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§1. Ú ó

ü�I�.ÏL��ë�¼ê�~(¹¿�\�C¢S��ª�x
¤'%��A

Cþ9Ù�A�)ºCþ�m�êþ'X, ´�a�ëê£8�., 37K²LÚ)Ô�

Æ�+�äk2��A^. b� Y ∈ R�ïÄé���ACþ, X ∈ Rp ��A�)ºC
þ, ü�I�.äkXe/ª:

Y = g(X ′β) + ε, (1)

Ù¥ g(·)´����¼ê, ��¡���I¼ê; β ∈ Rp �£8Xê�þ, ��¡���

Iëê�þ, ε��ÅØ���÷v^� E(ε‖X) = 0, Var (ε |X) = σ2 > 0. �
�.��

£O5, Ï~�I�b� ‖β‖ = 1, � β �1���"����ê, ùp ‖ · ‖L« L2�ê.

�é�5�.
ó, �. (1)êâï��(¹��±
�.�´)º5; �é���

ëê�.
ó, �. (1);�
¤¢� “�êÁ�”¯K, å�
�.ü��8�, ÏdT

a�.´�a�2�!�(¹��ëêÚO�.. 'u�. (1)�ïÄ®²éõ, ~X,
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ü�I�.��O!�.u�!CþÀJ�¯K�ïÄyG. KongÚ Xia [5] ¦^©l

��Ø¢{JÑ
�ak��ü�I�.¥CþÀJ�{. LinÚ Kulasekera [6] Äup�

êâïÄ
�5ü�I�.�ÚO©Û¯K. Lai� [7] òü�I�. (1)í2�É���

�/, JÑ
�ak���O�§�{¿ïÄ
É���5ü�I�.�CþÀJ¯K.

3�þ¢S¯K¥, duP¹ö�Õ�!E,^�eêâØ�*ÿ5!�;L§�Ø

ö�!�;�������Ï, êâ"�y�ÊH�3, ~X�©¢~©Û¥� HIV¯K.

���¹e, "�êâ�¹�½�k�&E, XJ��íØ"�êâ
==¦^��êâ

?1ÚOï��©Û, k�U¬E¤&E�L¤ÚÚO©Û(J�$���5. �âêâ

"�Å�ØÓ, êâ"�Å�©����Å"�!�Å"�Å�ÚØ��Ñ"�Å�n«

a.. Ø�6u?ÛÙ¦Cþ�êâ"�Å�����Å"� (MCAR); êâ"�=�6

u*ÿêâ�êâ"�Å���Å"� (MAR); �6*ÿêâ"�Ü©�êâ"�Å�

¡�Ø��Ñ½��Å"�. �
¿©�÷"�êâ3ÚO©Û¥�k�&E, éõÚO

ÆöJÑ
�þ"�êâÖ�üÑ, ~X_VÇ\��{!£8/Ö�{!_VÇ\�/

Ö�{�. Zhou� [8] ¦^£8/Ö�{ïÄ
"�êâ?n¯K. �éu� [9] nã
"

�êâ?n�{±9"�êâeëê��ëê�.�ÚOíä. o�rÚÅ3� [10] ïÄ


�Cþ�Å"��2Â�ëê�.�\�[q,�O�{. ë�& [11] ïÄ
�ACþ

"��/eCXêÜ©�5�.�_VÇ\�²�q,�{. LaiÚWang [12] 3�ACþ

�Å"���/e, ïÄ
É��Ü©�5�.��ëê�O¯K. Tan [13] ïÄ
"�ê

âe^�þ��.�k����O. Liang� [14]&?
3�ACþ"�±9�CþÑy�

Ø��/eÜ©�5�.�ëê�O¯K. Zhao� [15] 3�Cþ"���/e, ïÄ
�

O�§£8©Û�{. Wang� [16] ïÄ
�Cþ"��/e£8©Û¥�\��ëê�

O¯K. ë�� [17]3"��Ae, ÏL'�ëê�{Ú�ëê�{éÀJVÇï��`"

:, JÑ�a|^ü�I�.éÀJVÇï���ëê�O�{.

�
{z"�êâÚO©Û, �Ü©Æöb�êâ"�Å���Å"�, ù���Î

Ü¯õ¯K¢S�¹, =�½*ÿCþ, êâ"��"�Cþ�pÕá. 'uü�I�.

(1)¥�ACþ"��/e, b� δ�"�Cþ, =� Y "�� δ = 0, ÄK δ = 1. �Å"

�%¹

P(δ = 1 |Y,X) = P(δ = 1 |X) = π(X).

'u"�VÇ π(X)�ÚOï�këê��ëêüa�{, ë�� [17]'�
ëê�{

Ú�ëê�{éÀJVÇï��`":. �K�Ï�é"�Å�K����,   æ^�

ëêï��{, ��¦^ Nadaraya-WatsonØ5�O"�VÇ, =

π(Xi) =

n∑
j=1

Whp(Xj −Xi)δj

n∑
j=1

Whp(Xj −Xi)

,
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Ù¥ hp �Ø�OI°, Whp = W (·/hp)/hpp, W (·)� p�Ø¼ê, {(Xi, δi)}ni=1 � (X, δ)�

�|��Nþ� n���. w,, �ëê�{k “�êÁ�”¯K, AO� X �êLp�,

�ëê�{°ÝØp, 
ëê�{{ü´ö�, �~~�^5é"�VÇ?1ï�. ëê�

{��~^�ÚO�.´ logistics£8�., =

logit(π(X)) = X ′α, (2)

Ù¥logit(p) = ln[p/(1− p)], α ∈ Rp��.£8Xê.

8c, éÄu"�êâ�ü�I�.ÚOíäïÄ��. �©òæ^_VÇ\���

�¦�{5�O�. (1)¥���ëêÚ��¼ê. Äk, ¦^�. (2)5�O�ACþ Y

�"�VÇ, ,�ÏL B�^%CEâ%C�. (1)¥���I¼ê¿Äu�O�"�V

Ç�ï_VÇ\����¦��¼ê, l
¼��.��ëêÚ¼ê��O, ��ÏLê

��[Ú¢~©Û5`²·�¤ïÄ�{�k���5�. B�^�­�`³��´, �

½�IXê β, �. (1)Ò=C��5�., Ïd, Äu B�^%C��. (1)�Oò�~

N´ö�.

�©�e5, 31 2!0� B�^%C"�êâü�I�.��O�{; 31 3!�

Ñ���[~fÚ��¢~©Û`²·�¤ïÄ�{k���5�, ��31 4!é�©

�Ño(¿Ð"�©�ïÄ¯K��5ÿÐ.

§2. �O�{

b� (Xi, Yi, δi), i = 1, 2, . . . , n´5goN (X,Y, δ)�Õá��, � (X,Y )�ÏLü

�I�. (1)5�x. �½�Cþ�þ Xi, P πi = π(Xi, α)��ACþ Yi�"�VÇ, Ù

¥ αL²T"�VÇÏL�. (2)�6u�CþXi. �
¦^ B�^%C�. (1)¥��

�¼ê g(·), ���b��3¢ê a, b¦� P(a 6 ‖X‖ 6 b) = 1, Ïd�Ä� ‖β‖ = 1, X ′β

�äkk�| , Ø�b�� [a0, b0].

�½�^!:8Ü {ξi}k+li=−(l−1) �÷v ξ−(l−1) = ξ−(l−2) = · · · = ξ0 = a0 < ξ1 < ξ2 <

· · · < ξk < b0 = ξk+1 = ξk+2 = · · · = ξk+l, b� l� B�^Ä� B1(t), B2(t), . . . , Bk+l(t),

¿�é?¿ t ∈ [a0, b0]÷v Bi(t) > 0,
k+l∑
i=1

Bi(t) = 1, Ù¥ k� B�^S!:�ê. u´é

?¿� t ∈ [a0, b0]þk

g(t) = γ1B1(t) + γ2B2(t) + · · ·+ γk+dBk+l(t) = B(t)′γ,

Ù¥ B(t) = (B1(t), B2(t), . . . , Bk+l(t))
′ � B�^Ä¼ê�þ, γ = (γ1, γ2, . . . , γk+l)

′ � B

�^Xê. ?
�. (1)�%C�

Y = B(X ′β)′γ + ε.



528 A^VÇÚO 1 35ò

u´ B�^%C�_VÇ\����¦��¼ê�

l(β, γ) =
n∑
i=1

δi
πi
[Yi −B(X ′iβ)

′γ]2. (3)

5¿� ‖β‖ = 1, β1 > 0, P β(−1) = (β2, β3, . . . , βp)
′, K

‖β(−1)‖ < 1, β1 =
√

1− ‖β(−1)‖2,

l
 β =
(√

1− ‖β(−1)‖2, β(−1)′
)′
. u´��¼ê (3)q�L��

`(β(−1), γ) =
n∑
i=1

δi
πi
[Yi −B(X ′iβ)

′γ]2.

Äu"�êâ�. (2), ¿ÏL4�zÙq,¼ê

τ(α) =
n∏
i=1

πδi(Xi, α)[1− π(Xi, α)]
1−δi

¼� α��O, P� α̂, Ù¥ π(Xi, α) = [1 + exp(−X ′iα)]−1, ?
��� πi ��O, π̂i =

π(Xi, α̂), �ª·����O���¼ê

̂̀(β(−1), γ) = n∑
i=1

δi
π̂i
[Yi −B(X ′iβ)

′γ]2. (4)

5P 1 d2Â�5�.Ä�nØ��, ùp� π̂i´ πi����O, 3�. (2)b�

e, T�O�ëê (β(−1), γ)Ã', Ïd�r��¼ê (4)¥� π̂i w¤~þ, 
r (4)=w

�'u (β(−1), γ)�¼ê.

5P 2 du E[̂̀(β(−1), γ)/n] = E{[Y − g(X ′β)]2}´oN�� E{[Y − g(X ′β)]2}�
Ã �O, Ïd4�z (4)
���ëê�O´k��O.

5P 3 ��¼ê (4)'u (β(−1), γ)´��5, ÏdS��{´`zT¼ê�ÀJ

��. 5¿�, �½ β(−1), T��¼ê'uëê γéA�5�.�\����¦��, l


kw«), ·���O�@ÚîS��{é��¼ê?1¦).

�� ‖β(−1)‖ < 1,'u (β(−1), γ)4�z��¼ê 4,·�B�� (β(−1), γ)�_VÇ\

����¦�O, P� (β̂(−1), γ̂). l
�I£8Xê�O� β̂ =
(√

1− ‖β̂(−1)‖2, β̂(−1)′
)′
.

éu ∀ t ∈ [a0, b0], �I¼ê��O� ĝ(t) = B(t)′γ̂. e>·��Ñü�ãÚîS�{é�

O���¼ê (4)?14�z.

Step 1 �½ëê (β(−1), γ)Ð©�O (β
(−1)
0 , γ0);

Step 2 �½ëê γ ��O γ0, ÏLeª�# β ��O,

β̂(−1) = β
(−1)
0 −

[∂2 ̂̀(β(−1), γ0)
∂β(−1)∂β(−1)′

∣∣∣
β(−1)=β

(−1)
0

]−1∂ ̂̀(β(−1), γ0)
∂β(−1)

∣∣∣
β(−1)=β

(−1)
0

,
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Ù¥

∂ ̂̀(β(−1), γ)
∂β(−1)

= −2J
n∑
i=1

δi
π̂i
[Yi −B(X ′iβ)

′γ][Ḃ(X ′iβ)
′γ]Xi,

∂2 ̂̀(β(−1), γ)
∂β(−1)∂β(−1)′

= −2
n∑
i=1

δi
π̂i
{[Yi −B(X ′iβ)

′γ][B̈(X ′iβ)
′γ]−[Ḃ(X ′iβ)

′γ]2}JXiX
′
iJ
′,

J =
[
− β(−1)0 /

√
1− ‖β(−1)0 ‖2, Ip−1

]
,

Ip−1� p−1�ü Ý
, Ḃ(t) = [Ḃ1(t), Ḃ2(t), . . . , Ḃd(t)]
′, B̈(t) = [B̈1(t), B̈2(t),

. . . , B̈d(t)]
′, Ḃi(t), B̈i(t)©O� Bi(t)���Ú���ê. XJ ‖β̂(−1)‖ > 1, �

β̂(−1) = β̂(−1)/(‖β̂(−1)‖+ 1/n).

Step 3 �½ β(−1) ��O β̂(−1), = β ��O β̂ =
(√

1− ‖β̂(−1)‖2, β̂(−1)′
)′
, ÏL�5

�. Y = B(X ′β̂)′γ + ε�\����¦�O�{�# γ ��O�

γ̂ = [B(β̂)′WB(β̂)]−1B(β̂)′WY,

Ù¥

B(β) = [B(X ′1β), B(X ′2β), . . . , B(X ′nβ)]
′, W = diag

{ δ1
π̂1
,
δ2
π̂2
, . . . ,

δn
π̂n

}
.

Step 4 - β
(−1)
0 = β̂(−1), γ0 = γ̂, ­ES� Step 2 – 3��÷v�{Âñ^�Ê�S�.

3�©¥, XJ ‖β̂(−1) − β(−1)0 ‖ < 10−4, ·�ÒÊ�S�L§. l±þ�{�wÑ, B

�^%CEâ�­�`³��3u�½�I£8Xê��O, ü�I�. (1)Ò=z��

5�.�(�, l
Jp
�.��þ�O��ÇÚ�Ý. Ó�, ·�¤JÑ��{´�Û

�`�O�{.

§3. ê�ïÄ

3.1 �[ïÄ

·�l±e�ëêü�I�.�[�)��þ� n = 60, 200, 500�"���êâ

{(Yi, Xi, δi)}ni=1,

Y = sin
(X ′βπ

2

)
+ ε, logit(π) = µ+X ′α,

Ù¥β = (1/
√
3, 1/
√
3, 1/
√
3)′, X ∼ N3(0, I3), ε ∼ N(0, 1), α = (0.2,−0.5, 0.3)′, µ´�Ý

�. ÏLN! µ���, �Ä²þ"�VÇn«�/: sp = 15%, 30%, 50%. �
?�Ú`

²�©JÑ��O�{k���Ly�J, �©�Äu�Ñ"�êâ������5��
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�¦{é�. (1)¥���þ?1�O, ü«�{þ� 2 000gê��[. ·�¦^þ�Ø

� (MSE)5`²�I£8Xê, þ�Ø�²�� (RMSE)5`²�I¼ê�[Ü�J, =

MSE = E(β̂(−1) − β(−1))2, RMSE =

√
1

n

n∑
i=1

[ĝ(ti)− g(ti)]2.

l±þüª·�éN´wÑ, MSE��L²�Iëê�[Ü�J�Ð, 
 RMSE��L²

�I¼ê�[Ü�J�Ð. ��
ó, B�^��êé�I¼ê%C°ÝK���. ·��

±¦^Xe BICOK5ÀJ B�^!:�ê,

BIC = ̂̀(β̂(−1), γ̂) + (p+ k + d− 1) ln(n),

Ù¥ β̂(−1), γ̂ �S!:�ê� k ��e� β(−1), γ �_VÇ\����¦�O, d� B�

^�ê. �
{zO�E,Ý, ·�þÀJ dn0.2e�S!:5�E�I¼ê�o�B�^

%C. 
��^!:�ê(½�, ·�æ^ {X ′1β̂,X ′2β̂, . . . , X ′nβ̂}��å��© ê�� B

�^%Cõ�ª!:, Ù¥ d·eL«�þ���f.

L 1 β Ú g(·)�O�MSEÚ RMSE

"�êâ ��êâ

sp n MSE RMSE MSE RMSE

60 0.0016 0.0232 0.0018 0.0143

15% 200 0.0014 0.0122 0.0016 0.0126

500 0.0004 0.0105 0.0012 0.0121

60 0.0392 0.0424 0.0653 0.0467

30% 200 0.0017 0.0215 0.0027 0.0223

500 0.0005 0.0112 0.0016 0.0218

60 0.0611 0.0541 0.0724 0.0643

50% 200 0.0239 0.0224 0.0167 0.0336

500 0.0007 0.0118 0.0019 0.0221

L 1Ð«
Äu"�êâÚíØ"�êâ� “��êâ”ü«�/e�Iëê�O�

MSEÚ�I¼ê�O� RMSE��[(J. ��¡, Äu"�êâ�MSEÚ RMSEþ'

��, ¿��X��þ�O\½ö"�Ç�ü$, MSEÚ RMSEþ¥yeü�ª³, ùL

²Äu"�êâ�_VÇ\����¦�O�{, �"�Ç�½�, �X��þ�O�, �

IëêÚ�I¼ê�_VÇ\����¦�O�JLy�5�Ð; 
���Nþ�½, �

O�J�X"�Ç�ü$
Ly�5�Ð. ,��¡, ��¦^íØ"�êâ�� “��ê

â”?1�.�O, ·�uy�IëêÚ�I¼ê����¦�O�MSEÚ RMSEþ'

�A�Äu"�êâ�_VÇ\����¦�O �, ù`²Äu"�êâ�_VÇ\�

���¦�O�J�`uÄu “��êâ”����¦�O.
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X
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g
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ã 3 n = 500�I¼ê­�

ã 1 – 3©O�x
��Nþ� 60, 200, 500;.����I¼ê�[Ü­�, Ù¥¢

��ý¢­�, J��[Ü­�. ùp�;.��´Ù RMSE� 2 000��I¼ê�O�

RMSE�¥ ê. nÜãL²�I¼ê_VÇ\����¦�O­�þ�~�C�A�ý

¢­�, ¿���þ���C§Ý�Ð.

o�, ·�¤JÑ�Äu B�^%C�_VÇ\����¦�O�{�k���Ly

é�Ð, ¿�`uíØ"�êâ����¦�O�{.

3.2 ¢~©Û

·�^�©¤ïÄ�_VÇ\����¦�O�{5©Û AIDS¾~�KÁ�êâ

(ACTG175). T|êâQ�NõÚOÆö?1LïÄ, ~X©z [12].

CD4[�´�«­���¼[�, ´ HIV¾ÓÉN, CD4[�êþU
���N<

N�¼õU, ´�x HIV¾Óa/�ö�¼XÚÉ��²(��I��. Têâ©Û�8

I´ÏL CD4[��êþuÿ(J5�x,« HIV£�Ãã��£�J±9Ù¦)nÏ

�é£��J�K��Ï�©Û. T�KÁ��)o«ØÓ_=¹¾Ó£��Y, _=¹

¾Ó�±ü$�k¥ÏM_¾¾ÓÚÃwG�<�ºx. �Á�¥k 532¶ÉÁö, CD4



532 A^VÇÚO 1 35ò

[��~êþ3zá�Î�É� 200� 500�m, �ACþ´ 96 ± 5±S� CD4[�ß

Ý (cell/mm3), = CD496 (Y ). CD8[�´,�« T�n[�, §��«É HIV¾Óa

/� CD4[�. Ïd CD4[�ê8Ú CD8[�ê8´����¹, �Ò´` CD8[�

ê8é CD4[�åK�^. �êâ©ÛÀ�c# (X1)!N­ (X2)!CD4[�Ð©ê8

(CD40, X3)!3 20±5±SCD4[�ê8 (CD420, X4)!CD8[�Ð©ê8 (CD80,X5)!

3 20 ± 5 ±S CD8 [�ê8 (CD820, X6) ��)ºCþ¿�ïü�I�. (1), Ù¥

X = (X1, X2, . . . , X6)
′. duN�<
Õ�½Ù¦�Ï��Ù¥�
�ACþ"�, d�

b�êâ"�Å�´MAR, �ACþ�"�Ç� 0.419.

·�E¦^ng B�^%C�I¼ê, ÏL BICOK3 {2, 3, . . . , 8}¥ÀJS!:�
ê� 4. ÏLÄu B�^%C�_VÇ\����¦�O�{¼��.ëê�OÚ�I¼

ê[Ü­�, ©O�L 2Úã 4.

L 2 HIV¾~�.�Iëê β �O(J

�O IO� t�

β1 0.5891 0.7706 0.573

β2 -0.0474 0.4144 -0.343

β3 0.3474 0.0829 4.933

β4 0.7263 0.0768 7.211

β5 -0.0003 0.0251 -1.306

β6 -0.0502 0.0281 -1.049

200 400 600 800
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Abstract: In this paper, we studied the inverse probability weighted least squares estimation of single-

index model with response variable missing at random. Firstly, the B-spline technique is used to ap-

proximate the unknown single-index function, and then the objective function is established based on

the inverse probability weighted least squares method. By the two-stage Newton iterative algorithm, the

estimation of index parameters and the B-spline coefficients can be obtained. Finally, through many sim-

ulation examples and a real data application, it can be concluded that the method proposed in this paper

performs very well for moderate sample.
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