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Á �: b� X1, X2, . . . , Xn ´��äk2ÂK��(���ÅCþ (r.v.s.), ©Oäk©Ù

F1, F2, . . . , Fn. b� Sn := X1 + X2 + · · ·+ Xn. �©©O3na�©Ùxe��
Xeþ�m�

ìC'X: P(Sn > x), P(max{X1, X2, . . . , Xn} > x), P(max{S1, S2, . . . , Sn} > x)Ú
n∑

k=1

P(Xk > x).
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§1. Úó9ý��£

b�¢��ÅCþ X1, X2, . . . , Xn (r.v.s.)©Oäk©Ù F1, F2, . . . , Fn, �é¤k�

x > 0, Fk(x) := 1− Fk(x), k = 1, 2, . . . , n. P Sn := X1 +X2 + · · ·+Xn. ��ÅCþÜ

©Ú9Ù�����ìC5�®²��þÆöïÄL, ë�©z [1–4]�. �kÃõÆöò

�ÅCþÜ©ÚÿÐ�
�Å\�Ú�/ª&?
�Å\�Ú9Ù����VÇ�ìC

5, l¦§��A^�\2�. ë�©z [5–12]�. C5, Yang� [13] 3�ÅCþäkK

��(�eïÄ
 P(Sn > x), P(max{X1, X2, . . . , Xn} > x), P(max{S1, S1, . . . , Sn} > x)

Ú
n∑
k=1

P(Xk > x)�m�ìC'X. É©z [13]éu, �©�Ä
d Liu [14] JÑ�2ÂK

��(�, ïÄ
þão�þ�m�ìC'X. ¡ r.v.s. X1, X2, . . . , Xn ´e2ÂK��
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(lower extended negatively dependent, LEND)�, e�3,�M > 0, ¦�é¤k� xi,

i = 1, 2, . . . , n, k

P
( n⋂
i=1
{Xi 6 xi}

)
6M

n∏
i=1

P(Xi 6 xi). (1)

¡ r.v.s. X1, X2, . . . , Xn ´þ2ÂK�� (upper extended negatively dependent, UEND)

�, e�3,�M > 0, ¦�é¤k� xi, i = 1, 2, . . . , n, k

P
( n⋂
i=1
{Xi > xi}

)
6M

n∏
i=1

P(Xi > xi). (2)

¡ r.v.s. X1, X2, . . . , Xn ´2ÂK�� (extended negatively dependent, END)�, e (1)

Ú (2) þ¤á. � M = 1 �, ¡ (1) Ú (2) ¥� r.v.s. X1, X2, . . . , Xn ©O�eK��

(lower negative dependence, LND)ÚþK�� (upper negative dependence, UND)�; ¡

r.v.s. X1, X2, . . . , Xn´K��� (negative dependence, ND), e (1)Ú (2)¥�M þ� 1.

ë�©z [5, 15–17]. 2ÂK��(�Ø=�¹
K�� (NA)!K�� (ND)���(�,

��¹
Ü©���(�, �2�ïÄÚ¦^, ë�©z [18, 19].

¡ r.v.s. X1, X2, . . . , Xn ´üü2ÂK��(pairwise extended negatively dependent,

PEND)�, e�3,�M > 0, ¦�é¤k� xi, xj ∈ R, i 6= j, i, j ∈ {1, 2, . . . , n}, k

P(Xi 6 xi, Xj 6 xj) 6MP(Xi 6 xi)P(Xj 6 xj), (3)

�

P(Xi > xi, Xj > xj) 6MP(Xi > xi)P(Xj > xj). (4)

Ù¥, ©O¡ (3)Ú (4)¥� r.v.s. X1, X2, . . . , Xn ´üüe2ÂK�� (PLEND)Úüü

þ2ÂK�� (PUEND)�.

eÃAÏ`², �©¥¤k�4�'Xþ� x → ∞. éü��¼ê f(x) Ú g(x),

P f(x) ∼ g(x), e lim f(x)/g(x) = 1; P f(x) . g(x), e lim sup f(x)/g(x) 6 1; P

f(x) & g(x), e lim inf f(x)/g(x) > 1; P f(x) = o(g(x)), e lim f(x)/g(x) = 0.

�©ò©Ù Fi, i = 1, 2, . . . , n��3�©ÙxeïÄ. 3�Ñ�©�Ì�(J�

c, ·�Äk0��
���©Ùx. ¡ Rþ�©Ù F ´��C���, P� F ∈ D ,

eé?¿� 0 < y < 1, k lim supF (xy)/F (x) < ∞, Ù¥ F (x) = 1 − F (x). ��Ñ�
��©Ùx´��C��©Ùx. ¡ Rþ�©Ù F ´��C���, P� F ∈ C , e

lim
y↘1

lim inf
x→∞

F (xy)/F (x) = 1. 'ùü��x������x´��©Ùx. ¡ Rþ�

©Ù F ´���, P� F ∈ L , eé?¿� y > 0, k limF (x+ y)/F (x) = 1. þã�©

Ùx��¹'X�

C ⊂ L ∩D ⊂ L .
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ë�©z [20]. ��©Ùx���'���Vg´Matuszewska�I. é?¿ Rþ�©
Ù F , ½ÂÙþMatuszewska�I (upper Matuszewska index)�

J+
F = − lim

y→∞

lnF ∗(y)

ln y
, Ù¥ F ∗(y) := lim inf

x→∞

F (xy)

F (x)
é?¿� y > 1.

?�Ú/, LF := lim
y↘1

F ∗(y). w,, e�n�·K´�d�: (1) F ∈ D ; (2) LF > 0; (3)

J+
F <∞. �õ'uMatuszewska�I�SN�±ë�©z [21].

d	, �©3�����©Ùx (C x)e&?
�Å\�Ú����VÇ�ìC5

�, ¿$^�Akâ (CMC)�{éÙ?1
ê��[, l�y
T(J�k�5. �

�, É©z [13]éu, �©32ÂK�� (extended negatively dependent, END)(�eò

�©�Ì�(J*Ð�
�Å\�Ú, ¦ÙU
A^3�k�xºx�7Kºx��.

¥, lé»�VÇ�ìC5?1
�O. äNó, b� Xk = ξkθk, 1 6 k 6 n, Ù¥,

ξ1, ξ2, . . . , ξn ´ n�äk,«��(��¢��ÅCþ, ©Oäk©Ù Fξ1 , Fξ2 , . . . , Fξn ;

θ1, θ2, . . . , θn ´ n�?¿����K�ÅCþ, �� {ξ1, ξ2, . . . , ξn}�pÕá. ξk L«�

xúi31 kÏ�À��, θk L«l1 kÏ�m©�òyÏf, ¿P x > 0��xúi�

Ð©O�7. K P(S(n) > x)ÒL«�xúi nÏ�k��m»�VÇ, P� ψ(x, n). �â

©z [22], {ξk, k > 1}Ú {θk, k > 1}©O¡��xºxÚ7Kºx.

�©�e�Ü©©�n!: 1�!�Ñ
�©�Ì�(J9Ùy²; 1n!�Ñ
�

©���íØ, ¿ÏL�Akâ (CMC)ê��[�y
TíØ�k�5; 1o!´�©Ì

�nØ(J3�k�xºxÚ7Kºx�.¥��aA^.

§2. Ì�(J9y²

P Gn(x) = 1−Gn(x) := P(max{X1, X2, . . . , Xn} > x), S(n) := max{S1, S2, . . . , Sn},
Tn := X+

1 +X+
2 + · · ·+X+

n , Ù¥ x+ := max{x, 0}.

½n 1 b� X1, X2, . . . , Xn ´�� PEND� r.v.s., ©Oäk©Ù F1, F2, . . . , Fn,

e Gn ∈ D , K

P(S(n) > x) 6 P(Tn > x) . L−1Gn
Gn(x). (5)

e Gn ∈ L ∩D , K

P(S(n) > x) 6 P(Tn > x) . Gn(x). (6)

y²: d Gn ∈ D �, é¤k� x,
n∑
k=1

Fk(x) > 0. d	, �â (4), ·�k

Gn(x) = P
( n⋃
K=1

{Xk > x}
)
6

n∑
k=1

Fk(x), (7)
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Ú

Gn(x) >
n∑
k=1

Fk(x)−M
n−1∑
i=1

n∑
j=i+1

P(Xi > x)P(Xj > x)

>
n∑
k=1

Fk(x)
[
1−M

n∑
i=1

P(Xi > x)
]
. (8)

Ïd, d (7)Ú (8)k,

lim sup
[
Gn(x)

/ n∑
k=1

Fk(x)
]
6 1,

Ú

lim inf
[
Gn(x)

/ n∑
k=1

Fk(x)
]
> lim inf

{ n∑
k=1

Fk(x)
[
1−M

n∑
i=1

P(Xi > x)
]/ n∑

k=1

Fk(x)
}

= 1− lim supM
n∑
i=1

P(Xi > x) = 1.

l,

Gn(x) ∼
n∑
k=1

Fk(x). (9)

·�Äky² (5). é?¿� 0 < v < 1Ú¿©�� x, ·�k

P(Tn > x) 6 P
[ n⋃
k=1

{X+
k > (1− v)x}

]
+ P

[
Tn > x,

n⋂
k=1

{X+
k 6 (1− v)x}

]
6

n∑
k=1

P[X+
k > (1− v)x] + P

[
Tn > x,

n⋃
i=1

{
X+
i >

x

n

}
,

n⋂
k=1

{X+
k 6 (1− v)x}

]
=: I1(x) + I2(x). (10)

d (9)Ú Gn ∈ D �, éu¿©�� x, ·�k

I1(x) 6
n∑
k=1

Fk((1− v)x) ∼ Gn((1− v)x) . L−1Gn
Gn(x). (11)

éu I2(x), d (4)Ú (9), k

I2(x) 6
n∑
i=1

P
[ n⋃
j=1,j 6=i

{
X+
j >

vx

n− 1

}
, X+

i >
x

n

]
6

n∑
i=1

n∑
j=1,j 6=i

P
(
X+
j >

vx

n− 1
, X+

i >
x

n

)
6M

n∑
i=1

n∑
j=1,j 6=i

P
(
Xj >

vx

n− 1

)
P
(
Xi >

x

n

)
.MGn

( vx

n− 1

)
Gn

(x
n

)
= o
(
Gn(x)

)
. (12)

Ïd, ò (11)Ú (12)�\ (10), =�

P(Tn > x) . L−1Gn
Gn(x).
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e¡·�y² (6). Ú\���¼ê l(x), ÷v l(x)→∞, l(x) = o(x), Ú

Gn(x± l(x)) ∼ Gn(x). (13)

ë�©z [23, 24].

aqu (10), ·�ò P(Tn > x)©�Xeü�Ü©:

P(Tn > x) 6
n∑
k=1

P[X+
k > x− l(x)] + P

[
Tn > x,

n⋃
i=1

{
X+
i >

x

n

}
,

n⋂
k=1

{X+
k 6 x− l(x)}

]
=: K1(x) +K2(x). (14)

éuK1(x), d (9), (13)k

lim sup
K1(x)

Gn(x)
6 lim sup

n∑
k=1

P[Xk > x− l(x)]

Gn(x− l(x))
lim sup

Gn(x− l(x))
Gn(x)

= 1.

K2(x)�y²g´� (12)�Ó,·�kK2(x) = o
(
Gn(x)

)
. nþ¤ã,�� (6)¤á. �

½n 2 b� X1, X2, . . . , Xn ´�� PEND� r.v.s., ©Oäk©Ù F1, F2, . . . , Fn,

e Gn ∈ D , � Fi(−x) = o
(
Fi(x)

)
, i = 1, 2, . . . , n, K

P(S(n) > x) > P(Sn > x) & LGnGn(x). (15)

?�Ú/, e Gn ∈ L ∩D , ��3~ê A ∈ R¦� Xi > AA�??¤á, i = 1, 2, . . . , n,

K

P(S(n) > x) > P(Sn > x) ∼ Gn(x). (16)

y²: ·�Äky² (15). é?¿� v > 0, d BonferroniØ�ªk

P(Sn > x) >
n∑
k=1

P[Sn > x, Xk > (1 + v)x]

−
n−1∑
i=1

n∑
j=i+1

P[Sn > x, Xi > (1 + v)x, Xj > (1 + v)x]

=: I3(x)− I4(x). (17)

Äk?n I4(x). d (4)Ú (9), k

I4(x) 6
n−1∑
i=1

n∑
j=i+1

P[Xi > (1 + v)x, Xj > (1 + v)x]

6M
n−1∑
i=1

n∑
j=i+1

P(Xi > x)P(Xj > x) 6M
[ n∑
i=1

P(Xi > x)
]2

∼
(
Gn(x)

)2
= o
(
Gn(x)

)
. (18)
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éu I3(x), òÙ©�Xeü�Ü©:

I3(x) >
n∑
k=1

P[Sn −Xk > −vx, Xk > (1 + v)x]

>
n∑
k=1

{P(Sn −Xk > −vx) + P[Xk > (1 + v)x]− 1}

=
n∑
k=1

P[Xk > (1 + v)x]−
n∑
k=1

P(Sn −Xk 6 −vx)

=: I31(x)− I32(x). (19)

Ù¥, d (9)Ú Gn ∈ D , �

lim
v↓0

lim inf
I31(x)

LGnGn(x)
> 1. (20)

d Gn ∈ D , Fi(−x) = o
(
Fi(x)

)
, i = 1, 2, . . . , nÚ (9), k

I32(x) 6
n∑
k=1

P
( n⋃
i=1,i 6=k

{
Xi 6

−vx
n− 1

})
6 n

n∑
i=1

P
(
Xi 6

−vx
n− 1

)
= o(1)

n∑
i=1

P
(
Xi >

vx

n− 1

)
= o(1)Gn

( vx

n− 1

)
= o
(
Gn(x)

)
. (21)

d (17) – (21)�� (15)¤á.

�e5·�y² (16). aqu (17), ·�k

P(Sn > x) >
n∑
k=1

P[Sn > x, Xk > x+ l(x)]

−
n−1∑
i=1

n∑
j=i+1

P[Sn > x, Xi > x+ l(x), Xj > x+ l(x)]

=:K3(x)−K4(x). (22)

Ù¥, l(x)� (13)¥�Ó. aqu (18),

K4(x) 6M
[ n∑
i=1

P(Xi > x)
]2

= o
(
Gn(x)

)
. (23)

éuK3(x), ·�k

K3(x) >
n∑
k=1

P[Xk > x+ l(x)]−
n∑
k=1

P[Sn −Xk 6 −l(x)]

=: K31(x)−K32(x). (24)

d (9)Ú (13), �

lim inf
K31(x)

Gn(x)
> lim inf

K31(x)

Gn(x+ l(x))
lim inf

Gn(x+ l(x))

Gn(x)
= 1. (25)
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éuK32(x), du Xi > AA�??¤á, i = 1, 2, . . . , n, ·�k

K32(x) 6
n∑
k=1

P
[ n⋃
i=1,i 6=k

{
Xi 6 −

l(x)

n− 1

}]
6 n

n∑
i=1

P
[
Xi 6 −

l(x)

n− 1

]
= 0. (26)

ò (23) – (26)�\ (22), ��

P(Sn > x) & Gn(x). (27)

(Ü (6)Ú (27)�� (16)¤á. �

íØ 3 b� X1, X2, . . . , Xn´�� PUEND� r.v.s., ©Oäk©Ù F1, F2, . . . , Fn,

e Gn ∈ L ∩D , ��3~ê A ∈ R¦� Xi > AA�??¤á, i = 1, 2, . . . , n, Kk

P(Sn > x) ∼ P(S(n) > x) ∼ Gn(x) ∼
n∑
k=1

Fk(x).

§3. íØ9Ù�[

�!?�Úò Xk äNz¤ Xk = ξkθk, 1 6 k 6 n, Ù¥, {ξk, 1 6 k 6 n}´Ó©Ù�
¢� r.v.s., {θk, 1 6 k 6 n}´Õá�Ø�½Ó©Ù��K r.v.s., ¿�� {ξk, 1 6 k 6 n}
�pÕá, l&?
�Å\�Ú����VÇ�ìC5. �dÓ�, �!éT(JÏL�

Akâ (CMC)ê��[�y
Ùk�5. Äk�ÑXeÚn.

Ún 4 b� {ξk, 1 6 k 6 n} ´ n � PUEND �¢� r.v.s., äk�Ó�©Ù Fξ,

{θk, 1 6 k 6 n}´ n�Õá�Ø�½Ó©Ù��K r.v.s., ¿�� {ξk, 1 6 k 6 n}�pÕ
á. K {ξkθk, 1 6 k 6 n}E´ PUEND�.

y²: é?¿� 1 6 i < j 6 n9?¿� xi, xj ∈ Rk

P(ξiθi > xi, ξjθj > xj) =

∫ ∞
0

∫ ∞
0

P
(
ξi >

xi
u
, ξj >

xj
v

)
P(θi ∈ du)P(θj ∈ dv)

6M
∫ ∞
0

∫ ∞
0

P
(
ξi >

xi
u

)
P
(
ξj >

xj
v

)
P(θi ∈ du)P(θj ∈ dv)

=MP(ξiθi > xi)P(ξjθj > xj).

=, {ξkθk, 1 6 k 6 n}´ PUEND�. �

íØ 5 b� {ξk, 1 6 k 6 n}´�� PUEND�¢� r.v.s.,äk�Ó�©Ù Fξ ∈ C ,

{θk, 1 6 k 6 n}´��Õá�Ø�½Ó©Ù��Kþk. r.v.s., ¿� Fξ(−x) = o
(
Fξ(x)

)
.

{ξk, 1 6 k 6 n}� {θk, 1 6 k 6 n}�pÕá. Kk

P(S(n) > x) = P
(

max
06m6n

m∑
k=1

ξkθk > x
)
∼

n∑
k=1

P(ξkθk > x). (28)
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y²: d {θk, 1 6 k 6 n}´�Kþk.��,�3~ê b > 0¦� θk 6 b, 1 6 k 6 n.

é?¿� y > 1k

P(ξθ > xy) =

∫ b

0
Fξ

(xy
u

)
P(θ ∈ du) > inf

z>x/b

Fξ(zy)

Fξ(z)
· P(ξθ > x),

ld Fξ ∈ C k

lim
y↓1

lim inf
P(ξθ > xy)

P(ξθ > x)
= 1,

=, F ∈ C .

é?¿� x > 0, y > 1, d BonferroniØ�ª�,

Gn(xy)

Gn(x)
>
[ n∑
k=1

Fk(xy)−
n−1∑
i=1

n∑
j=i+1

P(Xi > xy, Xj > xy)
]/ n∑

k=1

Fk(x)

> min
16k6n

{Fk(xy)
Fk(x)

}
−
n−1∑
i=1

n∑
j=i+1

MP(Xi > xy)P(Xj > xy)

Fi(x)

& min
16k6n

Fk∗(y)→ 1,

���Ú- y ↓ 1. l, Gn ∈ C .

��, (ÜÚn 7±9 LGn = 1��íØ¤á. �

3ê��[¥, b� r.v.s. {ξk, 1 6 k 6 n}Ñl�Ó� Pareto©Ù:

F (x) = 1−
[
1 +

(x− µ
σ

)1/γ]−α
, (29)

Ù¥, ëê÷v µ ∈ R, σ > 0, γ > 0, α > 0. T©Ùáu©Ùx L ∩ D . b� r.v.s. {θk,
1 6 k 6 n}Ñl3«m (0, β)þ�þ!©Ù. éu��(�, b� {(ξ2i−1, ξ2i), i > 1}´
(ξ1, ξ2)�ÕáE�, ¿äkXeéÜ©Ù¼ê:

Fξ1,ξ2(x, y) = max
{{

[Fξ1(x)]
−δ + [Fξ2(y)]

−δ − 1
}−1/δ

, 0
}
, (30)

Ù¥, ëê δ ∈ [−1,∞)\{0}. þãéÜ©Ù¼ê´�â Clayton Copula¼ê�E�, â

dké?¿� δ > 0, k P(ξ1 > x, ξ2 > y) 6 (1 + δ)P(ξ1 > x)P(ξ2 > y), l (ξ1, ξ2)´

PUEND r.v.s., ë�©z [9]¥�1 3!. qd {(ξ2i−1, ξ2i), i > 1}�Õá5�, {ξk, 1 6
k 6 n}�´ PUEND�. �õ'u Copula¼ê�SNë�©z [25].

·�À�� Paretoëê�: µ = −20, σ = 3.3, γ = 0.5, α = 0.8, Copulaëê�: δ = 1.

,	, ·��½: β = 2. ·�Uì±eÚ½?1
 CMCê��[:

Ú½ 1: �½ x�Ð©�;

Ú½ 2: �½Cþ l�Ð©�: l = 0;

Ú½ 3: �â (29)Ú (30))¤ PUEND r.v.s. ξ1, ξ2, . . . , ξn ÚÑl (0, 2)þþ!©Ù�

i.i.d. r.v.s. θ1, θ2, . . . , θn, ¿O� ξ1θ1, ξ2θ2, . . . , ξnθn;
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Ú½ 4: �gé�þ ξ1θ1, ξ2θ2, . . . , ξnθn ?1\\���þ
n∑
k=1

ξkθk, ¿J�Ù���:

S(n);

Ú½ 5: '� S(n)Ú x, e S(n) > x, K l = l + 1;

Ú½ 6: EÚ½ 3�Ú½ 5 N g, �� l, O� l/N , =� P(S(n) > x)�Ý�O�;

Ú½ 7: - x = x+ c, ¿EÚ½ 2�Ú½ 6, ���� x��ª�. Ù¥, c´��~ê.
n∑
k=1

P(ξkθk > x)�O���[�{�þãaq, ùpØ2Kã.

·��½ x�����´l 100� 1 000, lÐ©� x = 100m©±Ú� c = 104O

�� 1 000, n = 10, N = 106, ¿P ψ1(x;n)Ú ψ2(x;n)©O´ P(S(n) > x)�Ý�O�Ú
n∑
k=1

P(ξkθk > x)��O�. ���(J�eã:

100 200 300 400 500 600 700 800 900 1000
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

x

T
h
e
 V

a
lu

e
s
 o

f 
  

1
(x

;n
) 

a
n
d
  

2
(x

;n
)

 

 

 1

 2

100 200 300 400 500 600 700 800 900 1000
0.94

0.96

0.98

1

1.02

1.04

1.06

1.08

1.1

1.12

1.14

x

 
1
/  

2
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ã1 �Ó Pareto©ÙeìC�O�°Ý (N = 106)

ã 1��>´ ψ1 Ú ψ2 ��� xØäO\ØäCz�ª³. �
(½ ψ1 Ú ψ2 ´

Ä(¢´ìC�, ·�3ã 1�m>Ð«
 ψ1(x;n)Ú ψ2(x;n)�'�. lã¥�±wÑ,

ψ1(x;n)Ú ψ2(x;n)�X xØäO\, ×�~�, ¿ªu��. d	, ψ1/ψ2 ��X x�Ø

äO\~�, ¿3 x���, á�«m [0.95, 1.05]S¿�ª�±3'� 1NCÅÄ, =

ψ1(x;n)Ú ψ2(x;n)��� ψ1(x;n)�'���3
 ±5%±S. Ïd, (28)¥�ìC'X

´k��.

§4. 3�k�xºx�7KºxlÑ�m�.¥�A^

3ù�!¥, �©?Ø»�VÇ ψ(x, n) �ìC5�. Ù¥, XÓ1�!¤ã, P
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Xk = ξkθk, 1 6 k 6 n. ξk L«�xúi31 kÏ�À��, θk L«l1 kÏ�m©�ò

yÏf, �� {ξ1, ξ2, . . . , ξn}�pÕá. 3�ÑÌ�½n9Ùy²�c, �©Äk�ÑXe

Ún.

Ún 6 b� {ξk, 1 6 k 6 n} ´ n �Õá�¢� r.v.s., {θk, 1 6 k 6 n} ´ n �

PEND�K r.v.s., ¿�� {ξk, 1 6 k 6 n}�pÕá. K {ξkθk, 1 6 k 6 n}E´ PEND�.

y²: y²�{�Ún 4�Ó. ·��y² r.v.s. {θ1, θ2, . . . , θn}´ PUEND��

¹, PLEND�/�y²�{��aq, (Ü�ö�±y�Ún¤á. d^��, é?¿�

1 6 i < j 6 n9?¿� xi, xj ∈ Rk

P(ξiθi > xi, ξjθj > xj) =

∫ ∞
0

∫ ∞
0

P
(
θi >

xi
u
, θj >

xj
v

)
P(ξi ∈ du)P(ξj ∈ dv)

6M
∫ ∞
0

∫ ∞
0

P
(
θi >

xi
u

)
P
(
θj >

xj
v

)
P(ξi ∈ du)P(ξj ∈ dv)

=MP(ξiθi > xi)P(ξjθj > xj).

Ón,

P(ξiθi 6 xi, ξjθj 6 xj) 6M
∫ ∞
0

∫ ∞
0

P
(
θi 6

xi
u

)
P
(
θj 6

xj
v

)
P(ξi ∈ du)P(ξj ∈ dv)

=MP(ξiθi 6 xi)P(ξjθj 6 xj).

l, {ξkθk, 1 6 k 6 n}´ PEND�. �

Ún 7 b� ξ ´��¢� r.v., äk©Ù Fξ, θ ´��� ξ Õá��Kþk. r.v.

P¦È ξθ�©Ù� F . e Fξ(−x) = o
(
Fξ(x)

)
, K F (−x) = o

(
F (x)

)
.

y²: d θ´þk.��, �3~ê b > 0¦�, é¤k� 1 6 k 6 nk θ 6 b.

F (−x) =
∫ b

0
Fξ

(
− x

u

)
P(θ ∈ du) 6 sup

0<u6b

Fξ(−u−1x)
Fξ(u−1x)

·
∫ b

0
Fξ

(x
u

)
P(θ ∈ du)

= sup
z>x/b

Fξ(−z)
Fξ(z)

· F (x) = o
(
F (x)

)
.

y.. �

½n 8 b�3���k�xºxÚ7Kºx�lÑ�mºx�.¥, À��

{ξ1, ξ2, . . . , ξn}´ n�Õá�¢� r.v.s., ©Oäk©Ù Fξ1 ∈ D , Fξ2 ∈ D , . . . , Fξn ∈ D ;

òyÏf {θ1, θ2, . . . , θn} ´ n � PEND �K r.v.s., ÷v P(θk ∈ [a, b]) = 1, Ù¥, k =

1, 2, . . . , n, 0 < a 6 b <∞. d	, {θ1, θ2, . . . , θn}� {ξ1, ξ2, . . . , ξn}�pÕá. Kk (5)Ú

(15)¤á.

y²: 5¿�e Fk ∈ D , k = 1, 2, . . . , n, K Gn ∈ D . ë�©z [13; Remark 1], �

�±ë�©z [26; Theorem 3.3 (i)]. �âÚn 6!Ún 7±9 (5)Ú (15)©O3½n 1Ú
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½n 2¥�y²�, ·��Iy² Fk(x) = P(ξkθk 6 x) ∈ D , k = 1, 2, . . . , n. é?¿�

0 < y < 1,

lim sup
P(ξkθk > xy)

P(ξkθk > x)
6 lim sup

P(bξk > xy)

P(aξk > x)
= lim sup

P(ξk > axy/b)

P(ξk > x)
<∞,

Ù¥, ���Ú$^
 Fξk ∈ D , k = 1, 2, . . . , n. �

ë � © z
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Asymptotics for Tail Probabilities of the Sum and Its

Maximum of Extended Negatively Dependent and

Heavy-Tailed Random Variables

ZHANG Ting LI Feng YANG Yang LIN Jinguan

(School of Statistics and Mathematics, Nanjing Audit University, Nanjing, 211815, China)

Abstract: Let X1, X2, . . . , Xn be a sequence of extended negatively dependent random variables with

distributions F1, F2, . . . , Fn, respectively. Denote by Sn = X1 + X2 + · · · + Xn. This paper establishes

the asymptotic relationship for the quantities P(Sn > x), P(max{X1, X2, . . . , Xn} > x), P(max{S1, S2,

. . . , Sn} > x) and
n∑

k=1

P(Xk > x) in the three heavy-tailed cases. Based on this, this paper also investigates

the asymptotics for the tail probability of the maximum of randomly weighted sums, and checks its accuracy

via Monte Carlo simulations. Finally, as an application to the discrete-time risk model with insurance and

financial risks, the asymptotic estimate for the finite-time ruin probability is derived.

Keywords: extended negative dependence; consistently varying tailed distribution; dominatedly varying

tailed distribution; long-tailed distribution; Monte Carlo simulation; discrete-time risk model; finite-time

ruin probability
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