(0, 1)�VÇ�Ý, fχ´ χ2
3�VÇ�Ý.
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�Å�[ÑÑ�´ αLAD, αSEL, pLADÚ pSEL��[�. �[(J�L 1ÚL 2.

L 1 H0 : β = β0, α = 0.05, h = n−γ

Ui γ
αLAD

γ
αSEL

n = 20 n = 35 n = 50 n = 20 n = 35 n = 50

(i)1

0.1 0.020 0.017 0.016 0.3 0.086 0.060 0.055

0.2 0.049 0.045 0.039 0.5 0.079 0.059 0.055

0.3 0.100 0.095 0.076 0.7 0.076 0.057 0.051

0.4 0.158 0.145 0.130 0.9 0.070 0.059 0.055

(ii)2

0.1 0.032 0.025 0.023 0.3 0.091 0.065 0.054

0.2 0.060 0.059 0.055 0.5 0.067 0.060 0.052

0.3 0.110 0.100 0.087 0.7 0.071 0.057 0.054

0.4 0.166 0.151 0.144 0.9 0.074 0.059 0.053

(iii)3

0.1 0.135 0.117 0.104 0.3 0.085 0.062 0.057

0.2 0.220 0.176 0.147 0.5 0.080 0.055 0.059

0.3 0.297 0.234 0.200 0.7 0.074 0.056 0.052

0.4 0.375 0.301 0.263 0.9 0.072 0.057 0.050

1Ui ∼ t(3); 2Ui = 4Vi/(1 +X2,i), Vi ∼ N(0, 1); 3Ui ∼ χ2
3 − χ2

3, 0.5.

L 2 H1 : β = β0 + an, an = −δn−1/2(1, 1)T, h = n−γ , α = 0.05

Ui δ p0 γ
pLAD

γ
pSEL

n = 20 n = 35 n = 50 n = 20 n = 35 n = 50

(i)1

0.5 0.258
0.1 0.141 0.130 0.131 0.5 0.304 0.284 0.275

0.2 0.227 0.211 0.215 0.7 0.282 0.260 0.257

1.0 0.788
0.1 0.606 0.597 0.604 0.5 0.726 0.757 0.767

0.2 0.713 0.714 0.728 0.7 0.717 0.745 0.755

1.5 0.989
0.1 0.928 0.936 0.938 0.5 0.940 0.971 0.980

0.2 0.956 0.957 0.969 0.7 0.937 0.964 0.973

(ii)2

0.5 0.401
0.1 0.186 0.187 0.193 0.5 0.455 0.437 0.431

0.2 0.320 0.326 0.326 0.7 0.437 0.425 0.419

1.0 0.949
0.1 0.798 0.806 0.825 0.5 0.929 0.945 0.949

0.2 0.863 0.885 0.900 0.7 0.907 0.936 0.945

1.5 1.000
0.1 0.987 0.990 0.995 0.5 0.995 0.999 0.999

0.2 0.995 0.996 0.998 0.7 0.995 0.998 0.999

(iii)3

1.0 0.269
0.1 0.475 0.428 0.406 0.5 0.240 0.241 0.252

0.2 0.537 0.475 0.453 0.7 0.238 0.243 0.246

2.0 0.807
0.1 0.833 0.809 0.797 0.5 0.608 0.654 0.661

0.2 0.853 0.835 0.817 0.7 0.582 0.648 0.666

3.0 0.992
0.1 0.958 0.962 0.965 0.5 0.868 0.909 0.933

0.2 0.972 0.967 0.969 0.7 0.856 0.909 0.918

1Ui ∼ t(3); 2Ui = 4Vi/(1 +X2,i), Vi ∼ N(0, 1); 3Ui ∼ χ2
3 − χ2

3, 0.5.
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�
��u�õ�� nCz�­�, é�. (19), �½ � β−β0, ò a =
√
n (β−β0)

Ú Λ0 = Λ(i) (½ Λ(ii))�\ (21)B��Ñ p0 �Cq�� nCz�­�, Xã 1. lã¥�

��wÑõ�Ú��þ�'X, ~X� β0− β = (0.2, 0.2)T, Ui ∼ t(3)�, �âã 1 (a)íÑ

���õ� 0.75, ��þ��u 23.

10 20 30 40 50 60
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0.4
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1

n

p
0

(a) Ui ∼ t(3)

5 10 15 20 25 30 35 40 45
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0.6
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1

n

p
0

(b) Ui = 4Vi/(1 +X2,i), Vi ∼ N(0, 1)

ã 1 β0 − β = (0.2, 0.2)T, α = 0.05

©ÛL 1ÚL 2uy:

(a) 3L 1¥, �X nO�, αSEL ' αLAD �¯/�CwÍY² α = 0.05, L² SEL

{�°(Ý�p. ù�©z [4]�(Ø��.

(b) 3L 1¥, �X γO�, αLADCz' αSEL²w, L² lLADéI°�¯a. �Ï´

(20)^�
Ø� U ��Ý¼ê�Ø�O, 
�Ý¼ê�Ø�OéI°'�¯a. é lSEL,

Ø¼ê�å1w�^, Ïd lSEL éI°ØX lLAD ¯a. �é SEL{, Whangí��I°

´ h = n−0.8, Ï�3dI°eÏL BartlettÅ �Jp αSEL�°(Ý.

(c) é pLAD, L 2��Ñ γ = 0.1Ú 0.2���[�, �Ï´� γ > 0.2� lLADu��

1�a�Ø�VÇL�, ~X Ui ∼ (ii), n = 20Ú 35� αLAD > 0.1, �v7�2'�§�

�õ�. L 2w«�X nO�, pLADÚ pSEL� p0�C,�y
3H1e χ2
2(∆)´ lLAD(β0)

Ú lSEL(β0)�ìC©Ù.

(d) � Ui� (i)½ (ii)�, L 2L² lSELu��õ��p. � Ui� (iii)�, �, lLAD

u�äk�p�õ�, �3L 1¥Ù�1�a�Ø�VÇ��u 0.05, nÜ'�, ÀJ lSEL

u��Ü·.

nþ, 3Ün���1�a�Ø�cJe, SEL{' LAD{�k�.

�� "v<éØ©¤JÑ��B¿�¦©Ù��þk��Jp, �öé¦�L«©

%a�. �ö�é?6�[%ó�L«©%a�.
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Smoothed Empirical Likelihood Inference for Quantile

Regression

LI ZhongGui HE ShuYuan

(School of Mathematical Sciences, Capital Normal University, Beijing, 100048, China)

Abstract: For linear quantile regression model, this paper proves that the test statistics, besed on

smoothed empirical likelihood (SEL) method and least absolute deviation (LAD) method, both converge

weakly to a noncentral Chi-square distribution under the local alternatives H1 : β = β0 + an, where β is

the true parameter. Simulation results show that the SEL method is more efficient than the LAD method.
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