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§1. Ú ó

²� Bayes (EB)u�¯K3©z¥®kNõïÄ, X©z [1–6]�éÙ�
ØÓ§Ý

�ó�, $[9� [7] 3 “�5��”eïÄ
 Cox�.ëê�²� Bayesüýu�, 3·

��^�e¼��Âñ�Ý���?¿�C O(n−1/2). �5) [8, 9]©OïÄ
�aëY.

ÚlÑ.üëê�êxëê�Vý�²� Bayesu�¯K, ¿�krüý EBu��E�

{í2�Vý EBu�¯K. ÜÊÚ�5) [10] 3 “\���¼ê”eïÄ
�Ý�êxë

ê�²� BayesV>u�¯K. �´, 8cA�¤kù
ïÄ EBu�¯K�©z, Ñ´|

^�Ý¼ê�ÊÏØ�O5�Eëê� EBu�. Äuþã©zïÄ(J, �©ò3 “²�

��”e|^�Ý¼ê�48Ø�O5?Ø�a2Â�êx Cox�.ëê�²� BayesV

ýu�¯K. �©æ^ “²���”Ú48Ø�O, ïÄëê�Výu�, ù´�©z [7]�

Ì�ØÓ�?.

�Ä Cox�. (�©z [7]): ��ÅCþ X ^�VÇ�Ý�

f(x | θ) = θq(x)e−θQ(x), (1)

Ù¥ q(x)Ú Q(x)�ëY¼ê� q(x) = Q′(x) > 0, Q(x)�K, lim
x→+∞

Q(x) =∞, θ��.

ëê, ���m� χ = {x |x > 0}, ëê�m� Ω = {θ > 0 |
∫∞

0 f(x | θ)dx = 1}.
∗S �p�g,�ÆÄ7:�8 (1OÒ: KJ2015A345)!S �p�`D�c�Z<âIS�Æï?�8 (1O

Ò: gxfx2017225)!×²��EâÆ��?5y:�8 (1OÒ: YJZ-2016-01)Ú×²��EâÆ��þó§�ÆïÄ

�8 (1OÒ: zlgc2015044)éÜ]Ï.

�© 2016c 3� 3FÂ�, 2017c 2� 17FÂ�?Uv.
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�©?Ø�. (1)ª¥ëê θ�Xe EBVýu�:

H0 : θ1 6 θ 6 θ2 ←→ H1 : θ < θ1 or θ > θ2, (2)

Ù¥ θ1 > 0Ú θ2 > 0��½��~ê. XJ� θ0 = (θ1 + θ2)/2Ú γ0 = (θ2 − θ1)/2, KV

ýu�¯K (2)�du:

H∗0 : |θ0 − θ| 6 γ0 ←→ |θ0 − θ| > γ0. (3)

éu�¼ê (3), �e�� “²���”¼ê:

L(θ, dj) = (1− j)a[(θ − θ0)2 − γ2
0 ]I[|θ−θ0|>γ0] + ja[γ2

0 − (θ0 − θ)2]I|θ−θ0|6γ0], (4)

Ù¥ a > 0��~ê, D = {d0, d1}�1Ä�m, d0 L«�É H∗0 , d1 L«Ä½ H∗0 , I[A] L

«¯� A�«5¼ê.

±þVýu��E�{�@d©z [8]éëY.üëê�êxJÑ5�.

�

δ(x) = P(�É H∗0 |X = x) (5)

��Åz�O¼ê, -ëê θ�k�©Ù� G(θ), K δ(x)�ºx¼ê�

R(δ,G) =

∫
Ω

∫
χ
[L(θ, d0)f(x | θ)δ(x) + L(θ, d1)f(x | θ)(1− δ(x))]dxdG(θ)

=

∫
Ω

∫
χ
[L(θ, d0)− L(θ, d1)f(x | θ)δ(x)dxdG(θ) +

∫
Ω

∫
χ
L(θ, d1)f(x | θ)dxdG(θ)

= a

∫
χ
α(x)δ(x)dx+ CG, (6)

ùp

CG =

∫
Ω

∫
χ
L(θ, d1)f(x | θ)dxdG(θ) =

∫
Ω
L(θ, d1)dG(θ), (7)

α(x) =

∫
Ω

[(θ − θ0)2 − γ2
0 ]f(x | θ)dG(θ), (8)

d?

f(x) =

∫
Ω
f(x | θ)dG(θ) =

∫
Ω
θq(x)e−θQ(x)dG(θ) (9)

� r.v. X �>�©Ù, �d (8)ª²O���

α(x) = p1(x)f (2)(x) + p2(x)f (1)(x) + p3(x)f(x). (10)

Ù¥ f (1)(x), f (2)(x)©OL« f(x)���!���ê, �

p1(x) =
1

q2(x)
, p2(x) = − 2θ0

q(x)
− 3q′(x)

q3(x)
,
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p3(x) =
3(q′(x))2

q4(x)
− q′′(x)

q3(x)
− 2θ0q

′(x)

q2(x)
+ θ2

0 − γ2
0 .

d (6)ª� Bayes�û¼ê�

δG(x) =

1, α(x) 6 0;

0, α(x) > 0.
(11)

Ù Bayesºx�

R(G) = inf
δ
R(δ,G) = R(δG, G) = a

∫
χ
α(x)δG(x)dx+ CG. (12)

3 (12)ª¥, � G(θ)®�, � δ(x) = δG(x)´�±���, � G(θ)��, ¤± δG(x)vk

¦^d�, ÏdÚ\ EB�{.

§2. EBu�¼ê��E

�X1, X2, . . . , XnÚX ´ (i.i.d.)��, Xi (i = 1, 2, . . . , n)ÚX äk�Ó�>��Ý

X (9)ª¤«, Ï~¡ X1, X2, . . . , Xn�{¤��, X ��c��.

- f(x)� X1�VÇ�Ý¼ê, ÕáÓ©Ù�� (i.i.d.)�Xeb½:

(A) f(x) ∈ Cs,α, x ∈ (0,+∞).

Ù¥ Cs,α�¢ê8R1þVÇ�Ý¼êa,ëY� s��ê�3,Ùýé�Ø�L α, s > 5,

s ∈ N .

- Kr(x) (r = 0, 1, 2)´k.� Borel�ÿ¼ê, 3«m (0, 1)�	� 0, �÷v^�

(B):

(B1) (t!)−1
∫ 1

0 y
tKr(y)dy =

1, t = 0;

0, t = 1, 2, . . . , s− 1, s > 5, s ∈ N.

(B2) Kr(x)3 R1þ´��� (k�:8 E0Ø	), �

sup
x∈R1−E0

|K ′r(x)| 6 C <∞.

aq©z [11]½Â f(x)�48Ø�OXe:

f (r)
n (x) =

1

n

n∑
i=1

1

h1+r
i

Kr

(Xi − x
hi

)
, (13)

Ù¥ {hn}4~� hn > 0, lim
n→∞

hn = 0, Kr(x)´÷v^� (B)�Ø¼ê.

5P 1 XJòúª (13)¥� hi �¤ hn, K f(x)�48Ø�O f
(r)
n (x)C¤ÊÏ�

Ø�O.
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d (10)ªÚ (13)ª½Â α(x)��Oþ:

αn(x) = p1(x)f (2)
n (x) + p2(x)f (1)

n (x) + p3(x)fn(x), (14)

� EBu�¼ê½Â�

δn(x) =

1, αn(x) 6 0;

0, αn(x) > 0.
(15)

- EnL«é�ÅS� (r.v.)X1, X2, . . . , Xn�éÜ©Ù¦þ�,K δn(x)��¡Bayes

ºx�

Rn = Rn(δn, G) = a

∫
x
α(x)En[δn(x)]dx+ CG. (16)

e lim
n→∞

Rn = R(G), K¡ δn(x)� a.o.� EBu�¼ê, XJ Rn − R(G) = O(n−q),

q > 0, ¡ EBu� δn(x)�Âñ�Ý�� O(n−q), �y² δn(x)�Âñ�Ý, �Ñ±eÚ

n.

©¥ c, c0, c1, c2, . . .L«Ø�6 n�~ê, =¦3Ó�ªf¥½�U�ØÓ�ê�.

Ún 2 � f
(r)
n (x)d (13)ª½Â, s > 5, s ∈ N , Ù¥X1, X2, . . . , Xn� i.i.d.��S

�, XJ^� (A)Ú (B)¤á� f
(r)
n (x)ëY, r = 0, 1, 2. é ∀x ∈ χ

(i) � lim
n→∞

n−1
n∑
i=1

hs−ri = 0� nh2r+1
n →∞�, k

lim
n→∞

En|f (r)
n (x)− f (r)(x)|2 = 0.

(ii) �� hn = n−1/[2(s−2)]�, é 0 < λ 6 1, Kk

En|f (r)
n (x)− f (r)(x)|2λ 6 cn−λ(s−r−2.5)/(s−2).

y²: ky(Ø (i). d CrØ�ª��, é r = 0, 1, 2k

En|f (r)
n (x)− f (r)(x)|2 6 c1|Enf (r)

n (x)− f (r)(x)|2 + c2[Var (f (r)
n (x)]

, c1I
2
1 + c2I2. (17)

d (13)ªÚ^� (B), ��

Enf
(r)
n (x) =

1

n

n∑
i=1

1

h1+r
i

En
(
Kr

(Xi − x
hi

))
=

1

n

n∑
i=1

1

h1+r
i

∫ x+hi

x
Kr

(y − x
hi

)
f(y)dy

=
1

n

n∑
i=1

1

hri

∫ 1

0
Kr(t)f(x+ thi)dt. (18)

d TaylorÐm�

f(x+ thn) = f(x) +
s−1∑
l=1

f (l)(x)
(thn)l

l!
+ f (s)(x∗)

(thn)s

s!
(x 6 x∗ 6 x+ thn), (19)
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ò (19)ª�\ (18)ª, �

Enf
(r)
n (x) =

1

n

n∑
i=1

1

hri

[
f (r)(x)hri +

∫ 1

0
Kr(t)f

(s)(x∗)
(thi)

s

s!
dt
]

= f (r)(x) +
1

n

[ n∑
i=1

hs−ri

∫ 1

0
Kr(t)f

(s)(x∗)
ts

s!
dt
]
. (20)

d f(x) ∈ Cs,αÚ |K(t)| 6 C, �

I1 = |Enf (r)
n (x)− f (r)(x)| 6 c 1

n

n∑
i=1

hs−ri , (21)

I2 = Var
[ 1

n

n∑
i=1

1

h1+r
n

Kr

(Xi − x
hi

)]
6

n∑
i=1

1

n2h2+2r
i

En
[
Kr

(Xi − x
hi

)]2

=
n∑
i=1

1

n2h2+2r
i

∫ x+hi

x
K2
r

(y − x
hi

)
f(y)dy =

1

n2

n∑
i=1

1

h1+2r
i

∫ 1

0
K2
r (t)f(x+ thi)dt.

2d f(x) ∈ Cs,α9 |K(t)| 6 C, hn4~� lim
n→∞

hn = 0, �

I2 6 c(nh
1+2r
n )−1. (22)

d (21)ª�, lim
n→∞

n−1
n∑
i=1

hs−ri = 0�, k

lim
n→∞

I2
1 = 0. (23)

d (22)ª�, � lim
n→∞

nh1+2r
n =∞�, k

lim
n→∞

I2 = 0. (24)

ò (23)ªÚ (24)ª�\ (17)ª, (Ø (i)¤á.

e¡y²(Ø (ii). d CrØ�ª��,

En|f (r)
n (x)− f (r)(x)|2λ 6 c1|Enf (r)

n (x)− f (r)(x)|2λ + c2[Var (f (r)
n (x)]λ

, c1I
2λ
1 + c2I

λ
2 , (25)

� hi = i−1/[2(s−2)]�, �� hi = i−1/[2(s−2)] 6 i−1/[2(s−r)] (r = 0, 1, 2), d (21)ª��

I1 6 c
1

n

n∑
i=1

hs−ri 6 c
1

n

n∑
i=1

i−1/2 6 c
1

n

∫ n

0
x−1/2dx 6 cn−1/2.

�k

I2λ
1 6 cn

−λ. (26)

d (22)ª� hi = i−1/[2(s−2)]�, k

Iλ2 6 c(nh
1+2r
n )−λ 6 cn−λ(s−r−2.5)/(s−2). (27)

ò (26)ªÚ (27)ª�\ (25)ª, (Ø (ii)¤á. �
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5P 3 � λ→ 1, s→∞�, O(n−λ(s−r−2.5)/(s−2))�Ã��C O(n−1).

Ún 4 - R(G)Ú Rn©Od (12)Ú (16)ª�Ñ, K

0 < Rn −R(G) 6 a
∫
χ
|α(x)|P(|αn(x)− α(x)| > |α(x)|)dx.

y²: �©z [1]�Ún 1. �

§3. EBu�¼ê�ìC5ÚÂñ�Ý

½n 5 � δn(x)d (15)ª½Â, Ù¥ X1, X2, . . . , Xn � i.i.d.��, b½ (A)Ú (B)

¤á, s > 5, s ∈ N , r = 0, 1, 2, e

(i) {hn}�ê4~S�, � lim
n→∞

n−1
n∑
i=1

hs−ri = 0, lim
n→∞

nh1+2r
n =∞;

(ii)
∫

Ω θ
2dG(θ) <∞;

(iii) f
(r)
n (x)� x�ëY¼ê.

Kk

lim
n→∞

Rn(δn, G) = lim
n→∞

Rn = R(G).

y²: dÚn 4, ��

0 6 Rn −R(G) 6 a
∫
χ
|α(x)|P(|αn(x)− α(x)| > |α(x)|)dx. (28)

P Bn(x) = |α(x)|P(|αn(x) − α(x)| > |α(x)|), w� Bn(x) 6 |α(x)|. d (8)ªÚ Fubini½

n� ∫
χ
|α(x)|dx 6 |θ2

0 − γ2
0 |
∫
χ
f(x)dx+

∫
χ

∫
Ω

(θ2 + 2|θ0|θ)f(x | θ)dG(θ)dx

= |θ2
0 − γ2

0 |+
∫

Ω
(θ2 + 2|θ0|θ)dG(θ)

∫
χ
f(x | θ)dx

= |θ2
0 − γ2

0 |+
∫

Ω
θ2dG(θ) + 2|θ0|

∫
Ω
θdG(θ) <∞.

d��Âñ½n, ��

0 6 lim
n→∞

(Rn −R(G)) 6 a
∫
χ

(
lim
n→∞

Bn(x)
)

dx, (29)

��¦½n¤á, ��y² lim
n→∞

Bn(x) = 0é a.s. x¤á=�, dMarkovÚ JensenØ�

ª�

Bn(x) 6 En|αn(x)− α(x)|
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6 p1(x)En|f (2)
n (x)− f (2)(x)|+ |p2(x)|En|f (1)

n (x)− f (1)(x)|

+ |p3(x)|En|fn(x)− f(x)|

6 p1(x)[En|f (2)
n (x)− f (2)(x)|2]1/2 + |p2(x)|[En|f (1)

n (x)− f (1)(x)|2]1/2

+ |p3(x)|[En|fn(x)− f(x)|2]1/2.

2dÚn 2 (i)��, é x ∈ χ, � r = 0, 1, 2�k

0 6 lim
n→∞

Bn(x) 6 p1(x)
[

lim
n→∞

En|f (2)
n (x)− f (2)(x)|2

]1/2

+ |p2(x)|
[

lim
n→∞

En|f (1)
n (x)− f (1)(x)|2

]1/2

+ |p3(x)|
[

lim
n→∞

En|fn(x)− f(x)|2
]1/2

= 0. (30)

ò (30)ª�\ (29)ª½n�y. �

½n 6 � δn(x)d (15)ª½Â, Ù¥X1, X2, . . . , Xn� i.i.d.��S�, b½ (A)Ú

(B)¤á, e 0 < λ < 1, k∫
χ
|α(x)|1−λpλi (x)dx <∞, i = 1, 2, 3.

K�� hn = n−1/[2(s−2)], s > 5, s ∈ N �, k

Rn −R(G) = O(n−λ(s−4.5)/[2(s−2)]).

y²: dÚn 4ÚMarkovØ�ª, ��

0 6 (Rn −R(G)) 6 a
∫
χ
|α(x)|1−λEn|αn(x)− α(x)|λdx

6 c1

∫
χ
|α(x)|1−λpλ1(x)En|f (2)

n (x)− f (2)(x)|λdx

+ c2

∫
χ
|α(x)|1−λpλ2(x)En|f (1)

n (x)− f (1)(x)|λdx

+ c3

∫
χ
|α(x)|1−λpλ3(x)En|fn(x)− f(x)|λdx

, T1 + T2 + T3. (31)

dÚn 2 (ii)Ú^���

T1 6 c1n
−λ(s−4.5)/[2(s−2)]

∫
χ
|α(x)|1−λpλ1(x)dx 6 c4n

−λ(s−4.5)/[2(s−2)], (32)

T2 6 c2n
−λ(s−3.5)/[2(s−2)]

∫
χ
|α(x)|1−λpλ2(x)dx 6 c5n

−λ(s−3.5)/[2(s−2)], (33)
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T3 6 c3n
−λ(s−2.5)/[2(s−2)]

∫
χ
|α(x)|1−λpλ3(x)dx 6 c6n

−λ(s−2.5)/[2(s−2)]. (34)

ò (32)ª!(33)ªÚ (34)ª�\ (31)ª½n�y. �

5P 7 � λ→ 1, s→∞�, O(n−λ(s−4.5)/[2(s−2)])�Ã��C O(n−1/2).

§4. ~ f

�!Þ~�y÷v½n 5Ú½n 6b� (A)Ú (B)^��©ÙxÚk�©Ù´�3�,

3�. (1)ª¥, - q(x) = 1, Q(x) = x, K�ÅCþX ©Ùx� f(x | θ) = θe−θxI(x>0), �

θ�k�©Ù� Gamma©Ùx

g(θ) =
βr

Γ(r)
θr−1e−βθI[θ>0], (35)

β Ú r�®�~ê β > 0, r > 0. ¤±k

f(x) =

∫
Ω
f(x | θ)dG(θ) =

∫ ∞
0

βr

Γ(r)
θre−(x+β)θdθ =

rβr

(x+ β)r+1
. (36)

� q(x) = 1�, d (10)ª� p1(x) = 1, p2(x) = 2θ0, p3(x) = θ2
0 − γ2

0 , K

α(x) = f (2)(x) + 2θ0f
(1)(x) + (θ2

0 − γ2
0)f(x)

=
rβr

(x+ β)r+1

((r + 1)(r + 2)

(x+ β)2
− 2θ0

r + 1

x+ β
+ (θ2

0 − γ2
0)
)
.

Ïd

|α(x)| 6 rβr

(x+ β)r+1

((r + 1)(r + 2)

β2
+ 2|θ0|

r + 1

β
+ |θ2

0 − γ2
0 |
)
6

c

(x+ β)r+1
.

(i) d (36)ª�, f(x)� x?¿���¼ê�ëY!��k., = f(x) ∈ Cs,α, ¤±^�

(A)¤á, 3b½ i.i.d.��e¤\^� (B)¤á.

(ii) E(θ2) =
∫

Ω[βr/Γ(r)]θr+1e−βθdθ = r(r + 1)/β2 <∞.

(iii)
∫
χ |α(x)|1−λpλi (x)dx 6

∫∞
0 [c/(x+ β)(r+1)(1−λ)]dx.

du β > 0, r > 0,ù�È©�1 1a2ÂÈ©,� (r+1)(1−λ) > 1�=, 0 < λ < r/(r+1),

þãÈ©Âñ.

d (i) – (iii)��, ½n 5Ú½n 6^�þ¤á.
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Empirical Bayes Two-Sided Test for the Parameter

of Cox Models
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Abstract: In this paper, the empirical Bayes (EB) two-sided test for parameter of Cox models is investi-

gated under square loss functions. At first by using recursive kernel estimation of probability function the

empirical Bayes two-sided test rule is constructed. It proves that the proposed empirical Bayes test rule

is asymptotic optimal and convergence rates are obtained under suitable conditions. Finally an example

of satisfying theorem conditions is given.
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