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��, ¤���OÒ´mí�êâ�¦È4��O. 3dÄ:þ, RivestÚWells [5] À^


CÄ��ë�¼ê5�x��5, ��
þã Copula-graph�O�)Û), ¿y²
�O

����Ü5ÚìC��5. Wang [6] 3CÄ��ë�¼ê�b½e, é��(����

5¯K?1
ïÄ.

Siannis [7], Siannis� [8], ZhangÚ Heitjan [9]éëê)��.?1
¯a5©Û. Park

� [10]3vk�CþÚ�ëê��½eJÑ
¯a5©Û��{. HuangÚ Zhang [11]3�

�'~ºx�.b½eïÄ
CÄ��ë�¼êé q,�O(J�K�. ©¥©O�é

���U5Úí��U5�Ñ
q,¼ê, ¿b½ùü�q,¼ê�m´�pÕá�, �

�
��éÜq,¼ê. �©[÷^Õáí�b½e'~ºx�.q,¼ê��Eg�,

3ë�¼êb½e, é��'~ºx�.?1ÚOíä.

©Ù�1�!Ì�´¯K0�Ú�.b½. 1n!ïá
q,¼ê�L�ª, ±9é

£8ëêÚÄOºx¼ê?1�O�g´Úí�úª, ¦q,�O�S�Ú½. 1o!Ï

L�[O��y
�©¤ã�{��15. l�[O�(J�±wÑ, ��í��b½¤

á�, �©¤ã��{�±'Õáí��{���O(��O(J.

§2. Ì�¯KÚ�.b½

3)�©ÛïÄ¥, Â8��1Õá�� (Ti, δi, Zi,Wi), i = 1, 2, . . . , n, Ù¥ Ti =

min(Xi, Ci), Xi´���mCþ, Ci´í��mCþ, δi = I(Xi 6 Ci), i = 1, 2, . . . , n. Zi,

Wi, i = 1, 2, . . . , n©O´é���mCþÚí��mCþkK�� p�Ú q��Cþ, §

��U�Ó, ��UÜ©�Ó½��ØÓ.

b½�Cþé���mCþ Xi Úí��mCþ Ci ��xÇ¼ê�K�þÎÜ'~

ºx�.:

λ(t |Zi) = λ0(t) exp(Z ′iβ), ψ(t |Wi) = ψ0(t) exp(W ′iγ), i = 1, 2, . . . , n,

Ù¥ β, γ ©O´ p�Ú q ���ëê, λ0(·), ψ0(·)©O����ÄO�xÇ¼ê. Xi Ú

Ci�>S©Ù¼ê©OP� Fi(·), Gi(·), i = 1, 2, . . . , n,

Fi(x) = 1− exp[−Λ0(x) exp(Z ′iβ)], Gi(c) = 1− exp[−Ψ0(c) exp(W ′iγ)], i = 1, 2, . . . , n,

Ù¥ Λ0(x) =
∫ x
0 λ0(t)dt, Ψ0(c) =

∫ c
0 ψ0(t)dt.

�â Sklar½n [3], �3��ë�¼êH(u, v), ÷vH(u, 0) = H(0, v) = 0, H(u, 1) =

uÚ H(1, v) = v, ¦� XiÚ Ci�éÜ©Ù�±^§�>S©Ù�ë�¼êL«:

Ji(x, c) = P(Xi 6 x,Ci 6 c) = H(F (x, β), G(c, γ)),
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XJ FiÚ GiëY, @o H ´���. 3ùpb½ë�¼ê H(·, ·)®�. aq/, XiÚ Ci

�éÜ)�¼ê�L«�

Si(x, c) = P(Xi > x,Ci > c) = 1− Fi(x)−Gi(c) +H(Fi(x), Gi(c)).

Äu±þ*ÿêâÚ�.b½, �©òé'~ºx�.¥�ÄO�xÇ¼êÚ£8ë

ê?1�O.

§3. 4�q,�O

�Lã�B, b���®²LüS, ¦� t1 6 t2 6 · · · 6 tn, Äu*ÿ��, �±�E

q,¼ê

L =
n∏
i=1

[P(Ti = ti, δi = 0)]1−δi [P(Ti = ti, δi = 1)]δi .

3��í�e, 1 i��N3�� t]m�í��VÇ�L«�

P(Ti = t, δi = 0) = −∂Si(t, v)

∂v

∣∣∣
v=t

= G′i(t)−Hv(Fi(t), Gi(t))G
′
i(t), i = 1, 2, . . . , n,

Ù¥ Hv(u, v) = ∂H(u, v)/∂v.

1 i��N3�� t]mu)���VÇ�L«�

P(Ti = t, δi = 1) = −∂Si(u, t)
∂u

∣∣∣
u=t

= F ′i (t)−Hu(Fi(t), Gi(t))F
′
i (t), i = 1, 2, . . . , n,

Ù¥ Hu(u, v) = ∂H(u, v)/∂u.

���q,¼ê�±L«�

L =
n∏
i=1

[G′i(ti)−Hv(Fi(ti), Gi(ti))G
′
i(ti)]

1−δi [F ′i (ti)−Hu(Fi(ti), Gi(ti))F
′
i (ti)]

δi .

r Fi(·)Ú Gi(·)�L�ª�\q,¼êL�ª, ��

L =
n∏
i=1

{{
ψ0(ti)e

W ′iγ exp[−Ψ0(ti)e
W ′iγ ]

×
{

1−Hv

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}1−δi
×
{
λ0(ti)e

Z′iβ exp[−Λ0(ti)e
Z′iβ]

×
{

1−Hu

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}δi}.
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P λi = λ0(ti), ψi = ψ0(ti), @o

Λ0(ti) =
∑
tj6ti

λj , Ψ0(ti) =
∑
tj6ti

ψj ,

q,¼ê�±=z�

L =
n∏
i=1

{{
ψie

W ′iγ exp[−Ψ0(ti)e
W ′iγ ]

×
{

1−Hv

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}1−δi
×
{
λ0(ti)e

Z′iβ exp[−Λ0(ti)e
Z′iβ]

×
{

1−Hu

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}δi}.
� δk = 0, =1 k �*ÿ:�í�:, ©Û λk éq,¼ê�K�. 3q,¼ê¥, �

i = k�, � λk k'���

I1 = 1−Hv

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)
,

Λ0(tk) =
∑
tj6tk

λj 'u λk 4O, Ïd I1'u λk 4~.

3q,¼ê¥, � i 6= k�, � λk k'���

I2 =
n∏
i 6=k

{{
1−Hu

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}1−δi
×
{

exp[−Λ0(ti)e
Z′iβ]

{
1−Hv

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}δi}.
I2'u λk 4~.

Ïd�1 k �*ÿ:�í�:�, � λk = 0 �¦q,¼ê����. aq/, �

δk = 1, =1 k�*ÿ:���:�, � ψk = 0�¦q,¼ê����.

e¡?Ø� δk = 1� λk �4�q,�O, ±9 δk = 0� ψk �4�q,�O. w,,

q,¼ê L´'u λk, ψk, k = 1, 2, . . . , n�k.ëY¼ê, ½Â��k.4«�, 3 �

ê�3�^�e, 4�:37:��.

�Lã�B, P

Λ0(ti) =
∑

tj6ti,j∈D
λj , Ψ0(ti) =

∑
tj6ti,j∈C

ψj ,

Ù¥ D���:eI8, C �í�:eI8. éêq,¼ê�L«�

lnL =
n∑
i=1

(1− δi)
{

lnψi +W ′iγ −Ψ0(ti)e
W ′iγ

+ ln
{

1−Hv

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}
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+
n∑
i=1

δi
{

lnλi + Z ′iβ − Λ0(ti)e
Z′iβ

+ ln
{

1−Hu

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}
=
∑
i∈C

{
lnψi −Ψ0(ti)e

W ′iγ

+ ln
{

1−Hv

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}
+
∑
i∈D

{
lnλi − Λ0(ti)e

Z′iβ

+ ln
{

1−Hu

(
1− exp[−Λ0(ti)e

Z′iβ], 1− exp[−Ψ0(ti)e
W ′iγ ]

)}}
.

é?¿� k ∈ D, λk �4�q,�O÷v�§

1

λk
=

∑
i∈D,i>k

eZ
′
iβ
{

1 +
Huu exp[−Λ0(ti)e

Z′iβ]

1−Hu

}
+

∑
i∈C,i>k

Hvu exp[−Λ0(ti)e
Z′iβ]eZ

′
iβ

1−Hv
, (1)

aq/, �±��é?¿� k ∈ C, ψk �4�q,�O÷v�§

1

ψk
=

∑
i∈C,i>k

eW
′
iγ
{

1 +
Hvv exp[−Ψ0(ti)e

W ′iγ ]

1−Hv

}
+

∑
i∈D,i>k

Huv exp[−Ψ0(ti)e
W ′iγ ]eW

′
iγ

1−Hu
, (2)

Ù¥

Hu =̂
∂H(u, v)

∂u

∣∣∣
u=u0,v=v0

, Hv =̂
∂H(u, v)

∂v

∣∣∣
u=u0,v=v0

,

Huu =̂
∂2H(u, v)

∂u2

∣∣∣
u=u0,v=v0

, Hvu =̂
∂2H(u, v)

∂u∂v

∣∣∣
u=u0,v=v0

,

Huv =̂
∂2H(u, v)

∂v∂u

∣∣∣
u=u0,v=v0

, Hvv =̂
∂2H(u, v)

∂v∂v

∣∣∣
u=u0,v=v0

,

u0 = 1− exp[−Λ0(ti)e
Z′iβ], v0 = 1− exp[−Ψ0(ti)e

W ′iγ ].

3Õáí��¹e, H(u, v) = uv, w, Huu = 0, Hvu = 1, Hv = u, Hu = v, �§ (1)

{z�
1

λk
=

∑
i∈D,i>k

eZ
′
iβ +

∑
i∈C,i>k

eZ
′
iβ,

λ̂k = 1
/ ∑
i>k

eZ
′
iβ. (3)

ù�L�ªé1 k�*ÿ:���:¤á; XJ1 k�*ÿ:�í�:, λ̂k = 0.

�§ (2){z�
1

ψk
=

∑
i∈C,i>k

eW
′
iγ +

∑
i∈D,i>k

eW
′
iγ ,

ψ̂k = 1
/ ∑
i>k

eW
′
iγ . (4)
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ù�L�ªé1 k�*ÿ:�í�:¤á; XJ1 k�*ÿ:���:, ψ̂k = 0.

�
Lã�B,^ t(1) < t(2) < · · · < t(m)L« t1 6 t2 6 · · · 6 tn¥�pØ�Ó���,

b� t(i) (���P� ni, w,
m∑
i=1

ni = n, ^ Z(i)j , j = 1, 2, . . . , ni, W(i)j , j = 1, 2, . . . , ni

L«*ÿ�� t(i) ��N��Cþ, Õáí�e£8Xê β Ú γ ��O�±de¡�L�

ª��:

β̂ = arg max
m∏
i=1

[
exp

( ni∑
j=1

Z ′(i)jβ
)/ ∑

k>i
exp

( nk∑
j=1

Z ′(k)jβ
)]
, (5)

γ̂ = arg max
m∏
i=1

[
exp

( ni∑
j=1

W ′(i)jγ
)/ ∑

k>i
exp

( nk∑
j=1

W ′(k)jγ
)]
. (6)

�[�í�L§�ë�©z [12].

e¡3 (1)Ú (2)�Ä:þ, é��í��¹¦ β Ú γ �4�q,�O. éêq,¼ê

'u β Ú γ ¦ �ê, ��q,�§

∂ lnL

∂β
=

n∑
i=1

{
δi[1− Λ0(ti)e

Z′iβ]

−
[ δiHuu

1−Hu
+

(1− δi)Hvu
1−Hv

]
exp[−Λ0(ti)e

Z′iβ]Λ0(ti)e
Z′iβ
}
Zi = 0, (7)

∂ lnL

∂γ
=

n∑
i=1

{
(1− δi)[1−Ψ0(ti)e

W ′iγ ]

−
[(1− δi)Hvv

1−Hv
+

δiHuv

1−Hu

]
exp[−Ψ0(ti)e

W ′iγ ]Ψ0(ti)e
W ′iγ
}
Wi = 0. (8)

e¡æ^S���{¦ {λi}ni=1, {ψi}ni=1, β, γ �4�q,�O�Cq).

1�Ú, 3Õáí�b½e, éü�'~ºx�., |^ (3), (4), (5)Ú (6)¦Ñ Λ0(·),
Ψ0(·), β, γ �Ð©�, ©OP� Λ̂

(0)
0 (·), Ψ̂

(0)
0 (·), β̂(0), γ̂(0), -m = 0.

1�Ú, r Λ̂
(m)
0 (·), Ψ̂

(m)
0 (·)�\��§ (7)Ú (8)¥, ��� β Ú γ �O�, ©OP�

β̂(m+1), γ̂(m+1).

1nÚ, r β̂(m+1), γ̂(m+1) �\�§ (1)Ú (2), �� {λi}ni=1 Ú {ψi}ni=1 ��O�, l

�� Λ0(·)Ú Ψ0(·)�1m+ 1Ú�O� Λ̂
(m+1)
0 (·), Ψ̂

(m+1)
0 (·).

1oÚ, -m = m+ 1, �£�1�Ú, ��Âñ.

�{Âñ�, ���O� Λ̂0(·), Ψ̂0(·), β̂, γ̂.

þã�OÒ´ Efron [13] ¤½Â�g�Ü�O. TsaiÚ Crowley [14] y²
þãS��

{�Âñ5, ¿y²
S��{���g�Ü�OÒ´2Â4�q,�O. 2Âq,�O

��Ü5�ë�©z [15].

§4. �[O�

3�[O�¥æ^
e¡��., é T Ú C �>S©Ù�Xeb½, b�§����
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Ç¼ê©O�

λ(t) = 0.5t exp(−0.5Z1 + 0.1Z2), ψ(t) = 0.2 exp(0.3Z1 + 0.2Z2),

Ù¥ Z1 ∼ b(1, 0.5)Ú Z2 ∼ U(−10, 10).

Äuë�¼êé��í�êâ?1�.b½, '�õ�ïÄó�Ì�8¥3ë�¼ê

���fa, CÄ��ë�¼êa. 3± �ïÄ¥uy, 3CÄ��ë�¼êa¥, Ø

Ó�ë�¼êb½e, �Oþ�´'�è�. Ïd3�©��[O�¥, À^
 Frank

copula¼ê5é T Ú C �éÜ©Ù?1b½. ù�ë�¼ê´ Frank [16] JÑ�, ¼êL

�ª�

H(u, v;α) = ln
[
1 +

(αu − 1)(αv − 1)

α− 1

]
, α > 0, α 6= 1,

éu Frankë�¼ê, kendall− τ �'Xê�±^ëê αL«.

τ = 1 + 4γ−1[D1(γ)− 1], γ = − lnα, D1(γ) = γ−1
∫ γ

0
t/(et − 1)dt.

,	, 3�[O�¥��Ä
��Õáí�Cþ A ∼ U(0, 10).

�[O�?1
 500g, ¿|^�©¤JÑ��O�{é�.ëê?1
�O. L 1

¥ T c¡�z©êL«¤k*ÿ��¥u)�����:¤Ó�', X 48.5%T L«�

�¥���m:¤Ó�'~� 46.3%. aq/, C c¡�z©êL«¤k*ÿ��¥u)

í����:¤Ó�', X 35.2%C L«��¥í��m:¤Ó�'~� 36.4%.

L 1 ØÓ����e�ëê�O (Frank copula, τ = 0.8)

ý¢� �O�  � IO� �O�  � IO�

êâ��): n = 100, 46.3%T , 34.4%C

�O�{: Frank copula, τ = 0.8 �O�{: Õáí��.

β̂1 -0.5 -0.478 0.022 0.658 -0.701 0.201 0.794

β̂2 0.1 0.155 0.055 0.460 0.189 0.089 0.292

γ̂1 0.3 0.375 0.075 0.254 0.384 0.084 0.517

γ̂2 0.2 0.191 0.009 0.242 0.175 0.025 0.213

êâ��): n = 300, 43.3%T , 35.9%C

�O�{: Frank copula, τ = 0.8 �O�{: Õáí��.

β̂1 -0.5 -0.518 0.018 0.556 -0.632 -0.132 0.649

β̂2 0.1 0.130 0.030 0.336 0.168 0.068 0.258

γ̂1 0.3 0.269 0.031 0.223 0.362 0.065 0.449

γ̂2 0.2 0.190 0.010 0.154 0.231 0.031 0.325

3L 1¥, ^ Frank copula�E T Ú C �éÜ©Ù¼ê, τ = 0.8, ©OÀ�
���

� n = 100Ú n = 300e�O�(J?1'�. ¤k�.ëê��O�Ñé�Cý¢�.
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�X�����O\, �Oþ� ��ÚIO�Ñ²w~�. �[O��(JÓ��w«

Ñ, �oN÷v��í��.�, �©¤^��{U
��'Õáí�b½e�°(��

Oþ.
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The Statistical Analysis of Parameter Model with an

Assumed Copula for Dependent Censoring Data
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Abstract: In collecting clinical data, data would be censored due to competing risks or patient with-

drawal. The statistical inference for censoring data is always based on the assumption that the failure time

and censoring time is independent. But in practice the failure time and censoring time are often depen-

dent. Dependent censoring make the job to deal with censoring data more complicated. In this paper, we

assume that the joint distribution of the failure time variable and censoring time variable is a function of

their marginal distributions. This function is called a copula. Under prespecified copulas, the maximum

likelihood estimators for cox proportional hazards models are worked out. Statistical analysis results are

carried by simulations. When dependent censoring happens, the proposed method will do better than the

traditional method used in independent situations. Simulation results show that the proposed method can

get efficient estimations.
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