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§1. Introduction

We use the following notations. Let X1, X2, . . . or S1, S2, . . . denote a sequence of

random variables defined on a fixed probability space (Ω,F ,P). S0
.
= 0, I(A) is an

indicator function of set A.

The concept of (positively) associated random variables was introduced by Esary et

al. [1].

Definition 1 A finite sequence X1, X2, . . . , Xn is said to be associated if for any

componentwise nondecreasing functions f and g on Rn,

Cov (f(X1, X2, . . . , Xn), g(X1, X2, . . . , Xn)) > 0,

assuming of course that the covariance exists. An infinite sequence {Xn, n > 1} is said to

be associated if every finite sub-family is associated.
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It is easy to see that if {Xn, n > 1} is a sequence of associated random variables, then

the covariance is nonnegative. Let us recall that the sequences of independent random

variables are associated and nondecreasing functions of associated random variables are

also associated.

Hájek and Rényi [2] proved the following important inequality. If {Xi, i > 1} is a

sequence of independent random variables with mean zero and finite second moments,

and {bi, i > 1} is a sequence of positive nondecreasing real numbers, then, for any ε > 0

and any positive integer m 6 n,

P
(

max
m6k6n

∣∣∣ 1

bk

k∑
j=1

Xj

∣∣∣ > ε
)
6 ε−2

( n∑
j=m+1

EX2
j

b2j
+

1

b2m

m∑
j=1

EX2
j

)
.

The inequality was studied by many authors (see [3–6]). Prakasa Rao [7] extended the

Hájek-Rényi inequality to associated random variables. Sung [8] improved the inequality

of [7] and gave some applications for associated random variables. Recently, Hu et al. [9]

improved the result of [8] by using the demimartingale’s method that is different from

Sung’s.

Definition 2 Let S1, S2, . . . be an L1 sequence of random variables. Assume that for

j = 1, 2, . . .,

E((Sj+1 − Sj)f(S1, S2, . . . , Sj)) > 0 (1)

for all componentwise nondecreasing functions f whenever the expectation is defined. Then

{Sj , j > 1} is called a demimartingale. Moreover, if f is assumed to be nonnegative, the

sequence {Sj , j > 1} is called a demisubmartingale.

Newman and Wright [10] showed that the partial sum of sequence of mean zero asso-

ciated random variables is a demimartingale.

It is easily seen that if the function f is not required to be nondecreasing, then (1)

is equivalent to the condition that {Sj , j > 1} is a martingale with the natural choice of

σ-fields. Similarly, if f is assumed to be nonnegative and not necessarily nondecreasing,

then (1) is equivalent to the condition that {Sj , j > 1} is a submartingale with the natural

choice of σ-fields.

Definition 2 is due to [10], [11] extended various results including Chow’s maximal

inequality for (sub)martingales to the case of demi(sub)martingales and obtained a strong

law of large numbers for demimartingales. Hu et al. [9] extended the Hájek-Rényi inequality

to the case of demimartingales and obtained the Hájek-Rényi-type inequality, a strong law

of large numbers and strong growth rate for associated random variables.
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In this paper, we prove a new Hájek-Rényi-type inequality for mean zero associated

random variables, which improves the result of [9]. Using this result, we obtain the

integrability of supremum and strong law of large numbers for associated random variables.

Lemma 3 (cf. [12; Theorem 2.1]) Let {Sn, n > 1} be a demimartingale. Let g be

a nonnegative convex function on R with g(0) = 0 and {cn, n > 1} be a nonincreasing

sequence of positive numbers, define S∗n = max(c1g(S1), c2g(S2), . . . , cng(Sn)) with S∗0 = 0.

Then for ∀ ε > 0,

εP(S∗n > ε) 6
n∑
i=1

ciE[(g(Si)− g(Si−1))I{S∗n > ε}]. (2)

Corollary 4 Let {Sn, n > 1} be a demimartingale. Let g be a nonnegative convex

function on R with g(0) = 0 and {cn, n > 1} be a nonincreasing sequence of positive numbers,

define S∗n = max(c1g(S1), c2g(S2), . . . , cng(Sn)) with S∗0 = 0. Then for ∀ ε > 0,

εP(S∗n > ε) 6 c1Eg(S1) +
n∑
i=2

ciE[g(Si)− g(Si−1)]. (3)

Proof By Lemma 3, we can see that

εP(S∗n > ε) 6
n∑
i=1

ciE[(g(Si)− g(Si−1))I{S∗n > ε}]

=
n−1∑
i=1

(ci − ci+1)E[g(Si)I{S∗n > ε}] + cnE[g(Sn)I{S∗n > ε}]

6
n−1∑
i=1

(ci − ci+1)Eg(Si) + cnEg(Sn)

= c1Eg(S1) +
n∑
i=2

ciE[g(Si)− g(Si−1)]. �

Lemma 5 (cf. [13; Theorem 3.1]) Let {Sn, n > 1} be a demimartingale sequence,

{bn, n > 1} be a nondecreasing unbounded sequence of positive real numbers. Let q > 1/2

and E|Sk|2q <∞ for each k. Assume that

∞∑
k=1

E(|Sk|2q − |Sk−1|2q)
b2qk

<∞, (4)

then

lim
n→∞

Sn
bn

= 0 a.s., (5)

and with the growth rate
Sn
bn

= O
(βn
bn

)
a.s., (6)

where

βn = max
16k6n

bkv
δ/2q
k , ∀ 0 < δ < 1,
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vn =
∞∑
k=n

αk

b2qk
, lim

n→∞

βn
bn

= 0,

αk =
( 2q

2q − 1

)2q
(E|Sk|2q − E|Sk−1|2q), (7)

and

E
(

sup
k>1

∣∣∣Sk
bk

∣∣∣2q) 6 4
( 2q

2q − 1

)2q ∞∑
k=1

E(|Sk|2q − |Sk−1|2q)
b2qk

<∞. (8)

§2. Hájek-Rényi-Type Inequalities

Firstly, we give a Hájek-Rényi-type inequality for demimartingales.

Theorem 6 (Hájek-Rényi-type inequality for demimartingales) Let {Sk, k > 1} be

a demimartingale and {ck, k > 1} be a nonincreasing sequence of positive numbers. Let

ES2
k <∞ for each k, then for every ε > 0 and 1 6 m 6 n,

P
(

max
m6k6n

ck|Sk| > ε
)
6

1

ε2

(
c2
mES

2
m +

n∑
k=m+1

c2
kE(S2

k − S2
k−1)

)
. (9)

Proof Since {Sk, k > 1} is a demimartingale, by the definition of demimartingale,

it is easily seen that {Si, i > n} is also a demimartingale for fixed n. Taking g(x) = x2, so

it is a nonnegative convex function, thus by Corollary 4 we have

P
(

max
m6k6n

ck|Sk| > ε
)

= P
(

max
m6k6n

c2
kS

2
k > ε

2
)

6
1

ε2

(
c2
mES

2
m +

n∑
k=m+1

c2
kE(S2

k − S2
k−1)

)
. �

Theorem 7 (Hájek-Rényi-type inequality for associated sequences) Let {Xn, n >

1} be a sequence of associated random variables with EXn = 0 and EX2
n < ∞, n > 1. Let

{bn, n > 1} be a nondecreasing sequence of positive real numbers. Then, for any ε > 0 and

any positive integer m 6 n,

P
(

max
16k6n

∣∣∣ 1

bk

k∑
j=1

Xj

∣∣∣ > ε) 6 1

ε2

( n∑
j=1

EX2
j

b2j
+ 2

n∑
j=1

Cov (Xj , Sj−1)

b2j

)
, (10)

P
(

max
m6k6n

∣∣∣ 1

bk

k∑
j=1

Xj

∣∣∣ > ε) 6 2

ε2

( 1

b2m

m∑
j=1

Cov (Xj , Sj) +
n∑

j=m+1

Cov (Xj , Sj)

b2j

)
. (11)

Proof Let Sn =
n∑
i=1

Xi, then {Sn, n > 1} is a demimartingale with ESn = 0, n > 1.

If we take cn = 1/bn for n > 1, then for every ε > 0 and 1 6 m 6 n, we have by Theorem

6,

P
(

max
m6k6n

∣∣∣ 1

bk

k∑
j=1

Xj

∣∣∣ > ε) 6 1

ε2

( 1

b2m
ES2

m +
n∑

k=m+1

1

b2k
E(S2

k − S2
k−1)

)
. (12)
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Since

E(S2
k − S2

k−1) = E[(Sk − Sk−1)(Sk + Sk−1)]

= E[Xk(2Sk−1 +Xk)]

= 2E(XkSk−1) + E(X2
k),

then if we take m = 1 in (12), we have

P
(

max
16k6n

∣∣∣ 1

bk

k∑
j=1

Xj

∣∣∣ > ε) 6 1

ε2

(EX2
1

b21
+

n∑
k=2

2E(XkSk−1) + E(X2
k)

b2k

)
6

1

ε2

( n∑
j=1

EX2
j

b2j
+ 2

n∑
j=1

Cov (Xj , Sj−1)

b2j

)
.

Furthermore, we can obtain

P
(

max
m6k6n

∣∣∣ 1

bk

k∑
j=1

Xj

∣∣∣ > ε) 6 1

ε2

(ES2
m

b2m
+

n∑
k=m+1

2E(XkSk−1) + E(X2
k)

b2k

)
6

2

ε2

( 1

b2m

m∑
j=1

Cov (Xj , Sj) +
n∑

j=m+1

Cov (Xj , Sj)

b2j

)
. �

If we take ck = 1 and m = 1 in Theorem 6, then we have the following result.

Corollary 8 Let {Sn, n > 1} be a demimartingale sequence, then for every ε > 0

and n > 1,

P
(

max
16k6n

|Sk| > ε
)
6

1

ε2
ES2

n. (13)

§3. A Strong Law of Large Numbers and a Strong

Growth Rate for Associated Sequences

In this section, we will give the integrability of supremum, a strong law of large

numbers and a strong growth rate for associated sequences by using the results of [13].

Theorem 9 Let {bn, n > 1} be a nondecreasing unbounded sequence of positive real

numbers. Let {Xn, n > 1} be a sequence of mean zero associated random variables satisfying
∞∑
j=1

Cov (Xj , Sj)/b
2
j <∞. Then

E
(

sup
n>1

∣∣∣Sn
bn

∣∣∣r) 6 1 +
2r

2− r
∞∑
j=1

Cov (Xj , Sj)

b2j
<∞, ∀ 0 < r < 2, (14)

E
(

sup
n>1

∣∣∣Sn
bn

∣∣∣2) 6 16
∞∑
j=1

E(S2
j − S2

j−1)

b2j
6 32

∞∑
j=1

Cov (Xj , Sj)

b2j
<∞, (15)
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lim
n→∞

Sn
bn

= 0 a.s., (16)

and with the growth rate
Sn
bn

= O
(βn
bn

)
a.s., (17)

where

βn = max
16k6n

bkv
δ/2
k , ∀ 0 < δ < 1,

vn =
∞∑
k=n

αk
b2k
, lim

n→∞

βn
bn

= 0,

αk = 4E(S2
k − S2

k−1) = 8E(XkSk−1) + 4EX2
k , k > 1. (18)

Proof For ∀ 0 < r < 2 and t > 0, by Theorem 7,

P
(

sup
n>1

∣∣∣Sn
bn

∣∣∣r > t
)
6 lim

N→∞
P
(

max
16n6N

∣∣∣Sn
bn

∣∣∣ > t1/r
)

6 lim
N→∞

1

t2/r

( N∑
j=1

EX2
j

b2j
+ 2

N∑
j=1

Cov (Xj , Sj−1)

b2j

)
6

2

t2/r

∞∑
j=1

Cov (Xj , Sj)

b2j
,

thus

E
(

sup
n>1

∣∣∣Sn
bn

∣∣∣r) =

∫ ∞
0

P
(

sup
n>1

∣∣∣Sn
bn

∣∣∣r > t
)

dt

=

∫ 1

0
P
(

sup
n>1

∣∣∣Sn
bn

∣∣∣r > t
)

dt+

∫ ∞
1

P
(

sup
n>1

∣∣∣Sn
bn

∣∣∣r > t
)

dt

6 1 + 2
∞∑
j=1

Cov (Xj , Sj)

b2j

∫ ∞
1

t−2/rdt

6 1 +
2r

2− r
∞∑
j=1

Cov (Xj , Sj)

b2j
<∞.

Since the partial sum of mean zero associated random variables is a demimartingale, and

∞∑
k=1

E(S2
k − S2

k−1)

b2k
=
∞∑
k=1

E(XkSk−1) + EX2
k

b2k

6 2
∞∑
j=1

Cov (Xj , Sj)

b2j
<∞,

then (15) – (18) follow from lemma 5 (take q = 1). �

Remark 10 For associated sequences, Hu et al. [9] obtained the following result (The-

orem 2.2 in [9]).



No. 2 FENG D. C., et al.: Hájek-Rényi-Type Inequality and Strong Law of Large Numbers 175

Let {Xn, n > 1} be a sequence of associated random variables with EXn = 0 and

EX2
n < ∞, n > 1. Let {bn, n > 1} be a nondecreasing sequence of positive real numbers.

Then, for any ε > 0 and any positive integer m 6 n,

P
(

max
16k6n

∣∣∣ 1

bk

k∑
j=1

Xj

∣∣∣ > ε) 6 2

ε2

( n∑
j=1

EX2
j

b2j
+ 2

n∑
j=1

Cov (Xj , Sj−1)

b2j

)
,

P
(

max
m6k6n

∣∣∣ 1

bk

k∑
j=1

Xj

∣∣∣ > ε) 6 4

ε2

( 1

b2m

m∑
j=1

Cov (Xj , Sj) +
n∑

j=m+1

Cov (Xj , Sj)

b2j

)
.

In Theorem 7 of this article we improve the results as follows: the factors 2, 4 in Theorem

2.2 of [9] are improved to 1, 2, respectively. Under the condition
∞∑
j=1

Cov (Xj , Sj)/b
2
j < ∞,

in [9] the author obtained Sn/bn → 0 a.s. and for 0 < r < 2,

E
(

sup
n>1

∣∣∣Sn
bn

∣∣∣r) 6 1 +
4r

2− r
∞∑
j=1

Cov (Xj , Sj)

b2j
<∞,

(see Theorem 3.1 in [9]). We get a sharper result in Theorem 9 under the same conditions

as that in [9]. Corollary 8 improves the result of Lemma 2.1 in [8].
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