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§1. Ú ó

@3 20­V 90c�, I	ÆöÒm©
éºxd� (Value at Risk, VaR)�ïÄ.

1994c 10� JPMorganÕ1úÙ
 RiskmetricsNX, �XÚ/o(
 VaR�.��n

ÚO��{, ùI�X VaRïÄr�
¤Ù. Jorion [1] @�, 3�~½|^�e, VaR´

�½�½��m«mÚ�&ÝY²eýÏ�����. Hendricks [2] ÏL¢yïÄ, '�


 VaR�O�ëêz�{!{¤�[{Ú�AkÛ�[. DuffieÚ Pan [3] � Jorion [1] é

VaR?1
nã5�?Ø. BouchaudÚ Potters [4]?Ø
XÛ|^7K]�ÅÄ����

A5�{ü/O�E,���5|Ü� VaR. Dowd [5] �éy ½|ÊH�3� “k¸þ

�”©Ù�A:, JÑ
 VaRO��4�nØ±�Ð/A^uT]��ºx©Û. Shukur

ÚMantalos [6] @� VaRU
�Ð^u�âºxN�Ý]9�´�1�. Lütkepohl� [7]

ïÄ
 VaR3��ºx�����]�¥�A^.

CAc, IS	éõÆöé VaR��ë�O�{?1
ïÄ. Gourieroux� [8] Ú\

VaR�O��ëêØ�O. Dowd [9]JÑ^��© ê�� VaR��ëê�O. Parzen [10]

∗I[g,�ÆÄ7�8 (1OÒ: 11261009)!úô���e�ï�8 (1OÒ: Y201534298)!þ°ã²�ÆúôÆ�

�K (1OÒ: 20160212)Úþ°ã²�ÆúôÆ�uÐÄ7 (1OÒ: 20170002)]Ï.
?ÏÕ�ö, E-mail: rongzhiqiang006@163.com.

�© 2017c 4� 24FÂ�, 2017c 8� 7FÂ�?Uv.
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Ú\Äu�Ý� VaR�ëêØ�O Qp. Yang [11] ?Ø
 Qp �ìC��Úþ�Âñ5.

Falk [12] ©Û
 Qp �é��© ê�`³, ù
©zÑ©O'��\/?Ø
Ø�O Qp

��
5�. 
�
Æö3·Ü��S�eé VaR��ë�O?1&?. Yoshihara [13]3

α -·ÜS�e�Ñ VaR��© ê�Ø�O BahadurL«. Bosq [14] 3r·ÜS�e'

��¡�?Ø
�Ý¼êØ�O�r�Ü5ÚìC��5. Wei� [15]�Ñ
3 α -·ÜS

�VaR��5Ø�O� BahadurL«. ��²� [16] ?Ø�ëê�O�¡����5�.

�Z©Ú
� [17] ©Û·Ü©Ù� VaR�ëê�O. ChenÚ Tang [18] ?Ø3 α -·Ü��

S�e VaR©Ù��ëêØ�O ν̂p,h �r�Ü5�, Ó��Ñ VaR©ÙØ�O�þ�Ø

�Ú�`I°. �é ChenÚ Tang [18] �©JÑ� VaR©ÙØ�O, �©$^
õ� [19]

�Ñ�ÝØ�ª��nØóä, ïÄ ρ -·Ü��S�e©ÙØ�O ν̂p,h �þ�Ø�Úþ

�Ø��������`I°.

§2. Ì�¯KÚ(Ø

3�õê�¹e, 7K�mS�¿�Ñ÷vÕá5b�, §�  ´����mS

�. ���, ~�����mS�k α -·Ü!ρ -·Ü!φ -·Ü�. 
 ρ -·Ü´²L!7

K�mS�¥��~��·Ü/ª��. NõÆöé�mS�� ρ -·Ü5?1
ïÄ.

KolmogorovÚ Rozanov [20] JÑ ρ -·Ü�Vg, ¿�Ñ�mS�� ρ -·ÜS��¿©^

�. Peligrad [21]!�W [22] Ú
é÷ [23] ©Oé ρ -·ÜS����Âñ5¯K?1
'�

�\�?Ø, Ó��Ñ
�ÅCþÚ�ÝØ�ª. 
õ� [19] ©O�Ñ ρ -·Ü!φ -·ÜS

��ÝØ�ªÚÙ3£8�¼ê�Oþ�A^. du.Ê.d©Ù (Laplace distribution)

UéÐ£ã7KS�k¸þ�5. Ïd3O��`I°�, /Ï.Ê.d©Ù�Ý¼ê�

OI°L�ª¥��Ý¼ê, ïÄ ρ -·Ü��S�e©ÙØ�O ν̂p,h �þ�Ø�Úþ�

Ø��������`I°. Ïd, �©Oy|^3 ρ -·Ü��S��/e, ïÄ
 VaR

©Ù�Ø�O¿O��Oþ�þ�Ø�Ú�`I°.

2.1 ý��£

½Â 1 � {Xt}nt=1��ÅCþS�, PF k
n := σ(Xi : n 6 i 6 k), L2(F k

n )L«¤k

3F k
n þ²��È��ÅCþ|¤�8Ü. e� n→∞�, k

ρ(n) := sup
k∈N

sup
X∈L2(Fk

1 )Y ∈L2(F∞k+n)

|E(X − EX)(Y − EY )|√
VarXVarY

−→ 0.

K¡ {Xt}nt=1´ ρ -·Ü�.

½Â 2 éî²­�mS�, Ké�½���VÇ p ∈ (0, 1), �ÅCþX ��&Y²
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� 1− p� VaR½Â�

νp = F−1(p) := inf{u : F (u) > 1− p}, (1)

Ù¥ F (u)���Cþ X �©Ù¼ê.

� G(x) =
∫ x
−∞K(u)du, Ù¥K(x)�Ø¼ê, - Gh(x) = G(x |h), ¿�-

F̂n,h(x) =
1

n

n∑
j=1

Gh(x− Yj) (2)

�� F (x)��Oþ, �Ä÷ve¡�§

F̂n,h(x) = p

�) ν̂p,h�� νpØ�Oþ, Ù¥ νpd (1)ª½Â.

2.2 b�^�

�©3÷v±eo�b�^�e, ïÄ ρ -·ÜS� VaR©ÙØ�Ý�O�þ�Ø�!

I°:

(i) {Yt : t > 1}´î²­�´ ρ -·ÜS�, ρ(n) = O(n−λ) (λ > 1), ùp t > 1, Yt kë

Y©Ù¼ê F (x)ÚëY�Ý¼ê f(x).

(ii) f(νp) > 0, p ∈ (0, 1), f(·)3 νp ��� B(νp)¥këY���ê, éu (Y1, Yκ+1),

κ > 1�éÜ©Ù¼ê Fκ, Ù¥�� �ê3B(νp)¥'u κ��k..

(iii) Ø¼êK ´��VÇé¡�Ý¼ê, �K këYk.���ê, ÷v±e^�:∫ +∞

−∞
uK(u)du = 0,

∫ +∞

−∞
u2K(u)du <∞,

∫ +∞

−∞
u3K(u)du <∞,

=K(u)�êÆÏ"� 0, ��k�Ún�Ýk�.

(iv) � n→∞, ²wI° h÷v h→ 0, nh4 ln2 n→ 0, 
� ∃β > 0, nh3−β →∞.

^� (i)�²­5´�mS��Ä��¦; ^� (ii)´oN©Ù�Ä��¦; ^� (iii)

´�yØ1w5���^�; ^� (iv)´�
±e½néI°�äN���Ñ�b�.

2.3 Ì�½n

P

σ2h(p;n) = p(1− p)− 2
n−1∑
κ=1

(
1− κ

n

)
γh(κ),

Ù¥ γh(κ) = Cov {Gh(νp − Y1), Gh(νp − Yκ+1)}.
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½n 3 XJ^� (i) – (iv)¤á, @ok

E(ν̂p,h) = νp −
1

2
h2σ2Kf

′(νp)f
−1(νp) + o(h2), (3)

Var (ν̂p,h) = n−1σ2h(p;n)f−2(νp)− 2n−1hbκf(νp) + o(n−1h+ n−4/3). (4)

l
 ν̂p,h�þ�Ø�

MSE(ν̂p,h) =
1

4
h4σ4K [f ′(νp)f

−1(νp)]
2 − 2n−1hbκf(νp) + n−1σ2h(p;n)f−2(νp)

+ o(n−1h+ n−4/3 + h4)

, g(h) + o(n−1h+ n−4/3 + h4), (5)

Ù¥ bκ =
∫
uK(u)G(u)du, σ2k =

∫
u2K(u)du, σ4k =

∫
u4K(u)du.

½n 4 XJ^� (i) – (iv)¤á, � h���

h =
[ 2bκf

3(νp)

σ4Kf
′ 2(νp)

]1/3
n−1/3 (6)

�, MSE(ν̂p,h)�����, Ù¥����

MSE(ν̂p,h) = n−1σ2h(p;n)f−2(νp)− 3× 2−2/3b4/3κ σ
−4/3
K f2(νp)f

′ −2/3(νp)n
−4/3

+ o(n−4/3). (7)

½n 3¥� (4)Ú (5)ªÑ¹k σ2h(p;n). éuÕá�mS�,
n−1∑
κ=1

γh(κ) = 0¿�X

σ2h(p;n) = p(1− p). XJ���mS��w´Õá�mS�, VaR©ÙØ.�O�ìC�

�Ì�Ü©� n−1p(1− p)f−2(νp)− 2n−1hbκf(νp).

�¼�I° h�äN�,æ^��{,3þª¥�\ f(νp)Ú f ′(νp)��O�.Äk,^

��gSÚOþVaR�O� ν̂p�O νp. Ùg, ÀJ��ëê©Ù��O f Ú f ′. �Ä��

õê7K�mS��¢S©Ùäkk¸þ�A5, 
.Ê.d©Ù (Laplace distribution)

UéÐ£ã7KS�k¸þ�5 [24]. Ïd3O��`I°�, ^.Ê.d©Ù�Ý¼ê�

OI°L�ª¥��Ý¼ê. .Ê.d©Ù��Ý¼ê [25]�

ωα,β(x) =


1

2β
exp

(x− α
β

)
, x 6 α;

1

2β
exp

(α− x
β

)
, x > α,

Ù¥, α´ �ëê, β ´ºÝëê. � α̂!β̂ ´ α!β �ëê�O, K f(νp)Ú f ′(νp)��

O©O� ω
α̂,β̂

(ν̂p)Ú ω′
α̂,β̂

(ν̂p).

� X1, X2, . . . , Xn ´oN LA(α, β)���, �ÏL§�5�O αÚ β. Äkd��

X1, X2, . . . , Xn �ÙgSÚOþ X(1) 6 X(2) 6 · · · 6 X(n), e n �Ûê, ^ X((n+1)/2)
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�� α��O; e n�óê, K�^ X(n/2) � X((n+1)/2) �m�?Û��ê�� α��

O, Ï~^ α̂ = 2−1[X(n/2) + X((n+1)/2)] �� α ��O. e α ®�, K β ��O´ β̂ =

n−1
n∑
j=1
|Xj − α|; e α��, K β̂ = n−1

n∑
j=1
|Xj − α̂|.

§3. ê��[�¢y©Û

3.1 ê��[

e¡, ÏLé·ÜS��.?1�Å�[5�y VaR©ÙØ�O���(J'gSÚ

Oþ�{�Ð. �Å�[��.Xe:

d©êÙK$Ä�½Â�: BH(t+ 1) = BH(t) + εt, εt ∼ N(0, 1), Ù¥ H = 0.6.

éuVaRnØ�.Ú�ë�Oþ,�Ä�OVÇY²� 0.01� 0.05,��Nþ� 100!

200!500!1 000, O� VaR�ý¢�!gSÚOþ�O� q̂(p)Ú©ÙØ�O� ν̂p,h. 3O

� VaR©ÙØ�Oþ�, æ^IO��Ø¼ê

K(u) =
1√
2π

exp−u
2/2,

I° h�äN��^c¡J�����{O�. dþ¡�.�)���þl 100� 1 000,

O�ÑØÓVÇY²� VaR�O�, �[ 1 000gO�²þ����ª��O�.

d©êÙK$Ä�.�[ 1 000g¤���êâ, Ó�O�Ñ VaR©ÙØ�O�Ú

gSÚOþ�O�. �
��*!�Ù�'���, ò¤��êâ(J�ã. Xã 1, Ù¥

�ë� tVaR� VaR�ý¢�, (ÒJ� kVaR� VaR©ÙØ�O�, n�ë� sVaR�

VaR�gSÚOþ�O�. dã 1�±w�:

1) 3Ó���ÚØ�Ó�VÇ pe, VaR©ÙØ�O��gSÚOþ�O�Ñ$uý

¢��, 
gSÚOþ�O��$uý¢��, ù`² VaR©ÙØ�O�gSÚO

þ�O�NþÑ´$�
ý¢�, 
gSÚOþ�$�
ý¢�.

2) 3ØÓ��ÚØÓ�VÇ pe, �X��NþÅìO�, VaR©ÙØ�O�!gSÚ

Oþ�O��ý¢���5��C. � VaR©ÙØ�O���Cý¢��, ù�*

�`² VaR©ÙØ�O�O(.

3) lã�±w�, ���� 500Ú 1 000�, VaR©ÙØ�O�A��ý¢��­Ü3

�å. ù`²��Nþ���½§Ý�, VaR©ÙØ�O��ý¢��~�C, �O

�J�Ð.

3.2 ¢y©Û

�â VaR©ÙØ�OnØ, À��m� 2007c 9� 7F – 2017c 3� 30F�þy A

��êÚ�y B��ê�FÂ�d, dFÂ�d�±O�FéêÂÃÇ, ÏLe¡úªO
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ã1 ©êÙK$Ä VaR�O��ý��'�

���:

Rt = ln(Pt)− ln(Pt−1),

Ù¥ RtL«FéêÂÃÇ, PtL«1 tF�Â�d, Pt−1L«1 t− 1F�Â�d.

�âO����FéêÂÃÇS�ã�wÑ, FéêÂÃÇÑ3"�þeÅÄ, �Å

Ä'�²­, =ü«FéêÂÃÇS�äk²­5. þy A��êFéêÂÃÇ�ÅÄ5

'�y B��êFéêÂÃÇÅÄ5�. ^ ARMA�.©Oéþy A��êÚ�y B�

�êFéêÂÃÇS�?1[Ü, æ^4�q,�O�ëêu�XL 1.

dL 1�±w�ü��.�ëêu�þwÍ, `²[Ü�.k�. d	, ü��.�X

êýé�Ñ�u 1. duÙXêýé��u 1� ARMA(1, 1)L§�)�S�´ ρ -·ÜS
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L 1 þy A��êÚ�y B��êFéêÂÃÇ[Ü�.ëêu�

�ê�. φ1�u� θ1�u�

tÚOþ p� tÚOþ p�

þy A��FéêÂÃÇ[Ü�. -5.65 < 0.0001 -6.10 < 0.0001

�y B��FéêÂÃÇ[Ü�. 29.45 < 0.0001 23.12 < 0.0001

�. Ïd@�þy A��êÚ�y B��êFéêÂÃÇS�´ ρ -·ÜS�. éü«�

ê�FéêÂÃÇ?1ÐÚ©Û, Ä��£ãÚOþ(JXL 2.

L 2 þy A�êÚ�y B�ê�FéêÂÃÇÄ�ÚOA� (n = 2 323)

�ê þ� �� IO�  Ý ¸Ý Shapiro-Wilku� p�

þy A� -0.00021 0.00030 0.0174 -0.5334 4.0211 0.9343 < 2.2e-16

�y B� 0.00002 0.00038 0.0195 -0.4804 3.6053 0.9485 < 2.2e-16

dL 2ØJwÑ, ü«FéêÂÃÇÑ3":NCþ}. þy A�êFéêÂÃÇ�

���u�y B�ê�FéêÂÃÇ���, `²þy A�êFéêÂÃÇ���éu�

y B�ê�FéêÂÃÇ
ó�8¥3þ�±�, =ÅÄ5��, l
d3�ºx���.

l Ý�'��±wÑ, ü«�ê� Ý��u��C", ù`²§��FéêÂÃÇ©

Ù�é��©Ù
ók���� . l¸Ý�5w, ü«�ê�¸Ý��u��©Ù�¸

Ý� 3, ù`²ü«�ê�FéêÂÃÇS�©ÙÑäk;.k¸þ��A�, ¿�X½|

ku)É~ÅÄ, Û¹X�½äk���ºx. l Shapiro-Wilku�5w, ü«�ê�F

éêÂÃÇéA� p�Ñ��u", ù`²ü«�ê�FéêÂÃÇ�©ÙÑØÑl��

©Ù.

d	, �ã 2, düS���Ý¼êãÚ Q-QãU�*�w�, FéêÂÃÇS�Ñä

kk¸A5. ÙéA�S� Q-Qã�´­�
���, þe�Üî­ l��, ù`²ü

S�äkþ�A5. d±þ©Û, �@�ùüS�ÑØ´5g��©Ù�oN.

dd, §��©ÙÑ¥yk¸þ��A�. Ïd, b�þy A�êÚ�y B�ê�F

éêÂÃÇS�ÑÑl.Ê.d©Ù, 
Ø´��©Ù. �
�äb�©Ù´ÄÜn, I�

|^FéêÂÃÇêâ?1��Ö −χ2 u�, ��4�q,�Ou�(J�L 3. l[Ü

�J5w, �±�Éþy A�êÚ�y B�ê�FéêÂÃÇS�Ñl.Ê.d©Ù.

l±þ©Û, �@�ü«�ê�FéêÂÃÇS�ØÑl��©Ù, Ñl.Ê.d

©Ù, �Ä^©¥�½��{�O§�� VaR �. �â (6) ªI°�ÀJ, �&Y²�

99% – 95%. L 4�Ñ
3ØÓ�&Y²e� VaRÚ�A�I°.

lL 4¥�±wÑ, 3�&Y²� 99% – 95%e, I°�X�&Y²ü$
C�. þy
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ã2 þy A�êÚ�y B�ê�FéêÂÃÇ�Ý¼êã9éA Q-Qã

L 3 FéêÂÃÇ©Ù[Üu�Ú©Ùëê�O

�ê ©Ù[Üu� ëê�O

u�ÚOþ Laplace©Ù α̂ β̂

þy A� 24.45544 �É 0.000319 0.011821

�y B� 25.02797 �É 0.000387 0.011996

L 4 þy A�ê!�y B�ê3ØÓ�&Y²e� VaRÚ�AI°

p 0.01 0.02 0.03 0.04 0.05

VaR (A) 0.046142 0.039826 0.035505 0.031901 0.029805

I° (hA) 0.000717 0.000849 0.000970 0.001081 0.001138

VaR (B) 0.050918 0.048819 0.048583 0.048028 0.047577

I° (hB) 0.015445 0.017288 0.018892 0.021287 0.022722



1 2Ï ��², �: ·ÜS�� VaR©ÙØ�O9ÙA^ 209

A�ê� VaR�O�'�y B�ê VaR�O���, ù`²Ý]�y B�ê�ºx'þ

y A�ê�ºx�.

N ¹

½n 3�y²: (i) �â®�b��±��

ν̂p,h = νp +
p− F̂n,h(νp)

f(νp)
+ o(n−5/6) a.s..

P A1 = (p− F̂n,h(νp))/f(νp), A2 = o(n−5/6), K

E(ν̂p,h) = νp + E(A1) + E(A2)

= νp + f−1(νp)E[p− F̂n,h(νp)] + o(n−5/6)

= νp + f−1(νp)E
[
p− 1

n

n∑
j=1

Gh(νp − Yj)
]

+ o(n−5/6)

= νp + f−1(νp)E[p−Gh(νp − Y1)] + o(n−5/6)

= νp −
1

2
h2σ2Kf

′(νp)f
−1(νp) + o(h2).

(ii) d SchwarzØ�ª, �±��

Cov (A1, A2) = E(A1 − EA1)(A2 − EA2)

6 (E|A1 − EA1|2)1/2(E|A2 − EA2|2)1/2

=
√
Var (A1)

√
Var (A2).

�â®�^�, �±��

Var (ν̂p,h) = Var (A1) + Var (A2) + 2Cov (A1, A2)

= Var
[p− F̂n,h(νp)

f(νp)

]
+ Var (εn−5/6) + 2Cov (A1, A2)

= n−1σ2h(p;n)f−2(νp)− 2n−1hbκf(νp) + o(n−1h)

+ ε2(n−5/6)2 + o(n−4/3)

= n−1σ2h(p;n)f−2(νp)− 2n−1hbκf(νp) + o(n−1h+ n−4/3).

(iii) d (i)Ú (ii)�±�� ν̂p,h�þ�Ø�

MSE(ν̂p,h) = Var (ν̂p,h) + [E(ν̂p,h − νp)]2

= n−1σ2h(p;n)f−2(νp)− 2n−1hbκf(νp) + o(n−1h+ n−4/3)
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+
[
− 1

2
h2σ2Kf

′(νp)f
−1(νp) + o(h2)

]2
= n−1σ2h(p;n)f−2(νp)− 2n−1hbκf(νp) + o(n−1h+ n−4/3)

+
1

4
h4σ4Kf

′ 2(νp)f
−2(νp) + o(h4)

=
1

4
h4σ4K [f ′(νp)f

−1(νp)]
2 − 2n−1hbκf(νp)

+ n−1σ2h(p;n)f−2(νp) + o(n−1h+ n−4/3 + h4). �

½n 4 �y²: P a = 4−1σ4K [f ′(νp)f
−1(νp)]

2, b = 2n−1bκf(νp), c = n−1σ2h(p;n)

·f−2(νp), Kd (5)ª��MSE(ν̂p,h)�Ì�Ü©

g(h) = ah4 − bh+ c. (8)

e¡¦ g(h)3 (0,∞)¥����:, é (8)¦��

g′(h) = 4ah3 − b. (9)

- g′(h) = 0, � h = [b/(4a)]1/3. q g′′(h) > 0, � g(h)3 h = [b/(4a)]1/3?�����. ?

�Ú, ò a!b�\ h�� (6)ª. ,	, ò (6)ª�\ (8), �MSE(ν̂p,h)�Ì�Ü© g(h)

�����

g(h) =
1

4
σ4K [f ′(νp)f

−1(νp)]
2
[ 2bκf

3(νp)

σ4Kf
′ 2(νp)

]4/3
n−4/3

− 2n−1bκf(νp)
[ 2bκf

3(νp)

σ4Kf
′ 2(νp)

]1/3
n−1/3 + n−1σ2h(p;n)f−2(νp)

= n−1σ2h(p;n)f−2(νp)− 3× 2−2/3b4/3κ σ
−4/3
K f2(νp)f

′ −2/3(νp)n
−4/3. (10)


� h�� (6)ª�, h = O(n−1/3), n−1h = O(n−4/3), �

o(n−1h+ n−4/3 + h4) = o(n−4/3). (11)

nÜ (5)!(10)Ú (11)ª��

MSE(ν̂p,h) = g(h) + o(n−1h+ h4)

= n−1σ2h(p;n)f−2(νp)− 3× 2−2/3b4/3κ σ
−4/3
K f2(νp)f

′ −2/3(νp)n
−4/3 + o(n−4/3).

y.. �
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Distribution Kernel Estimator of VaR and Its Applications

for Mixing Sequences

HU ZhiMing1 XI Huan1 WANG LiMing1,2 HUANG MingHui3

(1Department of Statistics, Shanghai University of Finance and Economics Zhejiang College, Jinhua,

321013, China)

(2School of Statistics and Management, Shanghai University of Finance and Economics, Shanghai,

200433, China)

(3Postal Savings Bank of China Nanning Branch, Nanning, 530022, China)

Abstract: In the situation of ρ-mixing dependent sequences, this paper studied the mean square error

and the optimal bandwidth of distribution kernel estimator ν̂p,h of VaR. And the optimal bandwidth

minimized the mean square error. The density function of Laplace distribution is used in the calculation

of bandwidth and we adopt the method of interpolation to compute specific value of bandwidth in this

paper. According to the numerical simulations, the distribution kernel estimator is more accurate by

comparing the performance of VaR distribution kernel estimation with a common order statistic. Finally,

Shangzheng A-share index and Shenzheng B-share index are chosen for an empirical research, which

concludes that the risk of the latter is significantly higher than that of the former.

Keywords: kernel estimation; mixing sequences; Value at Risk; bandwidth
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