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�A��,k�r��'5, �´Xê¿Ø­½, 
´�úCz�, ù�ÿ Fused LASSO

Ú Smooth LASSO �Ñ�XêØ´éO(. �)ûù�¯K, Guo � [9] JÑ
 Spline

LASSO, 3�y�.�DÕ5�Ó�, �U¼�1w�Xê.

du�Kz�{3)ûCþÀJ±9ëê�O¯Kþ�k�5, Ó�32Â�5�.

¥��±Ú\�Kz�{5)ûDÚ2Â�5�.�Øv. ZhuÚ Hastie [10]JÑ
 L2�

KzÜ6£8^5)ûÄÏ©a¯K, ��
Ø���J. ParkÚ Hastie [11] JÑ
 L1 �

KzÜ6£8, ¿�Ñ
 path�{. Bunea [12] y²
 L1 Ú L1 + L2 �KzÜ6£8�.

CþÀJ�k�5, ¿�Ñ
�½�^�, 3T^�e�.äk Oracle5�. ù
�Kz

�{�2�/A^u��+�, ¿��
éÐ��J. �Cþäk�r�|m�A, �Ò´

���Cþmäk�r��'5, ù
�.Ò�Ø��Ð�(J. ÏdÉ�5�.¯K�

éu, �©ò Smooth LASSO±9 Spline LASSO¥�¨v�Ú\�Ü6£8�.¥, 5

�ÑCþÀJ¯K¥�|m�A. nØþ©Û
�.�k�5, ¿ÏL�Ieü{é�.

?1¦), ÏL�ý¢�?1�y.

§2. ¨vÜ6£8�.9nØA5

b� n |êâ (x1, y1), (x2, y2), . . . , (xn, yn), Ù¥ xi = (xi1, xi2, . . . , xip)
T, yi ��

{0, 1}5goN Y . KÜ6£8�.�

E(Y |X = xi) = P(Y = 1) = 1/[1 + exp(−xT
iβ)],

Ù¥ β = (β1, β2, . . . , βp)
T���ëê. Ü6£8�¦)¯K�±Lã�Xe`z¯K:

min
β

1

n

n∑
i=1
{−yixT

iβ + ln[1 + exp(xT
iβ)]}.

2.1 Smooth LASSO

ò¨v� 2r
p∑
i=1
|βj |+ c

p∑
j=2

(βj − βj−1)2 Ú\�Ü6£8��¼ê¥, Ù¥ rÚ c�N

`ëê, �±�� β ��O��

β̂ = arg min
β

1

n

n∑
i=1
{−yixT

iβ + ln[1 + exp(xT
iβ)]}+ 2r

p∑
i=1
|βj |+ c

p∑
j=2

(βj − βj−1)2,

1��¨v� LASSO¨v, U
�yCþ�DÕ5. 1��¨vXê���©� L2�ê,

±¼�ÛÜð½�Xê.

- p� β ��ê, Î = {j ∈ (1, 2, . . . , p) : β̂j 6= 0}, I∗ = {j ∈ (1, 2, . . . , p) : βj 6= 0}, k∗

� β ¥�"��ê, éu�OÝ
 Xn×p, ½Â Σ = XTX/n, �±�Ñ±eb�:



294 A^VÇÚO 1 35ò

b� 1 é?¿�½� α, ε > 0, ½Â��8Ü:

Vα,ε =
{
v ∈ Rp :

∑
j /∈I∗
|vj | 6 α

∑
j∈I∗
|vj |+ ε

}
,

é?¿ v ∈ Vα,ε, �3 0 < b < 1, ¦�

P
(
vTΣv > b

∑
j∈I∗

v2j − ε
)

= 1.

b� 2 �3 B,D > 0, ¦�

max
j∈I∗
|βj | 6 B, ‖β‖1 6 D.

b� 3 �3~ê 0 < d 6 1, ¦�

P
(

max
j∈I∗,k 6=j

|ρkj | 6
d

k∗

)
= 1.

b� 13Nõ©z¥Ñ�2�¦^, ÏLÀ�Ü·� b, �� X ��'Ý
 Σ���

A��, l
�yÙ�½5. l8Ü Vα,ε�½ÂÑu, 3½n 4�y²¥, ÏLÀ�ëê α,

ε, �±¦ β − β̂ ∈ Vα,ε, b� 2�Ñ
Xê��
^�, ��Xê�.±9DÕ5. b� 3

'b� 1�\î�, U
�yý¢CþÚÃ'Cþ�«©Ý, ^3½n 5CþÀJ��Ü

5y²¥.

�OÝ
 X ¥���þ.� L, �3 δ ∈ (0, 1), -

ε =
ln 2

2(p∨n)+1
× 1

r
, α = 7, c =

r

16B
, s =

e2LD

(1 + eLD)4
,

e¡½n�Ñ Smooth LASSO�{��
nØ5�:

½n 4 b� 1Ú 2¤á��¹e, éu 0 < b < 1, XJ

r > 6L

√
2 ln 2(p ∨ n)

n
+

1

2(p ∨ n)
+ 2L

√
2 ln δ−1

n
,

K

P
[
‖β̂ − β‖1 6

8rk∗

bs
+
(4

r
+ 2s

)
ε
]
> 1− δ.

½n 5 - 0 < δ < 1, 3b� 1Ú 2¤á�^�e, XJ

min
j∈I∗
|βj | >

8rk∗

bs
+
(4

r
+ 2s

)
ε,

r > 6L

√
2 ln 2(p ∨ n)

n
+

1

2(p ∨ n)
+ 2L

√
2 ln δ−1

n
,

K

P(I∗ ⊂ Î) > 1− δ.
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5P 6 ½n 4L², �ý¢�.äkDÕ5, ÀJ���N`ëê r, d� rk∗ → 0,

� δ → 0�, �ÊÏ� Lasso�{'�, ‖β̂j − β‖1 �3�����.. ½n 5L²CþÀ

J��Ü5, Smooth LASSO�{U
±VÇ 1]ÀÑ¤±�ý¢Cþ. 2.2!¥�½n 7

Ú 8´þ¡½n� Splin Lasso/ª, �þã½nk�Ó�5�.

2.2 Spline LASSO

ò¨v� 2r
p∑
i=1
|βj |+ c

p−1∑
j=2

[(βj+1−βj)− (βj −βj−1)]2Ú\�Ü6£8��¼ê¥, �

±�� β ��O��

β̃ = arg min
β

1

n

n∑
i=1
{−yixT

iβ + ln[1 + exp(xT
iβ)]}

+ 2r
p∑
i=1
|βj |+ c

p−1∑
j=2

[(βj+1 − βj)− (βj − βj−1)]2.

1��¨v� LASSO¨v, U
�yCþ�DÕ5. 1��¨vXê���©� L2�ê,

U
���úCz�Xê.

?¿ δ ∈ (0, 1), -

ε =
ln 2

2(p∨n)+1
× 1

r
, α = 7, c =

r

32B
, s =

e2LD

(1 + eLD)4
.

e¡�Ñ Spline LASSO�{��
nØA5:

½n 7 b� 1¤á��¹e, éu 0 < b < 1, XJ

r > 6L

√
2 ln 2(p ∨ n)

n
+

1

2(p ∨ n)
+ 2L

√
2 ln δ−1

n
,

K

P
[
‖β̃ − β‖1 6

8rk∗

bs
+
(4

r
+ 2s

)
ε
]
> 1− δ.

½n 8 - 0 < δ < 1, 3b� 1Ú 2¤á�^�e, XJ

min
j∈I∗
|βj | >

8rk∗

bs
+
(4

r
+ 2s

)
ε,

r > 6L

√
2 ln 2(p ∨ n)

n
+

1

2(p ∨ n)
+ 2L

√
2 ln δ−1

n
,

K

P(I∗ ⊂ Î) > 1− δ.
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§3. �ý©Û

ÏL�ý¢�5©Û Smooth LASSOÚ Spline LASSO�{�Ly, ¿òÙ� L1 Ú

L1 + L2¨v�Ü6£8�.?1'�.

gCþ x1, x2, . . . , xp−1Ñlõ���©Ù N(0,Σ), �ACþ5gu��©Ù B(1, P ),

Ù¥P = 1/[1+exp(−xβ)], x = (1, x1, x2, . . . , xp−1), β = (β1, β2, . . . , βp)
T,À�n = 1 000,

p = 50±9ü|ØÓ� β,

β1 = I(0<j615) − 0.2(j − 20)I(15<j620) + 0 ∗ I(20<j650),

β2 = [−0.02(j − 10)2 + 2]I(0<j620) + 0 ∗ I(20<j650),

ã 1!ã 3�ü| β �©Ùã. éu��(� Σ�À�, ��Ä
ü«ØÓ��/. �/

1: Σ = I (��Cþvk�'5); �/ 2: Σij = 0.5|i−j| (��Cþk�r��'5). ¤k

�N`ëêÑ´ÏL 10ò���yÀ��� � (Deviance)��.

ã 1 Σ = I � β1 ±9 β1 ��O� ã 2 Σij = 0.5|i−j| � β1 ±9 β1 ��O�

ã 3 Σ = I � β2 ±9 β2 ��O� ã 4 Σij = 0.5|i−j| � β2 ±9 β2 ��O�

éuØÓ��.Ly, ·��Ñ±eA�µdIO:

1) ýÿO(Ç: ·�)¤ 1 000|ÿÁ��, ^Ôö8ÔöÑ��.éÿÁ����

ACþ Y ?1ýÿ, l
��z��.�ýÿO(Ç.

2) CþÀJ: éuØÓ��., �±ÏL�.Xê�¯aÝÚAÉÝ5�ä�.�C

þÀJUå. ½Â8Ü A0 = {j ∈ {1, 2, . . . , p} : βj 6= 0}, B0 = {j ∈ {1, 2, . . . , p} : βj = 0},
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A1 = {j ∈ A0 : β̂j 6= 0}, B1 = {j ∈ B0 : β̂j = 0}, ¯aÝ = |A1|/|A0|�¢S�"�Xê�
T�.]ÀÑ5�Ü©, AÉÝ = |B1|/|B0|�¢S�"�Xê�T�.GØ�Ü©, Ù¥

|A0|L«8Ü A0¥����ê.

3) �.�OØ�: ^�.Xê��O�Úý¢�� L2 �ê ‖β̂ − β‖2 ���OØ�,

�.�OØ���, ��Cý¢��..

l�ý�(J�±w� Smooth LASSO±9 Spline LASSOÑU��²w�Xê, �

kéÐ�ýÿO(Ç. �´ØU¼��Ð�DÕ5, éuNõý¢��"�Xê, ¬��N

õ����"�O. ù´Ï�N`ëê´d���yÀ�Ñ5�, ���y�À��I´

�.� �, �yXê�²w5�, ¦� L1 ¨v�N`ëê��, 
�Ø��Ð�DÕ5.

�)ûù�¯K, �±����K�, 3^ Smooth LASSOÚ Spline LASSO�ÑXê�,

rýé��uK��Xê^"�O, l
JpCþÀJUå. XÛÀJK� T , �«�1�

�{Ò´^���y5À�, ����yO�þ �.,�«´^DonohoÚ Johnstone [13]

JÑ� ±σ̂
√

2 ln p��K�, Ù¥ σ̂ �±ÏLXê�IO��O��. Ïdùp·�À^

T = ±σ̂
√

2 ln p��K�5�OXê, Äkò�OÑ5�Xê β̂�ýé�l���üS, ^

c¡���Xê�IO�5�O σ̂.

(J©Û:

l β ��O��±wÑ, ^ Smooth LASSO±9 Spline LASSO�{þU��Ø��

�J, éXê��OÑé�Cý¢�. lã 1!ã 2�é'�±wÑ, ���A�mvk

�'5�, Smooth LASSO�Ðu Spline LASSO; ���A�mk�r��'5�, ü«

�{��Ø�. lã 3!ã 4�±wÑ, 3ü«ØÓ���(�e Spline LASSOþ`u

Smooth LASSO.

leL¥���.�Ly5w, 3ü|ØÓ β ±9ØÓ���(�e, A^ Smooth

LASSO±9 Spline LASSO�{?1�.�O±9ýÿO(Çþ`uDÚ¨vÜ6£8.

lAÉÝ�±wÑ Smooth LASSOÚ Spline LASSO�,DÕ5Ø
, �ÏLK����

±�Ñù�¯K, Ó��U�Jp�.�ýÿO(Ç. ÏLé'ØÓ��¹, �Uuy� β

Czª³��� Spline LASSO3��¡þ`u Smooth LASSO.

§4. (Ø�Ð"

�)ûÜ6£8¥�CþÀJ¯K, �CþäkëY5�, JÑ
 Smooth LASSO±

9 Spline LASSO�{, T�.þ`uDÚ¨vÜ6£8. ¿�ÏLK���, 3Jp�.

�DÕ5Ó�, �UJp�.�ýÿUå. Smooth LASSOª�uÀ�ÛÜð½�Xê,


 Spline LASSOU
À��úCz�Xê. �©��Ä
Ü6£8�¯K, lnØ©Û

�±wÑ, ò Smooth LASSOÚ Spline LASSO¨v�A^u���2Â�5�.Ó�ä

kûÐ�A5. �?�ÚJp�.�CþÀJ�J±9ýÿO(Ç, Ø
uÐ#�êâ©
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L 1 β = β1, Σ = I ���.�Ly

�. Lasso EN Smooth LASSO Spline LASSO EN+K� Smooth+K� Spline+K�

‖β̂ − β‖2 0.98 0.70 0.36 0.42 0.65 0.32 0.39

¯aÝ 1 1 1 1 1 1 1

AÉÝ 0.645 0.484 0.452 0.516 0.871 0.903 0.871

O(Ç 0.869 0.859 0.866 0.863 0.858 0.869 0.869

L 2 β = β1, Σij = 0.5|i−j| ���.�Ly

�. Lasso EN Smooth LASSO Spline LASSO EN+K� Smooth+K� Spline+K�

‖β̂ − β‖2 1.43 1.16 0.58 0.44 1.11 0.57 0.44

¯aÝ 1 1 1 1 0.947 1 1

AÉÝ 0.742 0.581 0.548 0.581 0.871 0.871 0.871

O(Ç 0.910 0.909 0.916 0.916 0.914 0.917 0.917

L 3 β = β2, Σ = I ���.�Ly

�. Lasso EN Smooth LASSO Spline LASSO EN+K� Smooth+K� Spline+K�

‖β̂ − β‖2 2.29 2.00 1.20 0.69 1.97 1.20 0.66

¯aÝ 1 1 1 1 1 1 1

AÉÝ 0.677 0.613 0.452 0.516 0.935 0.774 0.839

O(Ç 0.908 0.907 0.913 0.917 0.909 0.913 0.919

L 4 β = β2, Σij = 0.5|i−j| ���.�Ly

�. Lasso EN Smooth LASSO Spline LASSO EN+K� Smooth+K� Spline+K�

‖β̂ − β‖2 2.82 1.75 1.04 0.50 1.68 1.03 0.45

¯aÝ 1 1 1 1 1 1 1

AÉÝ 0.806 0.581 0.581 0.613 0.871 0.903 0.903

O(Ç 0.947 0.945 0.950 0.949 0.945 0.950 0.950

Û�{, ��±lÁ��O��Ý?1�Ä. Ïd�gCþ���, �±ÏLSü�¡��

Á��O [17, 18]5?�ÚJp Smooth LASSOÚ Spline LASSO��J.

§5. ½ny²

5.1 ½n 4

Ü6£8��¼ê:

l(β) =: l(β;x, y) =: −yβ′x+ ln(1 + expβ′x).
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½Âºx¼ê� P l(β) = E l(β;Y,X), ²�ºx�

Pnl(β) =
1

n

n∑
i=1

[
− Yi

p∑
j=1

βjXij + ln
(

1 + exp
p∑
j=1

βjXij

)]
.

¦^ Smooth LASSO�{��� β �O��

β̂ = arg min
β

Pnl(β) + 2r‖β‖1 + c
p∑
j=2

(βj − βj−1)2.

β ��O�÷veª

Pnl(β̂) + 2r
p∑
j=1
|β̂j |+ c

p∑
j=2

(β̂j − β̂j−1)2 6 Pnl(β) + 2r
p∑
j=1
|βj |+ c

p∑
j=2

(βj − βj−1)2,

ü>Ó�\þ P [l(β̂)− l(β)] + r
p∑
j=1
|βj |, £���

r‖β̂ − β‖1 + P [l(β̂)− l(β)] + c
p∑
j=2

(β̂j − β̂j−1)2 − c
p∑
j=2

(βj − βj−1)2

6 (Pn − P)[l(β)− l(β̂)] + r‖β̂ − β‖1 + 2r
p∑
j=1
|βj | − 2r

p∑
j=1
|β̂j |.

-

Ln = sup
β′∈Rp

(Pn − P)[l(β)− l(β′)]
|β′ − β|1 + ε

,

|^©z [15]¥ bounded difference inequality��

P(Ln − ELn > u) 6 exp
(
− nu2

8L2

)
.

- u = 2L
√

2 ln δ−1/n, K

P(Ln − ELn > u) 6 δ.

d©z [16]¥�Ún 3��

ELn 6 6L

√
2 ln 2(p ∨ n)

n
+

1

2(p ∨ n)
.

½Â¯� E = {Ln 6 r}, XJ

r > 6L

√
2 ln 2(p ∨ n)

n
+

1

2(p ∨ n)
+ 2L

√
2 ln δ−1

n
,

P(E) = P(Ln 6 r) = P(Ln − ELn 6 r − ELn) > P
(
Ln − ELn 6 2L

√
2 ln δ−1

n

)
= 1− P(Ln − ELn > u) > 1− δ.
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-

J =


−1 1

. . . . .

−1 1


(p−1)∗p

,

K = JTJ > 0, 3b�max
j∈I∗
|βj | 6 B e��

p∑
j=2

(β̂j − β̂j−1)2 −
p∑
j=2

(βj − βj−1)2 = β̂TKβ̂ − βTKβ = (β̂ − β)TK(β̂ − β) + 2(β̂ − β)TKβ

> 2(β̂ − β)TKβ > −8B‖β̂ − β‖1.

d©z [17]¥�~ 4.5�� P l(β̂)−P l(β) > ‖g
β̂
− gβ‖2, Ù¥ gβ = exp(xβ)/[1 + exp(xβ)],

‖ ‖� L2�ê. P fβ(x) = βTx, ò gβ ?1���VÐm

g
β̂
− gβ =

exp(xβ∗)

[1 + exp(xβ∗)]2
(f
β̂
− fβ),

- s = e2LD/(1 + eLD)4, �±��

P l(β̂)− P l(β) > s‖f
β̂
− fβ‖22.

Ïd, �¯� E ¤á�, �±�Ñ

r‖β̂ − β‖1 + s‖f
β̂
− fβ‖2 + c

p∑
j=2

(β̂j − β̂j−1)2 − c
p∑
j=2

(βj − βj−1)2

6 2r‖β̂ − β‖1 + 2r
p∑
j=1
|βj | − 2r

p∑
j=1
|β̂j |+ rε 6 4r

∑
j∈I∗
|β̂j − βj |+ rε.

- γkj = EXkXj , Ù¥ k, j ∈ {1, 2, . . . , p}, - Γ� γkj |¤� p × p�Ý
, ¤± ‖f
β̂
−

fβ‖2 = (β̂ − β)TΓ(β̂ − β), ?�Ú��

r‖β̂ − β‖1 + s(β̂ − β)TΓ(β̂ − β)− 8cB‖β̂ − β‖1 6 4r
∑
j∈I∗
|β̂j − βj |+ rε.

ÏLÀ� c, ¦� 16cB = r, ��

r

2
‖β̂ − β‖1 + s(β̂ − β)TΓ(β̂ − β) 6 4r

∑
j∈I∗
|β̂j − βj |+ rε,

dþª�±�Ñ ∑
j /∈I∗
|β̂j − βj | 6 7

∑
j∈I∗
|β̂j − βj |+ 2ε.

¤± (β̂ − β) ∈ V , Ù¥ α = 7, db� 1��:

(β̂ − β)TΓ(β̂ − β) > b
∑
j∈I∗

(β̂j − βj)2 − 2ε,
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r

2
‖β̂ − β‖1 + bs

∑
j∈I∗

(β̂j − βj)2 6 4r
∑
j∈I∗
|β̂j − βj |+ (r + 2s)ε

6 4ar2k∗ +
1

a

∑
j∈I∗

(β̂j − βj)2 + (r + 2s)ε.

þªm>d Cauchy-SchwarzØ�ª 2xTy 6 2
√
x2y2 6 ax2 + y2/a��, Ù¥ x, y���

þ. � a = 1/bs, 3¯� E ¤á��� ‖β̂ − β‖1 6 8rk∗/(bs) + (4/r + 2s)ε, ¤±

P
[
‖β̂ − β‖1 6

8rk∗

bs
+
(4

r
+ 2s

)
ε
]
> 1− δ.

5.2 ½n 5

d I∗±9 Î �½Â��

P(I∗ 6⊂ Î) 6 P(k ∈ I∗ : k /∈ Î) 6 k∗max
k∈I∗

P(β̂k = 0, βk 6= 0).

d©z [12]¥�·K 3.4��

P(β̂k = 0, βk 6= 0) 6 P
(∣∣∣ 1
n

n∑
i=1

WiXik

∣∣∣ > r

2

)
+ P

[ p∑
j=1
|β̂j − βj |

∣∣∣ 1
n

n∑
i=1

XijXik

∣∣∣ > r

2
+
(

1 +
1

r

)
ε
]

+ P
[
|Sn −Bn| >

r

2
+
(

1 +
1

r

)
ε
]
,

Ù¥Wi = Yi − p(Xi), Bn =
p∑
j=1

(β̂j − βj)
(
n−1

n∑
i=1

XijXjk

)
, ¿�÷v n−1

∑
X2
ik = 1,

Sn =
1

n

n∑
i=1

Xik


exp

p∑
j=1

β̂jXij

1 + exp
p∑
j=1

β̂jXij

−
exp

p∑
j=1

βjXij

1 + exp
p∑
j=1

βjXij

 .

�

min
j∈I∗
|βj | >

8rk∗

bs
+
(4

r
+ 2s

)
ε, r > 2L

√
2 ln(2p/δ)

n
,

é1��, ^ HoeffdingØ�ª��

P
(∣∣∣ 1
n

n∑
i=1

WiXik

∣∣∣ > r

2

)
6
δ

p
.

3b� 3¤á�, é1��, �±�Ñ±eØ�ª

P
[ p∑
j=1
|β̂j − βj |

∣∣∣ 1
n

n∑
i=1

XijXik

∣∣∣ > r

2
+
(

1 +
1

r

)
ε
]
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6 P
[ p∑
j=1
|β̂j − βj | >

rk∗

2d
+
(

1 +
1

r

)
ε
]
6
δ

p
.

�

d 6
[r

2
+
(

1 +
1

r

)
εk∗
]/[8rk∗

bs
+
(4

r
+ 2s

)
ε
]
,

1n��±�Ñ±eØ�ª, äNL§�±ë�©z [12]¥�y²,

P
[
|Sn −Bn| >

r

2
+
(

1 +
1

r

)
ε
]
6
δ

p
.

dþ¡n��.�±�Ñ

P(I∗ 6⊂ Î) 6 k∗
3

p
δ 6 3δ.

½n 8Ú½n 5aq, �´3�
~ê�À�¬kØÓ, y²L§�±ëì½n 5�

y².

5.3 ½n 7

¦^ Spline LASSO�{��� β �O�

β̃ = arg min
β

Pnl(β) + 2r‖β‖1 + c
M−1∑
j=2

[(βj+1 − βj)− (βj − βj−1)]2.

d½n 4�y²�±��

r‖β̃ − β‖1 + s(β̃ − β)TΓ(β̃ − β) + c
p−1∑
j=2

(β̃j+1 + β̃j−1 − 2β̃j)
2 − c

p−1∑
j=2

(βj+1 + βj−1 − 2βj)
2

6 2r‖β̃ − β‖1 + 2r
p∑
j=1
|βj | − 2r

p∑
j=1
|β̃j |+ rε 6 4r

∑
j∈I∗
|β̃j − βj |+ rε.

Ón, -

L =


1 −2 1

1 −2 1

. . . . . . . . . . .

1 −2 1


(p−2)∗p

,

K Q = LTL > 0, Ïd3b�max
j∈I∗
|βj | 6 B e���

p−1∑
j=2

(β̃j+1 + β̃j−1 − 2β̃j)
2 −

p−1∑
j=2

(βj+1 + βj−1 − 2βj)
2 = β̃TQβ̃ − βTQβ

= (β̃ − β)TQ(β̃ − β) + 2(β̃ − β)TQβ > 2(β̃ − β)TQβ > −16B‖β̃ − β‖1.
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r‖β̃ − β‖1 + s(β̃ − β)TΓ(β̃ − β)− 16cB‖β̃ − β‖1 6 4r
∑
j∈I∗
|β̃j − βj |+ rε,

ÏLÀ� c, ¦� 32cB = r, ��

r

2
‖β̃ − β‖1 + s(β̃ − β)TΓ(β̃ − β) 6 4r

∑
j∈I∗
|β̃j − βj |+ rε,

Ón� a = 1/b, 3¯� E ¤á���

‖β̃ − β‖1 6
8rk∗

bs
+
(4

r
+ 2s

)
ε,

P
[
‖β̃ − β‖1 6

8rk∗

bs
+
(4

r
+ 2s

)
ε
]
> 1− δ.
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Variable Selection for Logistic Regression via Smooth

LASSO and Spline LASSO

DAI Wei JIN Baisuo

(Department of Statistics and Finance, School of Management, University of Science and Technology

of China, Hefei, 230026, China)

Abstract: Considering a parameter estimation and variable selection problem in logistic regression, we

propose Smooth LASSO and Spline LASSO. When the variables is continuous, using Smooth LASSO can

select local constant coefficient in each group. However, in some case, the coefficient might be different

and change smoothly. Using Spline Lasso to estimate parameter is more appropriate. In this article, we

prove the reliability of the model by theory. Finally using coordinate descent algorithm to solve the model.

Simulations show that the model works very effectively both in feature selection and prediction accuracy.

Keywords: logistic regression; variable selection; Smooth LASSO; Spline LASSO; coordinate descent

algorithm
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