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§1. Ú ó

d"4�Æ�ÇMyron ScholesÚ Fischer Black3 1973cJÑ
Xe� B-S�.5

£ã7K½|:

dB(t) = rB(t)dt, dS(t) = S(t)[µdt+ σdW (t)],

Ù¥ {B(t), t > 0}´Ãºx]�, r > 0�Ãºx|Ç; S(t)´ºx]�, Ù¥ µÚ σ > 0

�~ê, ©O´ºx]��²þÂÃÇÚÅÄÇ, W (t)´��IOÙK$Ä. B-S�.g

¯±5, k�~õ�ÆöïÄÄu B-S�.�Ý]üÑÀJ¯K. 'X: ©z [1–4]. du

B-S�.¥��ëêÑ´~ê, ¢S¥§�Ø�½´~ê, ÏdkéõÆöé B-S�.

?1
�õÚí2. 'X: Vasicek�.!Heston�.!CEV�.!Ornstein-Uhlenbec�

.�.

duÉ��?�ü!ÏÀ)ä��
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 Vasicek�.e��`Ý

]¯K. ïÄ8I´: ¦�Ý]üÑ, ��zªàãL�Ï"�^. 3�ê�^Ú��^e,

¦�
�`Ý]üÑÚ�¼ê�wª). ©z [6–8]�ïÄ
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�©3�P7Ý]¯K¥ïÄ
 Vasicek�.. �P�x´�¬�x�Ý��|

¤Ü©, ´<�'%���9:¯K. �P7OyÌ�kü«�ª, (½�¤Oy (DC,

defined contribution plans)Ú(½�GOy (DB, defined benefit plans). du]�½|�

uÐ, DC.�P73�¬�æNX¥�üX�5����Ú, �5�õ�I[l DB.

�P7=� DC.�P7. Cc5, k�5�õ�ÆöïÄ DC.�P7��`Ý]¯K.

©z [9]ïÄ
 CEV�.e DC.�P7��`Ý]¯K. ïÄ8I´¼�¦ª�ãL�

Ï"�^��z��`Ý]üÑ. A^�Å���óä3�ê�^!��^e��
�`

Ý]üÑ9�¼ê�wª). ©z [10]ïÄ
 O-U�.e DC.�P7��`Ý], 3�

�^¼êe¦�
�`üÑ. ©z [11]3þ� –��OKeïÄ
 DC.�P7��`Ý

]¯K. ¦^�Å���nØ��
�`Ý]üÑÚk�>.. ,	�kNõÆöïÄa

q�¯K, ùpØ2���Þ.

þã©z3ïÄ�P7�`Ý]�, �lÝ]ö��ÝÑu, ¼��`Ý]üÑ, �

�vk�Ä7K½|éÝ]ö�K�. ·���, 3¢S¥, Ý]ö�½¬É�7K½|Ø

(½5Ï��K�, ÏdlÝ]öÚ7K½|ü��ÝÓ��Äâ�ÎÜ¢S. ùÒ´�

Å�©Æ�¯K. ®kéõÆöïÄ, Äu�^��Å�©Æ�. X©z [12]3a –*Ñ7

K½|¥, |^�Å�©Æ�ØïÄ
ºx��z�Ý]|ÜüÑ¯K. ©z [13]|^�

Å�©Æ�ØïÄ
MarkovN��.e�Ï���¯K. ©z [14]ïÄ
ü�äk�'

�ØÓÝ]Å¬�Ý]ö�mÄu�Å�©Æ���`Ý]¯K. ©z [15]ïÄ
�xú

iÚ7K½|�m��Å�©Æ�. ©z [16]3�P7Ý]¯K¥, Ú\�P7OyÝ]

öÚ7K½|�m�Æ�, 3Ï"�^Úþ� –��¯K¥Ñ¦�
�`üÑÚ�¼ê�

wª).

Äuþã©z�ó�, �©ïÄ
 Vasicek�.e DC.�P7�"Ú�Å�©Æ�

¯K. Æ��V�´�P7OyÝ]öÚ7K½|, 7K½|´Æ�� “J[”éÃ. �P

7OyÝ]öÀJ��Ý]üÑ��zª���ãL�Ï"�^; 7K½|ÀJ��V

ÇÿÝ¤�L�²L “�¸”��z�P7OyÝ]öª���ãL�Ï"�^; ¦��

m�Æ�´"Ú�. ÏLæ^�5�g���nØ, 3��^e��
�`�Ý]üÑ!

�`½|üÑÚ�¼ê�wª). ��, ÏLê�O�)º
�
ëêé�`üÑ�K�.

�®k©z�', �©�M#:�:

1. ��P7Ý]�® ïÄ, 'X©z [9]![10]![11]�', ?1Ý]�, �Ä
�P7

OyÝ]öÚ7K½|�m��pK�, Ø´�l�P7OyÝ]ö���Ä.

2. ��`Ý]�® ïÄ, 'X©z [1]![2]![5]�', ¯K�¦)Ø2´�E�¼ê÷

v� HJB�§; ´ÏL�¼ê÷v�>.^�ßÑ)�/ª, éÙ¦^ Itôúª.

3. �©z [16]�', Ãºx]��|ÇØ´~ê, ´�ÅÇ, ÷v Vasicek�..
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§2. �.�½

2.1 ãLL§

�Ä��7K½|, dü�7K]�|¤, Ù¥��´Ãºx]� (X: Å !Õ1

�±�), ,���ºx]� (�¦). Ãºx]��� t �d� {B(t), t > 0} ÷v�§
dB(t) = r(t)B(t)dt, Ù¥ r(t)´ t���]m|Ç, ÷v Vasicek�.

dr(t) = [δ − αr(t)]dt+ βdW1(t),

Ù¥ δ, α, β´�~ê, {W1(t) | t > 0}´�IOÙK$Ä. ºx]�3�� t�d� S(t)÷

v��Å�©�§�

dS(t) = S(t)[µdt+ σdW2(t)],

Ù¥ µ, σ > 0�~ê, ©O´ºx]��²þÂÃÇÚÅÄÇ, {W2(t) | t > 0}´IOÙK
$Ä, W1(t)ÚW2(t)��'Xê� ρ, = 〈W1(t),W2(t)〉 = ρt.

�©ïÄ DC.�P7��Å�©Æ�¯K, �P7#N3þã7K½|þÝ]. �

π(t)´Ý]�ºx]�þ�]7, �ÄÝ]�ãLL§� X(t, π), K3Ãºx]�þÝ]

�]7� X(t, π) − π(t). b�~ê c��¤Ç, Ø���5b��P7Oy�k�<. K

ò>c�ÄÝ]�ãLL§ X(t, π)÷ve¡��Å�©�§

dX(t, π) = [r(t)X(t, π) + π(t)(µ− r(t)) + c]dt+ σπ(t)dW2(t). (1)

2.2 �Å�©Æ�¯K

� Ft´dÙK$ÄW1(t)ÚW2(t))¤�mëY!���g,6, éA���VÇ�

m� (Ω, Ft,P), P��VÇÿÝ.

½Â 1 ��üÑ π(·)¡��1�, XJ π(·)'u6 Ft ´���, �éuz� t > 0

L§ π(·)÷v^�:

(i) é¤k� T < +∞k
∫ T

0 [π(t)]2dt < +∞;

(ii) �Å�©�§ (1)éu {π(t), t > 0}k���r).

¤k�1�üÑP� Π.

� {θ(t) | t > 0}´½Â3 (Ω, Ft,P)þ¢��!÷ve�^���ÅL§:

(i) {θ(t) | t > 0}´ FtÌS�ÿ�;

(ii) éA�¤k� (t, ω) ∈ [0,+∞]× Ωk θ(t) := θ(t, ω) < 1;

(iii) E[
∫ T

0 [π(t)]2dt] < +∞.
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é÷vþã^���N θP� Θ.

éz� {θ(t) | t > 0} ∈ Θ, ½Â{Zθ(t) | t > 0}Xe

Zθ(t) = exp
{
−
∫ t

0
θ(s)dW1(s)−

∫ t

0
θ(s)dW2(s)−

∫ t

0
θ2(s)dW (s)

}
,

Kk

dZθ(t) = −Zθ(t)θ(t)[W1(t) +W2(t)]. (2)

Ïd Zθ(t)´ {Ft,P}þ�ÛÜ�, b� {θ(t) | t > 0}´P -A�??k.�, ¤± Zθ(t)

´ {Ft,P}þ��, KE(Zθ(T )) = E(Zθ(0)) = 1. ½Â(dPθ/dP)|F (T ) = Zθ(T ), Kéz�

θ ∈ Θ, k
��#�VÇÿÝ Pθ.

� u���^¼ê, u′ > 0, u′′ < 0, = u´î�4O�à¼ê. éz�Ý]üÑ π(·),
½Â�P7OyÝ]ö�ª�ãL3 Pθ e�Ï"�^�

V π,θ(t, x) = Eθ[u(X(T, π)) |X(t, π) = x, r(t) = r],

Ù¥ Eθ ´3VÇÿÝ Pθ e�Ï".

�P7OyÝ]ö�½|�m��Å�©Æ�, b��P7OyÝ]ö´Æ��Ì�

ö. 8I´: �P7OyÝ]öÀJ��Ý]üÑ��zª���ãL�Ï"�^; 7

K½|ÀJ��VÇÿÝ Pθ ¤�L�²L�¸ θ��z�P7OyÝ]öª���ãL

�Ï"�^. =

V (t, x) = sup
π∈Π

inf
θ∈Θ

V π,θ(t, x) = V π∗,θ∗(t, x), (3)

Ù¥ π∗, θ∗ ��`üÑ. T¯K´�P7OyÝ]ö�½|�m�"Ú�Å�©Æ�¯K,

)ûT¯KÒ�é��`üÑ π∗, θ∗Ú�A�¼ê V (t, x). ·�ò3e�!¦)T¯K.

§3. �`üÑ��¼ê

�P7Ý]´���ÏÝ], �©@��P7+nö½Oy±k<¬�5O�5

�`Ý]|Ü. 'uãLO�, 3�Ï�¹e, ��^¼ê`uÙ§��^¼ê, X©z

[9]! [10] �ÑïÄ
��^¼êe��P7�`Ý]¯K. ��^¼ê� u(x) = xp/p

(0 < p < 1), e¡3T�^¼êe¦)Ý]öÚ7K½|�m�"Ú�©Æ�¯K.

Ún 2 h(t), f(t)©O÷ve¡�~�©�§

h′(t)− rh(t) + c = 0, h(T ) = 0, (4)

ft + (δ − αr)fr +
1

2
β2frr + rpf +

(p− 1

2p
− ρ
)
β2 f

2
r

f
− β(µ− r)

σ
fr = 0, f(T, r) = 1,

(5)
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K

h(t) =
c[1− e−r(T−t)]

r
, (6)

f(t, r) = A(t)eB(t)r, (7)

Ù¥

A(t) = exp
{[p(δα− µβ)

σα− σ
+

(2pρ+ 2p− 1)pσ2β2

2(σα− β)2

]
(T − t)

+
(2pρ+ 2p− 1)pσ3β2

4(σα− β)3
[1− e−2(α−β/σ)(T−t)]

−
[p(δσ2 − µβσ)

(σα− β)2
+

(2pρ+ 2p− 1)pσ3β2

(σα− β)3

]
[1− e−(α−β/σ)(T−t)]

}
, (8)

B(t) =
p

α− β/σ
[1− e−(α−β/σ)(T−t)]. (9)

y²: )~�©�§ (4)=��� (6), ¦)L§Ñ. e¡)�§ (5). �§ (5)´��

5 �©�§,¦)å5'�(J,·�É©z [1]![2]�éu,�)�/ª� f(t, r) = A(t)

· eB(t)r, r§�\�§ (5), z{���

rA(t)
[
B′(t) +

(β
σ
− α

)
B(t) + p

]
+A′(t)

+A(t)
[(
δ − βµ

σ

)
B(t) +

(2pρ+ 2p− 1)β2

2p
B2(t)

]
= 0.

Klþ¡��©�§´��

B′(t) +
(β
σ
− α

)
B(t) + p = 0, (10)

A′(t) +A(t)
[(
δ − βµ

σ

)
B(t) +

(2pρ+ 2p− 1)β2

2p
B2(t)

]
= 0. (11)

þã (10)ª�~�©�§, ��¦)�� (9)ª; (9)ª�\ (11)ª, K (11)ªC�~�©

�§, ��¦)�� (8)ª. ù�Ún�y. �

½n 3 �Å�©Æ�¯K (3)��`Ý]üÑ�

π∗(t) = −β(x+ h(t))

σα− β
[1− e−(α−β/σ)(T−t)], (12)

½|��`üÑ�

θ∗(t) =
µ− r
σ

+
σp

σα− β

[
pβ − β(p− 1)

p

]
[1− e−(α−β/σ)(T−t)], (13)

�¼ê�

V (t, x) = f(t, r)
(x+ h(t))p

p
, (14)

h(t), f(t, r)©O÷v (6)!(7).
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y²: - π(·), θ(·)´?¿ü��1�üÑ, X(t, π)÷v (1)���L§, é f(t, r)[(x

+h(t))p/p]zθ A^ Itôúª, (Ü (11)ªÚ (12)ªk

d
[
f(t, r)

[X(t, π) + h(t)]p

p
Zθ(t)

]
=
Zθ(t)

p

{
[X(t, π) + h(t)]p

[
ft + (δ − αr)fr +

1

2
β2frr

]
+ f

[
ph′(t)(X(t, π) + h(t))p−1

+ p(rX(t, π) + π(t)(µ− r) + c)(X(t, π) + h(t))p−1 +
1

2
p(p− 1)σ2π2(t)(X(t, π)

+ h(t))p−2
]
− βθ(t)fr(X(t, π) + h(t))p − fpσθ(t)π(t)(X(t, π) + h(t))p−1

+ ρpβσπ(t)fr(X(t, π) + h(t))p−1
}

dt+ {· · · }dW1(t) + {· · · }dW2(t)

=
Zθ(t)

p

{[
ft + (δ − αr)fr +

1

2
β2frr + rpf +

(p− 1

2p
− ρ
)
β2 f

2
r

f
− β(µ− r)

σ
fr

]
× [X(t, π) + h(t)]p + [h′(t)− rh(t) + c]pf [X(t, π) + h(t)]p−1

+
1

2
p(p− 1)σ2[X(t, π) + h(t)]p−2

[
π(t)− X(t, π) + h(t)

p− 1

( θ
σ
− µ− r

σ2
− ρβ

σ

fr
f

)]2

− 1

2

pf

p− 1
[X(t, π) + h(t)]p

[
θ(t) +

µ− r
σ
−
(
ρβ − β(p− 1)

p

)fr
f

]2}
dt

+ {· · · }dW1(t) + {· · · }dW2(t)

=
Zθ(t)

p

{1

2
p(p− 1)σ2[X(t, π) + h(t)]p−2[π(t)− π∗(t)]2

− 1

2

pf

p− 1
[X(t, π) + h(t)]p[θ(t)− θ∗(t)]2

}
dt+ {· · · }dW1(t) + {· · · }dW2(t),

Ù¥ π∗(t), θ∗(t)©O÷v (12)ªÚ (13)ª, l t� T È©, 3 Zθ(t) = z, X(t, π) = x�

^�e3VÇÿÝ Pθ e�^�Ï", A^ BeyesOK, ��

V π,θ(t, x)

= f(t, r)
[x+ h(t)]p

p
+

1

z
E

∫ T

t

{Zθ(s)
p

{1

2
p(p− 1)σ2[X(t, π) + h(t)]p−2[π(t)− π∗(t)]2

− 1

2

pf

p− 1
[X(t, π) + h(t)]p[θ(t)− θ∗(t)]2

}}
dt.

¤±¯K�y. �

§4. �~©Û

þ�!¦Ñ
�`Ý]üÑ!�`½|üÑ, �!ÏL�
~f, ©Û�
ëêé�

`Ý]üÑ!�`½|üÑ�K�; ¿©ÛïÄ(J3²Lþ��
¿Â9y¢¥���

¿Â.
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~ 4 β = 0.09, µ = 0.05, σ = 0.15, ρ = 0.3, x = 100, t = 0, T = 1, 3, 5, 7, r(0) =

r = 0.05, c = 1, p = −1, α ∈ [0.02, 0.06]. ã 1�Ñ
 αÚ T é�`Ý]üÑ π∗(t)�K

�, ã 2�Ñ
 αÚ T é�`½|üÑ θ∗(t)�K�.

α

0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.06

π
*

-1200

-1000

-800

-600

-400

-200

0

T=1

T=3

T=5

T=7

ã 1 αÚ T é�`Ý]üÑ π∗(t)�K�

α

0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.06

θ
*

0

0.5

1

1.5

2

2.5

3

3.5

T=1

T=3

T=5

T=7

ã 2 αÚ T é�`Ý]üÑ θ∗(t)�K�

(J9²L¿Â©Û:

1) lã 1�±wÑ�`Ý]üÑ π∗ 'u α4O, 'u T 4~; lã 2�±wÑ�`½

|üÑ θ∗'u α4~, 'u T 4~.

2) �©ïÄ�´�P7OyÝ]öÚ7K½|�m�"Ú�Å�©Æ�, ¤± αÚ T

éÝ]üÑÚ½|üÑ�K���.

3) �ëê αO\�, |ÇÏ"�4~; ù�, Ý]ö�
O\ÂÃò�õ]7Ý]u

ºx]�. Ïd, �`Ý]üÑ π∗'u α4O.

4) � T O��, Ý]±Ï��XO�, Ý]öIÅÚü$3ºx]�þ�Ý]êþ.

5) ÏLù�~f, ·��Ñ:

(i) 3y¢²L¹Ä¥, |ÇÏ"�~���r�õ�]7	ïºx]�.

(ii) 3y¢²L¹Ä¥, Ý]ö3Ý]ÐÏ'��Å, o´ò���]7Ý]uºx

]�, ,�ÅÚ/'��¿«úºx, ÅÚO�ºx]�þ�Ý]êþ, ��C

Ý]±Ï, Ý]uºx]�þ�]7êþÒ�õ.

~ 5 α = 0.02, µ = 0.05, σ = 0.15, ρ = 0.3, x = 100, t = 0, T = 1, r(0) = r = 0.05,

c = 1, p = −1, β ∈ [0.05, 0.09]. ã 3�Ñ
 β Ú T é�`Ý]üÑ π∗(t)�K�, ã 4�

Ñ
 β Ú T é�`½|üÑθ∗(t)�K�.

(J9²L¿Â©Û:

1) lã 3�±wÑ�`Ý]üÑ π∗ 'u β 4~; lã 4�±wÑ�`½|üÑ θ'u

β 4O.

2) �©ïÄ�´�P7OyÝ]öÚ7K½|�m�"Ú�Å�©Æ�, ¤± β éÝ

]üÑÚ½|üÑ�K���.
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β

0.05 0.055 0.06 0.065 0.07 0.075 0.08 0.085 0.09

π
*

-85

-80

-75

-70

-65

-60

-55

-50

-45

-40

-35

ã 3 β é�`Ý]üÑ π∗(t)�K�

β

0.05 0.055 0.06 0.065 0.07 0.075 0.08 0.085 0.09

θ
*

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

ã 4 β é�`½|üÑ θ∗(t)�K�

3) �ëê β O\�, |ÇÏ"�O\; ù�, Ý]ö�
O\ÂÃò�õ]7Ý]u

Ãºx]�. Ïd, �`Ý]üÑ π∗'u β 4~.

4) ÏLù�~f, ·��Ñ: 3y¢²L¹Ä¥, |ÇÏ"�O\��r�õ�]7	

Ãºx]�.

§5. o (

�©3|Ç÷v Vasicek�.e, ïÄ
 DC.�P7��`Ý]. ©Ù�Ä
Ý]ö

Ú7K½|�mÄu�^�"Ú�Å�©Æ�, =: Ý]öÀJ��üÑ��zª���

ãL�Ï"�^; 7K½|��Æ�� “J[Ã”, ÀJ��VÇÿÝ¤�L�²L�¸,

��zÝ]öª���ãL�Ï"�^. 3��^¼êe, A^�Å��nØ¦��`Ý

]üÑ!�`½|üÑÚ�¼ê�wª). ¿ÏLê�O�, ?�Ú)º
©Ù¤�(J.

ÏL�©�ïÄ, 3?1�P7Ý]�äk±e��¿Â:

1. 3|ÇCz�, |ÇÏ"�~���r�õ�]7	ïºx]�; ��, r�õ�]

7	ïÃºx]�.

2. �P7Ý]ö3Ý]ÐÏò�õ�]7Ý]�Ãºx]�; �CÝ]±Ï�, ò�õ

�]7Ý]uºx]�.
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Stochastic Differential Game for DC Pension under

Stochastic Interest Rate

YANG Peng

(School of Science, Xijing University, Xi’an, 710123, China)

(School of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an, 710049, China)

Abstract: This paper investigate a stochastic differential games for DC (defined contribution plans)

pension under Vasicek stochastic interest rate. The finance market as the hypothetical counterpart, the

investor as pension the leader of game. Our goal is through the game between pension plan investor

and financial market, obtain optimal strategies to maximizes the expected utility of the terminal wealth.

Under power utility function, by using stochastic control theory, we obtain closed-form solutions for the

value function as well as the strategies. Finally, explain the research results in the economic sense, and

though numerical calculation given the influence of some parameters on the optimal strategies.

Keywords: DC pension; Vasicek stochastic interest rate; stochastic differential games; power utility;

linear-quadratic control
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