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äkg�q!����5�, Ùòz�Ý�'©êÙK$Ä¯, �©êÙK$Ä�Ì��

ØÓ´ÙOþ´�²� [7].

duDÚ� B-SÏ�½d�.b�Ä:]�Ø|Gù|, ù�¢S�¹ØÎ. y¢¥,

�Àk�|�¦úi|Gù|, ùÒ��
 B-SÏ�½d�.�¢SA^� �. 1985c

McDonaldÚ Siegel [8] �Ñ|Gù|�Ï�½dúª, ���þ©z [9, 10] m©é{ª!î

ª|Gù|�Ï�½d?1ïÄ. ©z [11]ég©êÙK$Ä�¸e�k�´¤^��ç

�y?1
½d, �Ñ
�.¥��ëê��O�Ú¢y©Û. ©z [12]Ú [13]^�Åi

r��{©O�%C©êÙK$ÄÚg©êÙK$Ä, ,�æ^4�q,{é¤£��ë

ê?1�O, ¿y²
�Oþ�Âñ5Úr��5.

�
�x7K]���PÁ5Ú�ÄÏ�I�]��¦ëY|Gù|��¹, �©�

Ä3g©êÙK$Ä�¸eïÄîªÏ�½d�¯K. ÄkÏLg©êÙK$Ä�ÅÈ©

Ú �©�{, ��g©êÙK$Äe|Gù|�îªwÞÚwOÏ�½dúª; Ùg, é

½dúª¥���ëê?1�O, ¿ïÄ
�Oþ��'5�.

§2. ý��£

g©êÙK$Ä´Hurst�ê�H (H ∈ (0, 1))�ëYpdL§ {ξH(t), t ∈ R} = 0 [7],

ÙÏ"�� E[ξH(t)] = 0, Ù����

E[ξHt ξ
H
s ] = t2H + s2H − 1

2
(|t+ s|2H + |t− s|2H).

g©êÙK$Ä÷vXe�5� [7]

1) g�q: � a > 0�, k {ξH(at), t > 0} d
= {aHξH(t), t > 0};

2) ���: �H > 1/2�, ξH(t)k�Ï�65, =e- r(n) = Cov (ξH(1), ξH(n+ 1)−
ξH(n)), K

∞∑
n=1

r(n) =∞;

3) é?¿� t > 0Ú H ∈ (0, 1), E[ξHt ]2 = (2− 22H−1)t2H .

§3. ½d�.

3.1 �.b�

3ïá½d�.�c, I�é7K½|�XeA:Ä��b�:

1) ½|´���, ¤k�½�ÃÑ´�E��;

2) ½|Ø�3@|;
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3) Ãºx|Ç r´��~ê, �?Û�Ï�/�|Ç´���;

4) ½|´Ã�Þ�, =Ã[Â¤�Ú�´¤�;

5) Ä:]��±ëY?1�´, �Ãñ���;

6) 3Ï��YÏm, úi�¦|Gù|, �Ï��îªÏ�;

7) �Ä7K½|þ�3�gd!ëY/?1�´�ü«]�. �«´Ãºx]�, XÅ

 ; ,�«´kºx]�, X�¦. b�ùü«]�d��CÄ©O÷v±e�©�

§

dPt = rPtdt, (1)

dSt = St(µ− q)dt+ σStdξ
H
t , (2)

Ù¥, µ (~ê)L«�¦ÂÃÇ, q (~ê)L«ù|Ç, σ (~ê)L«�dÅÄÇ, St

L« t���¦�d�, ξHt L«g©êÙK$Ä, � (2)ª¥�È©�'uWick-Itô

�È©.

3.2 êní�

du��Ä7K]���PÁ5, �©Ì��Ä 1/2 < H < 1��/. 3ºx¥5�

^�e, |^ DeltaéÀ�n, í�Ñg©êÙK$Äe|Gù|�îªÏ�d�¤÷v

��©�§.

½n 1 3ºx¥5�^�e, g©êÙK$Ä�¸e|Gù|�îªwÞÏ��d

� Vt3 t (t ∈ [0, T ])��¤÷v��©�§�

∂V

∂t
+ (r − q)St

∂V

∂S
+ σ2S2

tH(2− 22H−1)t2H−1∂
2V

∂S2
− rVt = 0. (3)

y²: �ï]�|Ü, T|Ü�)�°û)y V (St, t)Ú∆°�¦ St. K]�|Ü

3 t���d��L«� Πt = Vt −∆St, du�Ä�ëY|Gù|��/, K3 dt�mS

]�|Ü�d�CÄ�L«�

dΠt = dVt −∆dSt −∆qStdt. (4)

du V (St, t)´����¼ê, �|^Wick-Itôúª��

dV =
∂V

∂t
dt+

∂V

∂S
dSt +

1

2

∂2V

∂S2
(dSt)

2, (5)

Ù¥ (dSt)
2 = 2σ2S2

tHt
2H−1(2 − 22H−1)dt, dt · dt = 0, dt · dξHt = 0, dξHt · dt = 0,

(dξHt )2 = 2Ht2H−1(2− 22H−1)dt.
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r (2)ªÚ (5)ª�\� (4)ª²z{��

dΠt =
[∂V
∂t

+
(∂V
∂S
−∆

)
St(µ− q) + σ2S2

tHt
2H−1(2− 22H−1)

∂2V

∂S2
−∆qSt

]
dt

+
(∂V
∂S
−∆

)
σStdξ

H
t . (6)

�
�Ø�Å�éy |Üd��K�, - ∆ = ∂V /∂S, K (6)ª�z{�

dΠt =
[∂V
∂t

+ σ2S2
tHt

2H−1(2− 22H−1)
∂2V

∂S2
− ∂V

∂S
qSt

]
dt. (7)

dub�3Ãºx�^�e, Ý]|Üd��CÄ÷v

dΠt = rΠtdt = r(Vt −∆St)dt. (8)

d (7)ª� (8)´éá��

∂V

∂t
+ (r − q)St

∂V

∂S
+ σ2S2

tH(2− 22H−1)t2H−1∂
2V

∂S2
− rVt = 0.

y.. �

e¡�Ñg©êÙK$Ä�¸e|GëYù|îªwÞÏ�d�úª.

½n 2 ��ÏF� T , �1d�� K, Kg©êÙK$Ä�.eÄ:]�|GëY

ù|îªwÞÏ�3 t (t ∈ [0, T ])���d� Vt�

V (St, t) = e−q(T−t)StΦ(d1)−Ke−r(T−t)Φ(d2), (9)

Ù¥

d1 =
ln
St
K

+ (r − q)(T − t) +
1

2
σ2(2− 22H−1)(T 2H − t2H)√

σ2(2− 22H−1)(T 2H − t2H)
,

d2 = d1 −
√
σ2(2− 22H−1)(T 2H − t2H).

y²: d½n 1��îªwÞÏ��d� Vt÷v��©�§� (3), =
∂V

∂t
+ (r − q)St

∂V

∂S
+ σ2S2

tH(2− 22H−1)t2H−1∂
2V

∂S2
− rVt = 0,

V (ST , T ) = (ST −K)+.

|^CþO�, ò (3)ª=z��� Cauchy¯K.

¦^©z [10]¥�{, - St = S = ex, V (St, t) = C(t, x), K x = lnS,

∂V

∂t
=
∂C

∂t
,

∂V

∂S
=
∂C

∂x

1

S
,

∂2V

∂S2
=
∂2C

∂x2

1

S2
− ∂C

∂x

1

S2
=
(∂2C

∂x2
− ∂C

∂x

) 1

S2
.
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ò±þªf�\ (3)ªz{��
∂C

∂t
+ (r − q)∂C

∂x
+ σ2H(2− 22H−1)t2H−1

(∂2C

∂x2
− ∂C

∂x

)
− rC = 0,

C(T, x) = (ex −K)+.

(10)

-

u(s, z) = C(t, x)er(T−t),

s =
1

2
σ2(2− 22H−1)(T 2H − t2H),

z = x+ (r − q)(T − t)− 1

2
σ2(2− 22H−1)(T 2H − t2H).

(11)

K

C(t, x) = u(s, z)e−r(T−t),

∂C

∂t
= e−r(T−t)

[
ru+Hσ2(2− 22H−1)t2H−1

(∂u
∂z
− ∂u

∂s

)
− ∂u

∂z
(r − q)

]
,

∂C

∂x
= e−r(T−t)

∂u

∂z

∂z

∂x
= e−r(T−t)

∂u

∂z
,

∂2C

∂x2
= e−r(T−t)

∂2u

∂z2
.

òþãªf�\� (10)¥, z{��
∂2u

∂z2
=
∂u

∂s
,

u(0, z) = (ez −K)+.
(12)

�â9D��§²;nØ, Ù�3��r), l

u(s, z) =
1

2
√
πs

∫ +∞

−∞
u(0, τ)e−(τ−z)2/(4s)dτ =

1

2
√
πs

∫ +∞

−∞
(eτ −K)+e−(τ−z)2/(4s)dτ.

�

V (t, St) = C(t, x) = u(s, z)e−r(T−t)

=
e−r(T−t)

2
√
πs

∫ +∞

lnK
(eτ −K)+e−(z−τ)2/(4s)dτ

=
e−r(T−t)

2
√
πs

∫ +∞

lnK
eτe−(z−τ)2/(4s)dτ − Ke−r(T−t)

2
√
πs

∫ +∞

lnK
e−(z−τ)2/(4s)dτ

= I1 − I2. (13)

éu I2, - y = (τ − z)/
√

2s, K
√

2s dy = dτ , lk

I2 =
Ke−r(T−t)

2
√
πs

∫ +∞

lnK
e−(τ−z)2/(4s)dτ =

Ke−r(T−t)√
2π

∫ +∞

(lnK−z)/
√

2s
e−y

2/2dy
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= Ke−r(T−t)Φ
(z − lnK√

2s

)
.

Ón, é I1, - ω = (τ − z − 2s)/
√

2s, K
√

2s dω = dτ ,

I1 =
e−r(T−t)

2
√
πs

∫ +∞

lnK
eτe−(z−τ)2/(4s)dτ =

e−r(T−t)√
2π

ez+s
∫ +∞

(lnK−z−2s)/
√

2S
e−ω

2/2dω

= e−r(T−t)ez+sΦ
(z + 2s− lnK√

2s

)
.

ò s, z �L�ª, = (11)ª�\� I1, I2 ¥, ,�3ò I1, I2 �\� (13)ª¥, K(J

��. y.. �

¦^�Ó��{�±aq��g©êÙK$Ä�.e�|Gù|�îªwOÏ�½

dúª.

½n 3 ��ÏF� T , �1d�� K, Kg©êÙK$Ä�.eÄ:]�|GëY

ù|�îªwOÏ�3 t (t ∈ [0, T ])���d� Pt�

P (St, t) = Ke−r(T−t)Φ(−d2)− e−q(T−t)StΦ(−d1).

½n 3�y²�½n 2aq, �Ù¥ d1Ú d2�L�ª�½n 2¥��Ó. d½n 2Ú

3�±��e¡�íØ.

íØ 4 îªwÞÚîªwOÏ��d�÷ve¡��'X

Vt +Ke−r(T−t) = Pt + Ste
−q(T−t).

¡Tª�wÞwOÏ�²dúª.

§4. ëê�O

�
ò�.A^uÏ�½d¥�, I�é (2)¥�ëê?1�O. b� [0, T ]þkN �

lÑ*	��: ti, i = 0, 1, . . . , N − 1, 3z�*	:þ�±���¦d��*	þ.

4.1 ÅÄÇ σ ��O

�â (2)ª, éÙC/��Ñ:

σ =
dSt − (u− q)Stdt

StdξHt
.

�ªü>²�, ¿�{ü�O���:

σ2 =
(dSt)

2

(2− 22H−1)S2
t dt2H

.
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,�éþª?1lÑz?n, �k N �lÑ�*	: ti, i = 0, 1, . . . , N − 1, l�

��¦d�� N �*	þ, �{zÎÒ, P ti = ti/N = i/N , �ª¦��ÅÄÇ σ2 ��O

þ�

σ̂2 =
N2H

(2− 22H−1)(N − 1)

N−1∑
i=1

(S(i+1)/N − Si/N
Si/N

)2
.

4.2 ÂÃÇ µ��O

æ^Wick-ItôÈ©, ���Å�©�§ (2)�)�

St = S0 exp
[
(µ− q)t+ σξHt −

σ2

2
(2− 22H−1)t2H

]
. (14)

ò�. (14)¥�ëê�O¯K�d/=z�é�¤£��g©êÙK$Ä?1ëê�O

ln
St
S0

= Yt = (µ− q)t+ σξHt −
σ2

2
(2− 22H−1)t2H . (15)

b�®��*	þ� Yti , ^�Åir5%Cg©êÙK$Ä, ,�^4�q,�O{

é (15)ª?1ëê�O. ¯¢þ, � H > 1/2�, g©êÙK$Ä�±^Xe/ª��Å

ir5%C [13]

ξH,Nt :=
[Nt]∑
i=1

√
N
(∫ i/N

(i−1)/N
c(H)nH

( [Nt]

N
, s
)

ds
)
ςi, t ∈ [0, T ],

Ù¥

c(H) =

√
Γ(1 + 2H) sin(πH)

π
,

nH(t, s) =
21−H√π s3/2−H

Γ(H − 1/2)

(∫ t

s
(x2 − s2)H−3/2dx

)
I(0,t)(s),

ςi L«ÕáÓ©Ù��ÅCþ, � E[ςi] = 0, Var [ςi] = 1, [x]�Ø�L x����ê. ©z

[13]®²y²� N →∞�, S� ξH,Nt 3 SkorohodÿÀefÂñug©êÙK$Ä ξHt .

�â*	�Úg©êÙK$Ä��Åir%C/ª, (15)ª�©��lÑz�L«�

Y
(N)
ti+1

:= Yti+1 = Yti + (u− q)(ti+1 − ti) + σ
(
ξH,Nti+1

− ξH,Nti

)
− σ2

2

(
ξH,Nti+1

− ξH,Nti

)2
.

- ti = i/N , i = 0, 1, . . . , N − 1, Yt0 = Y0 = 0�{zPÒ, P Yti = Yi. aq/¦^©

z [13–16]¥�?n�{�òþªz{�

Yi+1 = Yi +
µ− q
N

+ σ
(
ξH,N(i+1)/N − ξ

H,N
i/N

)
− σ2

2
E
[(
ξH,N(i+1)/N − ξ

H,N
i/N

)2]
= Yi +

µ− q
N

+ σ(fi + Fiςi+1)− σ2

2
E[(fi + Fiςi+1)2], (16)
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Ù¥

fi =
√
N c(H)

i∑
j=1

∫ j/N

(j−1)/N

(
nH

( i+ 1

N
, s
)

ds− nH
( i
N
, s
)

ds
)
ςj ,

Fi =
√
N

∫ (i+1)/N

i/N
c(H)nH

( i+ 1

N
, s
)

ds,

E[Yi+1 − Yi] =
µ− q
N

+ σfi −
σ2

2
(f2
i + F 2

i ),

Var [Yi+1 − Yi] = σ2F 2
i .

l�½ ς1, ς2, . . . , ςi, K�ÅCþ Yi+13®� Y1, Y2, . . . , Yie�^�©Ù�

fYi+1/Y1,Y2,...,Yi(yi+1/y1, y2, . . . , yi)

=
1√

2πσ2F 2
i

exp
[
− 1

2

(yi+1 − yi − (µ− q)/N − σfi + σ2(f2
i + F 2

i )/2)2

σ2F 2
i

]
,

Y1, Y2, . . . , YN �4�q,¼ê�

L(µ, q, σ; y1, y2, . . . , yN )

= fY1(y1)fY2/Y1(y2/y1) . . . fYN/Y1,Y2,...,YN−1
(yN/y1, y2, . . . , yN−1)

=
N−1∏
i=0

1√
2πσ2F 2

i

exp
[
− 1

2

(yi+1 − yi − (µ− q)/N − σfi + σ2(f2
i + F 2

i )/2)2

σ2F 2
i

]
.

�ªü>�éê�±��éêq,¼ê, déêq,¼ê©Oé µ, σ ¦ �, ����A

�4�q,�Oþ÷v

∂ lnL

∂σ
= −

N−1∑
i=0

1
σ −

N−1∑
i=0

(yi+1 − yi − (µ− q)/N − σfi + σ2(f2
i + F 2

i )/2

σFi

)
·
(f2

i + F 2
i

2Fi
− yi+1 − yi − (µ− q)/N

Fiσ2

)
= 0,

∂ lnL

∂µ
=

N−1∑
i=0

(yi+1 − yi − (µ− q)/N − σfi + σ2(f2
i + F 2

i )/2

σFi

)
· 1

NFiσ
= 0.

(17)

éþã�§|¦)��4�q,�Oþ�
µ̂ =

(
N

N−1∑
i=0

yi+1 − yi − σfi + σ2(f2
i + F 2

i )/2

F 2
i

)/(N−1∑
i=0

1

F 2
i

)
+ q,

σ̂ =
(N−1∑
i=0

ςi+1fi + Fiς
2
i+1

Fi
−N

)/(N−1∑
i=0

ςi+1(f2
i + F 2

i )

Fi

)
.

w,, $^þãü«ØÓ��O�{���ÅÄÇ σ ��Oþ´ØÓ�, �ØU<Ú

/`=«�O�{Ð, ù�ûu�Oþ�Âñ5.
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4.3 �Oþ�5�

� N →∞�, N´�y: �Oþ σ̂2A�??Âñu σ2. e¡Ì�y²�Oþ µ̂�Ã

 5!þ�Âñ5, �O��B, 3y²�- σ = 1.

½n 5 �Oþ µ̂´Ã �, = E(µ̂) = µ.

y²: d (16)ª��

yi+1 − yi − σfi +
σ2

2
(f2
i + F 2

i ) =
µ− q
N

+ σFiςi+1,

¤±

µ̂ = N
(N−1∑
i=1

(µ− q)/N + σFiςi+1

F 2
i

)/(N−1∑
i=1

1

F 2
i

)
+ q = µ+

(
Nσ

N−1∑
i=1

ςi+1

Fi

)/(N−1∑
i=1

1

F 2
i

)
,

E(µ̂) = µ+ E
[(
N

N−1∑
i=1

ςi+1

Fi

)/(N−1∑
i=1

1

F 2
i

)]
= µ+N

[
E
(N−1∑
i=1

ςi+1

Fi

)/(N−1∑
i=1

1

F 2
i

)]
= µ.

y.. �

½n 6 � N →∞, 4�q,�Oþ µ̂þ�Âñu u.

y²: ¯¢þ, N´��

E(µ̂− µ)2 = E
[(
N

N−1∑
i=1

ςi+1

Fi

)/(N−1∑
i=1

1

F 2
i

)]2
= N2

/(N−1∑
i=1

1

F 2
i

)
.

$^g©êÙK$Ä����úªÚ5� (3)��, g©êÙK$Ä���ÝOþ�

Ï"�

E
[(
ξH,N(i+1)/N − ξ

H,N
i/N

)2]
= −22H−1

[( i+ 1

N

)2H
+
( i
N

)2H]
+
( i+ 1

N
+

i

N

)2H
+

1

N2H
.

� 1/2 < H < 1�, keãØ�ª¤á

(2− 22H−1)
( i+ 1

N
− i

N

)2H
6 E

[(
ξH,N(i+1)/N − ξ

H,N
i/N

)2]
6
( i+ 1

N
− i

N

)2H
,

=
2− 22H−1

N2H
6 E

[(
ξH,N(i+1)/N − ξ

H,N
i/N

)2]
6

1

N2H
.

d©z [16]��

F 2
i + E(f2

i ) 6 E
[(
ξH,N(i+1)/N − ξ

H,N
i/N

)2]
6

1

N2H
,

¤±

F 2
i 6

1

N2H
.

l, � N →∞�,

E(µ̂− µ)2 6
1

N2H−1
= 0.

½n�y. y.. �
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§5. ¢y©Û

5.1 ëê¦)

�©æ^�y¤� 2016c 6� 1F� 2016c 11� 28F�Â�d, éëê?1�O.

êâ5uãLÏêâ¥, |Gù|Ç q = 0.06®�½, b� H = 0.75, ^�Akâ�{

é��ëê?1�O. �� µ��O� u = 0.0004, σ��O� σ = 0.02.

5.2 �d�[(J

-Ð©� i = 1, |^ R�óé (14)Ú (16)ª?1?§, ��y¤��¦3 2016c 6

� 1F�Â�d 10 159.93��� St,|^R§Sd St¦� St+∆t,2d St+∆t¦� St+2∆t,

�gaí, �� St+n∆t = ST , Ïd���¦d�lÑ�mS� {St+i∆t, i = 1, 2, . . . , n}, ?
����^�dCÄ�´». ²;� B-S�.�d$Ä�[�æ��Ó��{. ²;�

B-S�.Ú|Gù|�g©êÙK$Ä�.�[��dCÄ�ý¢�dCÄXeã 1¤

«:

0.98

1

1.02

1.04

1.06

1.08

1.1
10
4

ã 1 ²;� B-S�.Ú�©|Gù|��.�[�d´»�ý¢�é'ã

5.3 Ø�©Û

L 1 ��.�Ä��¹ÚO

�¦¢Sd� ²; B-S�.�[d� |Gù|�.�[d�

þ� 10 617.20092 10 541.68897 10 621.87502

��� 11 036.53 10 894.0278 11 082.41101

��� 9 862.58 10 064.85379 10 000.25361

¥ ê 10 714.795 10 785.83715 10 891.585

IO� 248.154954151 318.284445897 235.37507198
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dL��, |Gù|�g©êÙK$Ä�.�[�¦d��þ�!���Ú���,

Ñ'²;� B-S�.�\/�Cý¢�, �Ù�[IO���.

5.4 (Ø

dã 1ÚL 1��, æ^|Gù|�g©êÙK$Ä5�[�¦d��(J'²;�

B-S�.�\/�Cý¢�, �Ù�[Ø���. duÏ�´dºx]��¦ÚÃºx]

�|¤, ¤±Ï��d�CÄÌ��6u�¦d�, é�d�[�O(, KÏ����[�

Ò�O(. Äud, �±`²�©¤JÑ��.'²;� B-S�.U�Ð/�N�¦��

Nr³, ÏÙO�Ï����\�O(.
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Pricing of European Option in Sub-factional Brownian

Motion with Dividend Payments

CHENG ZhiYong1 GUO JingJun1,2 ZHANG YaFang1

(1School of Statistics, Lanzhou University of Finance and Economics, Lanzhou, 730020, China)

(2Reserch Center of Quantitative Analysis of Gansu Economic Development, Lanzhou University

of Finance and Economics, Lanzhou, 730020, China)

Abstract: In this paper, we establish the option pricing model under sub-fractional Brownian motion,

and consider the situation of the continuous dividend payments. Firstly, Wick-Itô integral and partial

differential method are used to get the option price of partial differential equation, and then through

variable substitution into Cauchy problem, we can get the pricing formula of European call option with

dividend-paying in sub-fractional Brownian motion environment. According to the pricing formula of

European call option, the European put option pricing formula is obtained. Moreover, we study the

parameter estimation in the model, and consider the unbiasedness and the strong convergence of the

estimator.

Keywords: sub-fractional Brownian motion; dividend payment; options pricing; parameter estimation
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