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§1. Ú ó

��q,�O{ (MLE)´ëêíä¥­��ÚO�{, 2�A^u¯õ�.��O

¥, Hamilton [1]éT�{9¢�ö�?1
�[?Ø. ¯¤±�, �¼�k��MLE�O

þ, 7L¯k¼�ykêâ�VÇ©Ùq, �ykêâ�©Ùa.���, ÄuT�{�Ú

Oíäò�U��. ��ÑT":, Owen [2]l�ëê�Ý�ÄMLE�{, ÏL$^²�

©Ù¼ê�Oý¢©Ù¼ê, JÑ
²�q,�O{, 'uT�{[!0��ë�©z [3].

²�q,�O{���`:3uÈL¯k(½Í¶Cþ, ��dêâ(½�&«m�

/GÚ��, y®�2�A^u�/�ëê�.��OÚu�¥. XueÚ Zhu [4] æ^²�

q,�O{�O
ü�I�., ¿y²
éêq,'ÚOþ�ìC©Ù. �dÓ�, ZhuÚ

Xue [5] uy, XJvk ØÅ�, ²�q,'Ø´ìCu4�©Ù, Ïd, ¦�é²�q,

�O{?1
U?, JÑ
 ØÅ��²�q,�O{, ¿A^uÜ©�5ü�I�.�
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äkõ�ë�¼ê��ëê�.,

¿��
�
Ün�5�; XueÚ Xue [7]æ^ ØÅ�²�q,�O{ïÄ
äk"�ê

â��ëê£8�.; Xue [8] æ^ ØÅ�Ú�_ÀJVÇ\��{ïÄ
ü�I�.,

T�.��Cþ�3"��. ,��¡, �
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\\¨v�, �ï¨v²�q,�O, Otsu [9]æ^¨v²�q,�O{ïÄ
�ëê�.,

¿y²
¤��O����5�; Fan� [10] �Ä
p�Ü©�5CXê�., æ^¨v²

�q,�O{ïÄ
�.�CþÀJ, y²
¨v²�q,�O� oracle5�.

Cc5, 'u�/�ëê¡�êâ�.�ïÄ?Ð×�, Ù¥|^²�q,�O{ï

ÄT�.�©zFÃ´L. XueÚ Zhu [11] 9 TangÚ Zhao [12] ò²�q,�O{A^u

�ëêp�êâ∗�.��O¥, YangÚ Li [13]!ZhouÚ Lin [14]!Yang� [15] 9 ZhaoÚ

Yang [16] A^²�q,�O{ïÄ
�ëêCXêp�êâ�.. ��5¿�´, ¦��

ïÄvk�Ä�N�½�A, �ý¢êâäk�N�½�A�, �Ñ�N�Aò���.

�OØ÷v��5. �d, Zhang� [17]|^²�q,�O{ïÄ
�½�A�ëê¡��

., ;�
�O�Ø��5; He� [18] |^²�q,�O{ïÄ
�½�A�ëêCXê

¡��..

5¿�, þã'u¡��.�ïÄþvk�Ä�NS��'5, �Ñù«�'5ò�

U��Ã��O, �³ÚOíäå. �d, 3ïÄÜ©�5p�êâ�.�, Ü©Æö(Ü

©¬²�q,�O{ÚÛÜ�5�O{, ò�NS��'5B\�O�{¥, ±Jp�O

�k�5 [19–23]. �©ïÄSN�cãïÄØÓ�?Ì�Ny3ü�¡, �´3ïáÜ©�

5ü�I¡��.�, ò�½�AÚ�NS��'5Ó��Ä3S, 4¤�Ä�.�Ð/

[Üý¢êâ; �´ò B�^¼ê!SCAD¨v¼ê9�gíä�O{ (QIF)�g�?1

k�(Ü, �¤ã�.ïá¨v²�q,�O{. �'ÄuØ�OnØïá��{, T�{

Ø=UUõ�Oþ�k�5, �Jp
§S$1�Ý. d	, ·�y²
¤��Oþ���

�5�, Ó�^Monte Carlo�['�
¤ã�{Ú2Â�O�§{3k���e�Ly.

§2. �.9�O�{

b��Nê� N , �mªÝ� T , K�½�AÜ©�5ü�I¡��.�êÆ/ª�

Yi = Xiβ + η(Zi,θ) + αi1T + ei, (1)

Ù¥, Yi = (yi1, yi2, . . . , yiT )�ÏCþ; Xi = (xi1, xi2, . . . , xiT )� T × q ��5Ü©�C
Ý
; Zi = (zi1, zi2, . . . , ziT )� T × d���5Ü©�CÝ
; β � q ���ëê�þ; θ

� q ���ëê�þ, ¿b�÷v£O^� ‖θ‖ = 1, θ �1���� θ1 > 0; η(Zi,θ) =

(η(z′i1θ), η(z′i2θ), . . . , η(z′iTθ))′, η(·) ������ë�¼ê; αi �1 i ��N���½

�A, ÷v£O^�
N∑
i=1

αi = 0; ei = (ei1, ei2, . . . , eiT )�Ø��, ÷v E(ei |Xi, Zi) = 0,

Ωi = E(eie
′
i)� ei��½���Ý
, é i 6= j k E(eie

′
j |Xi, Xj , Zi, Zj) = 0; A′L«�þ

½Ý
 A�=�.

∗�©À¡�êâÚp�êâ�Ó�aêâ.
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3�.�O�¡, du�N�½�A��3, ²�q,{ØU��^u�. (1)��

O, 7L�ØT�N�AâUïá��k��O. �©ÏL/�©z [24, 25]�g�, òÈ

f{�²�q,{?1kÅ(Ü, ±�ï�.��O�{.

Äk5¿� ‖θ‖ = 1, ¿�X θ?uü �þ, Ïd, η(zitθ)'u θ��ê�UØ�3.

�d, - θ = (θ1, θ2, . . . , θd)
′, θ? = (θ2, θ3, . . . , θd)

′, K θ(θ?) = (
√

1− ‖θ?‖2, (θ?)′)′, ý¢
� θ?÷v ‖θ?‖ < 1, ‖ · ‖L«îAp��. θ'u θ?� JacobianÝ
�

Jθ? = (−θ?/
√

1− ‖θ?‖2, Id−1)′,

Ù¥, Id−1� d− 1�ü Ý
.

Ùg, - mÚ KN ���ê, p = m + KN , a = min{z′11θ0, z
′
12θ0, . . . , z

′
1Tθ0, z

′
21θ0,

z′22θ0, . . . , z
′
2Tθ0, . . . , z

′
N1θ0, z

′
N2θ0, . . . , z

′
NTθ0}, d = max{z′11θ0, z

′
12θ0, . . . , z

′
1Tθ0, z

′
21θ0,

z′22θ0, . . . , z
′
2Tθ0, . . . , z

′
N1θ0, z

′
N2θ0, . . . , z

′
NTθ0}, a = t0 < t1 < · · · < tKN

= d ´«m

[a, d]þ�!:S�,¦^ù
!:S���ï p�m−1��IOzB�^Ä¼ê (�E[

!ë�©z [26]½ [27]),òù
Ä¼ê�¤�^¼ê�þB(t) = (B1(t), B2(t), . . . , Bp(t)),

K��ë�¼ê η(t)�CqL«�

η(t) ≈ B′(t)γ, (2)

Ù¥ γ � p��^¼êXê�þ. òª (2)�\ª (1),

Yi = Xiβ + η̃(Zi,θ,γ) + αi1T + ei, (3)

Ù¥, η̃(Zi,θ,γ) = (B′(z′i1θ)γ,B′(z′i2θ)γ, . . . ,B′(z′iTθ)γ)′.

- ϑ1 = (β′,θ?′)′, ϑ2 = γ, ò (3)L«�

Y ∗i = X∗i + η̃∗(Zi,θ,γ) + e∗i ,

Ù¥, Y ∗i = LYi, X
∗
i = LXi, η̃

∗(·) = Lη̃(·), L =


−1 1 0 . . . 0 0

0 −1 1 . . . 0 0
...

...
...

...
...

...

0 0 0 . . . −1 1

� (T−1)×T

�Ý
, � L1T = 0. |^ QIF�g�, ��ü�9Ï�Å�þ:

gi,1(ϑ1 |ϑ2,0) =


u̇′i,1A

−1/2
i M1A

−1/2
i [Y ∗i − ui[ϑ1,ϑ2,0)]

...

u̇′i,1A
−1/2
i MsA

−1/2
i [Y ∗i − ui(ϑ1,ϑ2,0)]

 , i = 1, 2, . . . , N, (4)

gi,2(ϑ2 |ϑ1,0) =


u̇′i,2A

−1/2
i M1A

−1/2
i [Y ∗i − ui(ϑ1,0,ϑ2)]

...

u̇′i,2A
−1/2
i MsA

−1/2
i [Y ∗i − ui(ϑ1,0,ϑ2)]

 , i = 1, 2, . . . , N, (5)
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Ù¥, gi,1(ϑ1 |ϑ2,0) L«�½ ϑ2 = ϑ2,0 e'u ϑ1 �O©¼ê, gi,2(ϑ2 |ϑ1,0)L«�½

ϑ1,0 e'u ϑ2 �O©¼ê; þ� ui = X∗i β + η̃∗(Zi,θ,γ), u̇i,1 � ui 'uëê�þ ϑ1 =

(β′, θ?′)′��ê, u̇i,2� ui 'uëê�þ ϑ2 = γ ��ê; M1,M2, . . . ,Ms �®�é¡�Ä

Ý
; ϑ1,0!ϑ2,0 �ý¢ëê�þ�. db�^��� E[gi,1(ϑ1,0 |ϑ2,0)] = 0, E[gi,2(ϑ2,0 |
ϑ1,0)] = 0. Ïd, d©z [2]��²�q,'�

`1(ϑ1 |ϑ2,0) = −2 max
{ N∑
i=1

ln(Npi,1)
∣∣∣ pi,1 > 0,

N∑
i=1

pi,1 = 1,
N∑
i=1

pi,1gi,1(ϑ1 |ϑ2,0) = 0
}
, (6)

`2(ϑ2 |ϑ1,0) = −2 max
{ N∑
i=1

ln(Npi,2)
∣∣∣ pi,2 > 0,

N∑
i=1

pi,2 = 1,
N∑
i=1

pi,2gi,2(ϑ2 |ϑ1,0) = 0
}
. (7)

d Lagrange¦f{, ²L{üO���

pi,1 =
1

N [1 + τ ′1gi,1(ϑ1 |ϑ2,0)]
, i = 1, 2, . . . , N, (8)

pi,2 =
1

N [1 + τ ′2gi,2(ϑ2 |ϑ1,0)]
, i = 1, 2, . . . , N. (9)

©Oòª (8)�\ª (6), ª (9)�\ª (7), `1(ϑ1 |ϑ2)!`2(ϑ2 |ϑ1)©O�­��

`1(τ1,ϑ1 |ϑ2,0) = 2
N∑
i=1

ln[1 + τ ′1gi,1(ϑ1 |ϑ2,0)], (10)

`2(τ2,ϑ2 |ϑ1,0) = 2
N∑
i=1

ln[1 + τ ′2gi,2(ϑ2 |ϑ1,0)], (11)

Ù¥, τ19 τ2� Lagrange¦f�þ�©O�ëê ϑ1Ú ϑ2�¼ê. 'u ϑ1��z `1(ϑ1 |
ϑ2,0), Këê ϑ1�²�q,�O�

ϑ̃1 = min
ϑ1

`1(τ1,ϑ1 |ϑ2,0). (12)

Ón, ϑ2�²�q,�O�

ϑ̃2 = min
ϑ2

`2(τ2,ϑ2 |ϑ1,0). (13)

Ï~�¹e, ^�^¼êCq�ëê¼êò��LÝëêz, E¤LÝ[Ü¯K��Oþ

äk�����. �d, /�©z [28]��{, 3ª (10)Úª (11)¥\\¨v�, Këê

ϑ1Ú ϑ2�¨v²�q,�O�

ϑ̂1,N = arg min
ϑ1

{
`1(τ1,ϑ1 |ϑ2,0) +

q∑
j=1

pλN (|βj |) +
d−1∑
l=1

pλN (|θ?l |)
}
, (14)

ϑ̂2,N = arg min
ϑ2

{`2(τ2,ϑ2 |ϑ1,0) + pλN (‖γ‖Kθ
)}, (15)
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Ù¥, pλN (·)��6uN�ëê λN �¨v¼ê,

Kθ = (NT )−1
N∑
i=1

T∑
t=1
B(z′itθ)B′(z′itθ), ‖γ‖Kθ

= (γ ′Kθγ)1/2,

| · |�ýé�ÎÒ. �?1ê�O��, æ^ Newton-RaphsonS��{�Ñëê ϑ1 Ú ϑ2

��O�.

µØ: �©¥æ^
 B�^¼ê, T¼êäkü�`:: �´�3ÛÜ| , Ï
3Û

ÜCqkûÐLy; �´�I��!:êB�Jø�Ð�¼êCq, ¤±ê�O���k

�Ú­½. d	, ÏL^�^¼êCq��ë�¼ê, r�ëê£8=z��5£8, Ø=

Jp
O��Ç, 
�¢y
�ëê¼ê��`ÂñÇ [29].

§3. �
¢S¥�ö�¯K

3.1 �{�äN¢�

- ϑ
(k)
1 L« ϑ1 �1 kgS��, ϑ

(k)
2 L« ϑ2 �1 kgS��, 3 ϑ

(k)
1 ���S, ¨

v¼ê�CqL«�

pλN (|t|) ≈ pλN (|t(k)|) +
1

2

ṗλN (|t(k)|)
|t(k)|

[t2 − (t(k))2],

Ù¥, ṗλN (·)L« pλN (·)����ê, tL«��ëê. �âª (14)Ú (15)��

N−1
N∑
i=1

gi,1
(
ϑ

(k+1)
1 |ϑ(k)

2

)
1 + τ ′1gi,1

(
ϑ

(k+1)
1 |ϑ(k)

2

) = 0,

N−1
N∑
i=1

[
∂gi,1

(
ϑ

(k+1)
1 |ϑ(k)

2

)
/∂ϑ1

]′
τ1

1 + τ ′1gi,1
(
ϑ

(k+1)
1 |ϑ(k)

2

) +
q∑
j=1

ṗλN (|β(k)
j |)

|β(k)
j |

β
(k+1)
j +

d−1∑
l=1

ṗλN (|θ(k)
l |)

|θ(k)
l |

θ
(k+1)
l = 0.

Ónk

N−1
N∑
i=1

gi,2
(
ϑ

(k+1)
2 |ϑ(k)

1

)
1 + τ ′2gi,2

(
ϑ

(k+1)
1 |ϑ(k)

1

) = 0,

N−1
N∑
i=1

[
∂gi,2

(
ϑ

(k+1)
2 |ϑ(k)

1

)
/∂ϑ2

]′
τ2

1 + τ ′1gi,2
(
ϑ

(k+1)
2 |ϑ(k)

1

) +
ṗλN (‖γ(k)‖Kθ

)

‖γ(k)‖Kθ

Kθγ
(k+1) = 0.

²L{üO��¼�

(
τ

(k+1)
1

ϑ
(k+1)
1

)
=

(
0

ϑ
(k)
1

)
− S−1

1,N

N−1
N∑
i=1

gi,1
(
ϑ

(k)
1 |ϑ

(k)
2

)
Π1ϑ

(k)
1

 , (16)
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(
τ

(k+1)
2

ϑ
(k+1)
2

)
=

(
0

ϑ
(k)
2

)
− S−1

2,N

N−1
N∑
i=1

gi,1
(
ϑ

(k)
2 |ϑ

(k)
1

)
Π2ϑ

(k)
2

 , (17)

Ù¥,

S1,N =

N
−1

N∑
i=1

gi,1
(
ϑ

(k)
1 |ϑ

(k)
2

)
g′i,1
(
ϑ

(k)
1 |ϑ

(k)
2

)
N−1

N∑
i=1

ġi,1
(
ϑ

(k)
1 |ϑ

(k)
2

)
N−1

N∑
i=1

ġ′i,1
(
ϑ

(k)
1 |ϑ

(k)
2

)
Π1

 ,

S2,N =

N
−1

N∑
i=1

gi,2
(
ϑ

(k)
2 |ϑ

(k)
1

)
g′i,2
(
ϑ

(k)
2 |ϑ

(k)
1

)
N−1

N∑
i=1

ġi,2
(
ϑ

(k)
2 |ϑ

(k)
1

)
N−1

N∑
i=1

ġ′i,2
(
ϑ

(k)
2 |ϑ

(k)
1

)
Π2

 ,

Π1 = diag

{
ṗλN (|ϑ(k)

1,1|)

|ϑ(k)
1,1|

,
ṗλN (|ϑ(k)

1,2|)

|ϑ(k)
1,2|

, . . . ,
ṗλN (|ϑ(k)

1,q+d−1|)

|ϑ(k)
1,q+d−1|

}
,

Π2 =
ṗλN (‖γ(k)‖Kθ

)

‖γ(k)‖Kθ

Kθ,

ġi,1
(
ϑ

(k)
1 |ϑ

(k)
2

)
L« gi,1

(
ϑ

(k)
1 |ϑ

(k)
2

)
éëê ϑ1����ê, ġi,2

(
ϑ

(k)
2 |ϑ

(k)
1

)
L« gi,2

(
ϑ

(k)
2 |

ϑ
(k)
1

)
éëê ϑ2����ê, ϑ1,l � ϑ1�1 l���.

nÜþã, ¨v²�q,�O��{o(Xe:

1�Ú, �ØÓ���¦�O ϑ0
1Ú ϑ0

2�� ϑ1Ú ϑ2�Ð©�;

1�Ú, �½�c� ϑ
(k)
1 Ú ϑ

(k)
2 , |^ª (16)Ú (17)�� ϑ1Ú ϑ2e�Ú�S��;

1nÚ, ­EÚ½1�Ú, ��÷vÂñ^�.

3.2 N�ëê9!:ê�ÀJ

3é�O�{?1äN¢��, N�ëê��^Þv�­, �.�Ly�6uTëê

ÀJ´ÄÜ·. ?�Ú/, l1�!�£ã��, ¨v²�q,�O�{�I�ÀJÜ·�

!:.

éu!:�ÀJ, aqu©z [28, 30], æ^�må��ªÀJ!:, Ïd, ·��IÀ

JÜ·�!:ê. Ruppert� [31] Jø
�þ�!:êÀJ�{: CqÀJ{!AICOK!

BICOK92Â��(y{ (�[�ë�©z [31]). �©æ^©z [30]� BICOKÀJ!

:ê, ÙÚOþ�

BIC1(K) = `2(ϑ̃2 | ϑ̃1) + ln(N) DFN/N, (18)

Ù¥, K �!:ê, ϑ̃1 Ú ϑ̃2 dª (12)9 (13)¤�, DFN �ëê�þ ϑ̃2 ��ê. K�`

!:êK �

K̂ = arg min
K

{BIC1(K)}.
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P Q(ϑ1,ϑ2) = `1(τ1,ϑ1 |ϑ2) + `2(τ2,ϑ2 |ϑ1) +
q+d−1∑
j=1

pλN (|ϑ1,j |) + pλN (‖ϑ2‖Kθ
), ϑ1,j

� ϑ1�1 j ���. aqu!:ê�ÀJ, ½Â

BIC2(λN ) = Q(ϑ̂1,N , ϑ̂2,N ) + ln(N) DFλN /N, (19)

Ù¥, DFλN = trace {[Q̈(ϑ̂1,N , ϑ̂2,N ) +nΛ(ϑ̂1,N , ϑ̂2,N )]−1Q̈N (ϑ̂1,N , ϑ̂2,N )}, Q̈(·)�Q(·)�
���ê; Λ(·) = diag{Π1,Π2}, Π1 Ú Π2 �½Â�ª (16)Ú (17), ϑ̂1,N Ú ϑ̂2,N 5gu

ª (14)9 (15), @o�`N�ëê� λN �ÏL��z BIC2¼�, =

λ̂N = arg min
λN

BIC2(λN ).

§4. ìC5�

�
í�Ñ¨v²�q,{�ìC5�, �I�e�b�^�, ùp^ ‖V ‖L«�þ
½Ý
 V ��, Ù��u�þ½Ý
 V ���ÛÉ�.

b� A1 T �k.��ê, ë�¼ê η� r��êk., r > 2;

b� A2 ëê�m Θ�;�8, ý¢ëê�þ ϑ0� Θ�S:;

b� A3 ëê ϑ ´�£O�, =�3��� ϑ0 ÷v: ui(ϑ0) = X∗i β0 + η̃∗(Zi,θ0,γ0),

i = 1, 2, . . . , N .

b� A4 éu�ÅØ�� ei, �3,� ζ > 0, ¦� sup
i

E‖ei‖2+ζ < ∞, �ÅØ����

�� Ωi÷v sup
i
‖Ωi‖ <∞;

b� A5 !:S� v = {v0 6 v1 6 · · · 6 vkN 6 vkN+1}�O���, =�3~ê c, ¦

�max(vj+1 − vj , j = 0, 1, . . . , kN )/min(vj+1 − vj , j = 0, 1, . . . , kN ) 6 c, kN =

Op(N
1/(2r+1)), h = 1/kN ;

b� A6 ¤k��Ý
Ai > 0,� supi ‖Ai‖ <∞, E(A
−1/2
0,i MkA

−1/2
0,i )´k.�, k = 1, 2,

. . . , s, A0,i� Ai3 u = u0
i ?���, i = 1, 2, . . . , N ;

b� A7 �3,�~ê c, ¦���¼ê÷v 0 < c 6 inf
i,t

V (uit) 6 sup
i,t

V (uit) <∞, �¼

ê V �3k.���ê;

b� A8 �Cþ X = (X ′1, X
′
2, . . . , X

′
N )′ Ú Z = (Z ′1, Z

′
1, . . . , Z

′
N )′ þ�k.;��, xit

Ú z′itθ��Ý¼êþk.�ýéëY, i = 1, 2, . . . , N ; t = 1, 2, . . . , T ;

b� A9 -M = (M ′1,M
′
1, . . . ,M

′
s)
′, b�M �ÛÉ�k.;
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b� A10 (i) N−1
N∑
i=1

E[ġi,1(ϑ1 |ϑ2,0)]3 ϑ1,0 ���S��Âñ, ^ G1,0 L«ÙÂñ�;

N−1
N∑
i=1

E[ġi,2(ϑ2 |ϑ1,0)]3 ϑ2,0���S��Âñ�, ^G2,0L«ÙÂñ�;

(ii) N−1
N∑
i=1

E[gi,1(ϑ1 |ϑ2,0)g′i,1(ϑ1 |ϑ2,0)]3 ϑ1,0 ���S��Âñ, ^ C1,0 L

«ÙÂñ�; N−1
N∑
i=1

E[gi,2(ϑ2 |ϑ1,0)g′i,2(ϑ2 |ϑ1,0)] 3 ϑ2,0 ���S��Âñ,

^ C2,0L«ÙÂñ�; � N →∞�.

b� A1´�
4�Nêþ N �o��ê NT �±Ó�, = N = O(NT ), ¿��y

ë�¼ê´²w�, b� A2� A9��
5K5^�, éN´�y, b� A10�;�$^

u��5�.�b�.

½n 1 3b�^� A1 – A10e, - η̃(z′itθ) = B′(z′itθ)γ, Kdª (13)����ëê

�O÷v:
1

NT

N∑
i=1

T∑
t=1

[η̃(z′itθ̃)− η(z′itθ0)]2 = Op(h
2r). (20)

½n 2 3b�^� A1 – A10e, XJ²wëê λN = o(N−1/2), Kdª (14)���

¨v²�q,�O ϑ̂1,N �ìC���k���O, =

√
N(ϑ̂1,N − ϑ1,0)

L−→ N(0,V ), (21)

Ù¥, “
L−→”L«�©ÙÂñ, V = {G′1,0C

−1
1,0G1,0}−1.

½n 3 3b�^� A1 – A10e, ·�k

W (ϑ1,0) = `1(ϑ1,0 |ϑ2,0)− `1(τ̂1,N , ϑ̂1,N |ϑ2,0)
L−→ χ2

(q+d−1), (22)

Ù¥, `1(ϑ1,0 |ϑ2,0) = 2
N∑
i=1

ln[1 + τ ′1(ϑ1,0)gi,1(ϑ1,0)], χ2
(q+d−1) L«gdÝ� (q + d− 1)�

k�©Ù.

§5. ê�©Û

5.1 Monte Carlo�[ïÄ

�ãò|^ Monte Carlo�[µ�¤ã�O�{3k���e�Ly. ·�^ýé

 Ý (A.Bias)!IOØ (S.E.)Úþ�Ø (MSE)��Iµ�ëê�O�Ly, ÙO��{

©O� A.Bias = |ϑ − ϑ0|, S.E. =

√
M−1

M∑
j=1

(ϑj − ϑ)2, Ù¥, ϑj �1 j g�[��O�,
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ϑ =
M∑
j=1

ϑj/M , M ��[gê, MSE = M−1
M∑
j=1

(ϑj − ϑ0)2; ^ AMSEη µ��ëêÜ©�

Ly, ÙO�úª� AMSEη = (M ·NT )−1
M∑
j=1

N∑
i=1

T∑
t=1

[η̂(z′itθ̂j)− η(z′itθ0)]2.

~ 4 (�O�{3��'(�e�Ly) b��Nê� 30!509 100, �mªÝ�

5, êâ�)L§� CosineL§:

yit = xitβ + cos(zit,1θ1 + zit,2θ2 + zit,3θ3) + αi + εit, (23)

Ù¥, �Cþ xit Õá��u λ = 0.5��ê©Ù; zit1!zit2 Ú zit3 þÕá��uþ!©Ù

U(−π/2, π/2); ý¢ëê�� β0 = 0.8, θ10 = 0.5, θ20 = 0.3, θ30 =
√

0.66; αi�1 i�N�

�½�A, Õá��u«m (−1, 2); εitÑl��©Ù, >S��� 1.

�[¥, æ^á� B�^¼ê��5|ÜCq��ë�¼ê, |^ SCAD¨v¼ê

éëê�O¢�¨v. d	, duÕá(� (WI)!��g�'(� (AR-1)Ú��'(�

(EC)�Ø��3¢SA^¥�~��n«�'(�, Ï
, 3�[¥, Ì��Ä�O�{

3ùn«(�e�Ly, �[(J©O¥y3L 1�L 3¥.

L 1 �O�{3Õá(�e�Ly

size Indicator β θ1 θ2 θ3 AMSEη

N = 30

mean 0.7987 0.5939 0.2911 0.6538

0.2645
S.E. 0.0552 0.1851 0.2187 0.2308

A.Bias 0.0013 0.0939 0.0089 0.1586

MSE 0.0030 0.0342 0.0478 0.0533

N = 50

mean 0.8036 0.5492 0.3015 0.7538

0.1273
S.E. 0.0348 0.1161 0.1235 0.1025

A.Bias 0.0036 0.0492 0.0015 0.0586

MSE 0.0012 0.0135 0.0153 0.0105

N = 100

mean 0.7989 0.5404 0.2904 0.7763

0.0969
S.E. 0.0286 0.0868 0.0914 0.0713

A.Bias 0.0011 0.0404 0.0096 0.0361

MSE 0.0008 0.0075 0.0083 0.0051

L 1��O�{3Õá(�eëêÜ©Ú�ëêÜ©��[(J. Äkwëê�O�

Ly, ëê�O��ýé Ý�X��þ�O\3 0�NCÅÄ, `²ëê�O�3ý¢

�±�Cz; þ�Ø�X�Nê�O\Åì~�, ¿�X�O� lý¢��VÇ���

þ�O\òØä~�, L²�O�{3Õá(�e�Ly÷v��5; lIOØ�ê�u

y, �X��þ�O\, IOØÅì~�, L²�O�°ÝØäJp, `²3Õá(�eë

ê�O�Ly��­è. ,��¡, AMSEη �A
�Oë�¼ê�ý¢ë�¼ê��C§
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Ý, lL¥êâ�±uy, �X�Nê�O\, �O�ë�¼ê�ý¢ë�¼êÅì�C.

L 2 �O�{3g�'(�e�Ly

size Indicator β θ1 θ2 θ3 AMSEη

N = 30

mean 0.7994 0.4872 0.2927 0.8042

0.1677
S.E. 0.0267 0.1140 0.0994 0.0856

A.Bias 0.0006 0.0128 0.0073 0.0082

MSE 0.0007 0.0130 0.0099 0.0073

N = 50

mean 0.7988 0.5074 0.2883 0.8039

0.0764
S.E. 0.0155 0.0725 0.0739 0.0497

A.Bias 0.0012 0.0074 0.0117 0.0085

MSE 0.0002 0.0053 0.0055 0.0025

N = 100

mean 0.8007 0.5085 0.3013 0.8037

0.0489
S.E. 0.0135 0.0428 0.0418 0.0330

A.Bias 0.0007 0.0085 0.0013 0.0087

MSE 0.0002 0.0018 0.0017 0.0011

L 2��O�{3g�'(�eëêÜ©Ú�ëêÜ©��[(J. �Õá(��L

yaq,  Ý�3"�NCÅÄ, þ�Ø�X�Nê�O\Øä~�, L²�O�{3g�

'(�e�Ly÷v��5; lIOØ��, ëê�O�°Ý����N�O\ØäJp,

`²3g�'(�eëê�O�Ly��­è; AMSEη �ê�`², �X�Nê�O\,

�O�ë�¼êÅì�Cuý¢ë�¼ê.

L 3 �O�{3���(�e�Ly

size Indicator β θ1 θ2 θ3 AMSEη

N = 30

mean 0.8006 0.5194 0.2952 0.7889

0.1115
S.E. 0.0175 0.0895 0.0880 0.0706

A.Bias 0.0006 0.0194 0.0048 0.0235

MSE 0.0003 0.0080 0.0077 0.0050

N = 50

mean 0.7996 0.5067 0.2978 0.8041

0.0665
S.E. 0.0175 0.0516 0.0608 0.0402

A.Bias 0.0004 0.0067 0.0022 0.0083

MSE 0.0003 0.0027 0.0037 0.0016

N = 100

mean 0.7994 0.5090 0.2979 0.8053

0.0462
S.E. 0.0134 0.0375 0.0390 0.0269

A.Bias 0.0006 0.0090 0.0021 0.0071

MSE 0.0002 0.0014 0.0015 0.0007
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L 3��O�{3��'(�eëêÜ©Ú�ëêÜ©��[(J. �cü«(��

Ly�q, ëê�O�©Ù3ý¢±�, �É~�C, ëê�O3��'(�e�Ly��

­è. AMSEη �ê���, `²
�O�ë�¼ê�Cuý¢�ë�¼ê.

~ 5 (�2Â�O�§{ (GEE)�'�) ���*/µ��O�{�Ly, �Äê

â�)L§:

yit = xitβ + sinπ(zit,1θ1 + zit,2θ2 + zit,3θ3 −A)/(C −A) + αi + εit, (24)

Ù¥, xit 9 αi �~ 4 �Ó, zit = (zit,1, zit,2, zit,3)′ Õá��þ!©Ù U(0, 1), β = 1,

θ1 =
√

1/2, θ2 =
√

1/3, θ3 =
√

1/6, A =
√

3/2− 1.645/
√

12, C =
√

3/2 + 1.645/
√

12, g

�'(�Ú��'(�¤æ^��'Xê ρ = 0.5, >S��� 1. �[(J¥y3L 4¥.

L 4 �O�{� GEE{�'�

PEL GEE

�'(� ëê ýé Ø (IOØ) ýé Ø (IOØ)

Õá(�

β 0.0001 (0.0256) 0.0015 (0.0284)

θ1 0.0013 (0.0664) 0.0149 (0.1018)

θ2 0.0115 (0.0753) 0.0304 (0.1824)

θ3 0.0025 (0.0837) 0.0087 (0.1364)

AMSEη 0.0938 0.4136

g�'(�

β 0.0002 (0.0189) 0.0006 (0.0167)

θ1 0.0028 (0.0557) 0.0119 (0.0763)

θ2 0.0098 (0.0617) 0.0066 (0.1243)

θ3 0.0044 (0.0634) 0.0093 (0.1031)

AMSEη 0.0839 0.4317

���(�

β 0.0006 (0.0158) 0.0009 (0.0164)

θ1 0.0010 (0.0433) 0.0066 (0.0500)

θ2 0.0072 (0.0584) 0.0018 (0.0633)

θ3 0.0004 (0.0536) 0.0018 (0.0795)

AMSEη 0.0979 0.1540

lL 4¥�±uy, 3Õá(�Ú��'(�e, lýé Ý!ëêIOØÚ�ëê

Ü©� AMSEη �w, PEL{þ`u GEE{, 3g�'(�e, ü«�O�{� Ý�k

`�, �3ëêIOØÚ AMSEη w, PEL{�`u GEE{. o�, � GEE{�', PEL

{�Ly�\­è, ëê�OÚ�ëê�O��\k�.

5.2 ý¢êâA^

U�m�±5, ·IØ¬Â\±YO\, <¬)¹Y²ØäJp, �Ø¬�¤Ç��O
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��ú. K�Ø¬�¤Ç�Ï�¯õ, �©Ì�ïÄ<�(��Ø¬�¤Ç�'X.

�d, ·�À��CþÌ�k: Ø¬�¤Ç (YC)!P<8�' (LR)!�Ö8�'

(CR)!�;±þ<�' (ER)!I5'~ (GR)Ú1n��Ó GDP�'­ (TR), �Cþ

�ºÂ9O��{�L 5, êâ5
u 2008c – 2014c¥IÚOc�. �á�Ù=
Cþ

L 5 �CþºÂ9O��{

Cþ ºÂ O��{

YC Ø¬�¤Ç Ø¬�¤Ó GDP�'­

LR P<É�' 65�±þ<�� 14 – 65�<��'

CR �Ö8�' 14�±e<�� 14 – 65�<��'

ER �;±þ<�' äk�;±þÆ{<�Óo<��'­

GR I5'~ I5Óo<��'­

TR 1n���'­ 1n��Ó GDP�'­

éØ¬�¤Çk��5K�, ·�Äk�Ä±e�5¡�£8�§:

YCit = β1LRit + β2LR2
it + β3CRit + β4CR2

it + β5ERit + β6ER2
it

+ β7GRit + β8GR2
it + β9TRit + β10TR2

it + αi + eit, (25)

Ù¥, αi ��N i��½�A, eit �Ø��. £8(J¥y3L 6¥, lL 6�±w�, 3

5%Y²e, �kCþ TR9 TR2 K�ØwÍ, �d, ·��KCþ TR2, 2g�Ä±e�

5¡�£8�§:

YCit = β1LRit + β2LR2
it + β3CRit + β4CR2

it + β5ERit + β6ER2
it

+ β7GRit + β8GR2
it + β9TRit + αi + eit. (26)

£8(J¥y3L 6¥, lL 6��, 3 5%Y²e, ¤kCþK�þwÍ, `²Cþ TR

é YCäk�5K�, Ù¦Cþé YCäk��5K�. �âþã©Û, ·�ïá±e�½

L 6 �5¡���O(J

ëê β1 β2 β3 β4 β5 β6 β7 β8 β9 β10

�. (25) 6.424 -0.228 -4.747 0.118 -2.658 0.047 -7.708 0.036 0.161 0.006

(***) (***) (***) (***) (***) (***) (*) (*)

�. (26) 6.424 -0.234 -4.667 0.117 -2.692 0.049 -7.677 0.036 0.613

(***) (***) (***) (***) (***) (***) (*) (*) (***)

5: “***”!“**”!“*”©OL«3 0.1%!1%!5%ewÍ, Ù¦L«ØwÍ.

�AÜ©�5ü�I¡��.:

YCit = βTRit + η(θ1LRit + θ2CRit + θ3ERit + θ4GRit) + αi + eit, (27)



1 6Ï ¶�+: �½�AÜ©�5ü�I¡��.�¨v²�q,�O 585

Ù¥, η(·)���ë�¼ê. duØ�ÙØ���(�, Ï
æ^g�'Ú���(��·

Ü(�, A^�©�O�{é�. (27)?1�O, �O(J©O¥y3L 7Úã 1¥.

L 7 ü�I�.ëêÜ©�O(J

ëê �O� IOØ tÚOþ

β 0.694 0.104 6.662

θ2 0.325 0.118 2.753

θ3 0.326 0.143 2.284

θ4 0.575 0.013 45.145

44 46 48 50 52 54

−
4

−
2

0
2

zitθ

η
(z
it
θ
)

ã 1 ��5K�Ï�é�¤Ç�nÜK�

lL 7�±w�, β��O�� 0.694 > 0,�âÙ tÚOþ�±�äÑT�Oþ�wÍ

�, `²1n��'­�þ,ò���¤Ç¥�5þ,, �L 6¤�Ñ(Ø�Ó; 3��5

Ü©ëê�O�¥, �Xê�O�þwÍ���ê, Ù¥ θ1 =
√

1− θ2
2 − θ2

3 − θ2
4 = 0.676.

ã 1£ã
P<8�'!�Ö8�'!�;±þ<�'ÚIå<�'|¤�nÜÏ�é�

¤Ç���5K�, ã¥J��ë�¼ê�Oþ3 95%Y²e��&«m. lã¥��,

�¤Ç�ü�I 0.691z1 + 0.229z2 + 0.255z3 + 0.637z4¥m��þ��Ô�.'X. 3L 6

��O(J¥, P<É�'é�¤ÇK�¥m��e��Ô�.K�, �Ö8�'!�;

±þ<�'ÚIå<�'é�¤Çþ¥m��þ��Ô�/K�. Ïd, (Üã 1¥�(

JL², L 6¥��O(Jäk�½�Ün5.

§6. ½n�y²

½n 1 – 3�y², I�e�(Ø�|±, ��Bå�, ÄkÚ\�
ÎÒ:
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P gi,1(ϑ1) = gi,1(ϑ1 |ϑ2,0), gi,2(ϑ2) = gi,2(ϑ2 |ϑ1,0), `1(ϑ1) = `1(ϑ1 |ϑ2,0), `2(ϑ2) =

`2(ϑ2 |ϑ1,0).

Ún 6 3b�^� A1e, �3�6u¼ê η(t)�ëê γ0 ∈ Rp, ¦�

sup
t∈[0,1]

|η(t)−B′(t)γ0| 6 Chr. (28)

y²: �[y²L§�ë�©z [26]�íØ 6.21. �

Ún 7 3½n 1�b�^�e, k

N−1/2
N∑
i=1

gi,1(ϑ1,0)
L−→ N(0,C1,0), (29)

Ù¥, C1,0�½Â�b�^� A10.

y²: Äk5¿�

gi,1(ϑ1,0) =


u̇′i,1Γi1[Y ∗i −X∗i β0 − η̃∗(Zi,θ0,γ0)]

...

u̇′i,1Γis[Y
∗
i −X∗i β0 − η̃∗(Zi,θ0,γ0)]

 ,

Ù¥, Γih = A
−1/2
i MhA

−1/2
i , i = 1, 2, . . . , N , h = 1, 2, . . . , s. - P = L⊗ IN , ·�k

N∑
i=1

gi,1(ϑ1,0) =


u̇′1Γ1P [Y −Xβ0 − η̃(Z,θ0,γ0)]

...

u̇′1ΓsP [Y −Xβ0 − η̃(Z,θ0,γ0)]

 , (30)

Ù¥, Y = (Y1, Y2, . . . , YN ); X Ú Z �L�ª� Y aq; u̇1 = (u̇′1,1, u̇
′
2,1, . . . , u̇

′
N,1)′; Γh =

diag (Γ1h,Γ2h, . . . ,ΓNh); IN � N �ü Ý
; η̃(Z,θ,γ) = ([η̃(Z1,θ,γ)]′, [η̃(Z1,θ,γ)]′,

. . . , [η̃(ZN ,θ,γ)]′)′. db�^� A8!A9!Ún 69Ý
 P �ÛÉ�k., Ké?¿ k = 1,

2, . . . , s, 7�3,�~ê c∗, ¦� u̇′1ΓkP [η(Z,θ0)− η̃(Z,θ0,γ0)] 6 c∗
N∑
i=1

µ̇i,1Γi1[η(Zi,θ0)

−B(Zi,θ0,γ0)] = Op(h
rN1/2), Ïd,

N∑
i=1

gi,1(ϑ1,0) =


u̇′1Γ1PE

...

u̇′1ΓsPE

+


u̇′1Γ1P [η(Z,θ0)−B(Z,θ0,γ0)]

...

u̇′1ΓsP [η(Z,θ0)−B(Z,θ0,γ0)]



=


u̇′1Γ1PE

...

u̇′1ΓsPE

+O(hrN1/2), (31)
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Ù¥ E = (e′1, e
′
2, . . . , e

′
N )′. d�ê½Æ�

N−1E


u̇′1Γ1PE

...

u̇′1ΓsPE



u̇′1Γ1PE

...

u̇′1ΓsPE


′

P−→ C1,0.

Ïd,

N−1
N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0)
P−→ C1,0. (32)

�?¿ a ∈ Rs(q+d−1), �÷v a′a = 1. db�^� A4k E[a′gi,1(ϑ1,0)] = 0, qdÝ
 L

�ÛÉ�k.��

sup
i

E[‖a′gi,1(ϑ1,0)‖2+δ] 6 ‖a′‖2+δ sup
i

E[‖gi,1(ϑ1,0)‖2+δ]

6 sup
i

E(‖Lei‖2+δ) 6 sup
i

E(‖ei‖2+δ) <∞.

ùL², a′gi,1(ϑ1,0)÷v Lyapunov^�, �â Lyapunov¥%4�½n�

N∑
i=1

a′gi,1(ϑ1,0)

N∑
i=1

a′gi,1(ϑ1,0)g′i,1(ϑ1,0)a

L−→ N(0, 1). (33)

Ï
��

N−1/2
N∑
i=1

gi,1(ϑ1,0)
L−→ N(0,C1,0). � (34)

Ún 8 3½n 1�b�^�e, k

max
16i6N

‖gi,1(ϑ1,0)‖ = o(N1/2). (35)

y²: db�^� A4Ú©z [32]á=��, y.. �

Ún 9 3½n 1�b�^�e, k

τ1 = Op(N
−1/2). (36)

y²: dÚn 7� N−1
N∑
i=1

gi,1(ϑ1,0) = Op(N
−1/2), $^aq�©z [32]¥ª (2.14)

�y²��ª (36)¤á, y.. �

½n 1 �y²: - Θ1 = {(τ1,ϑ1) | ‖τ1‖ = Chr, ‖ϑ1 − ϑ1,0‖ = Chr}, Θ2 = {(τ2,

ϑ2) | ‖τ2‖ = Chr, ‖ϑ2 − ϑ2,0‖ = Chr}, Ù¥, C �,�¿©��~ê; Q1(τ1,ϑ1) =
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`1(τ1,ϑ1 |ϑ2,0) +
q∑
j=1

pλN (|βj |) +
d−1∑
l=1

pλN (|θ?l |), Q2(τ2,ϑ2) = `2(τ2,ϑ2 |ϑ1,0) + pλN (‖γ‖Kθ
).

·�Ly², é?¿�½ ε > 0, ¦�é (τ1,ϑ1) ∈ Θ1, (τ2,ϑ2) ∈ Θ2÷v

P
{

inf
(τ1,ϑ1)∈Θ1

Q(τ1,ϑ1) > Q(0,ϑ1,0)
}
> 1− ε. (37)

P
{

inf
(τ2,ϑ2)∈Θ2

Q(τ2,ϑ2) > Q(0,ϑ2,0)
}
> 1− ε. (38)

ùL², ��±VÇ 1− ε¦�ÛÜ���á3 Θ1Ú Θ2S. Ï
ÛÜ���÷v

‖ϑ1 − ϑ1,0‖ = O(hr), ‖ϑ2 − ϑ2,0‖ = O(hr).

�d, ²L{üO�k

Q1(τ1,ϑ1)−Q1(0,ϑ1,0)

= `1(τ1,ϑ1)− `1(0,ϑ1,0) +
q∑
j=1

[pλN (|βj |)− pλN (|β0,j |)] +
d−1∑
l=1

[pλN (|θ?l |)− pλN (|θ?0,l|)]

= I1 + I2 + I3.

Äkw1�� I1,

I1 = `1(τ1,ϑ1)− `1(0,ϑ1,0)

= τ ′1

[
N−1

N∑
i=1

gi,1(ϑ1,0)
]

+ τ ′1

[
N−1

N∑
i=1

ġi,1(ϑ1,0)
]
(ϑ1 − ϑ1,0)

+ (ϑ1 − ϑ1,0)′
[
N−1

N∑
i=1

ġ′i,1(ϑ1,0)
]
τ1 − τ ′1

[
N−1

N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0)
]
τ1

+ op
(
‖τ ′1‖, ‖(ϑ′1 − ϑ′1,0)′‖

)
.

dÚn 7 �y²� N−1
N∑
i=1

gi,1(ϑ1,0) = Op(N
−1/2), N−1

N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0) = Op(1).

qdb�^� A8!A99 A10k N−1
N∑
i=1

ġi,1(ϑ1,0) = Op(1), Ïd, ��

I1 = COp(N
−1/2hr) + C2Op(h

2r). (39)

�Xd�VÐª��

I2 =
q∑
j=1

[pλN (|βj |)− pλN (|β0,j |)]

=
q∑
j=1

ṗλN (|β0,j |) sgn(β0,j)|βj − β0,j |+
q∑
j=1

p̈λN (|β0,j |)(βj − β0,j)
2[1 + op(1)]

6 C
√
q aNh

r + C2bNh
2r.
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� N → ∞�, λN → 0, Ïd, aN → 0, bN → 0. Ï
´y I1 Ì� I2, Ónk I1 Ì� I3.

ÏLÀJ¿©�� C, �ª (37)¤á, |^Ó���n�±y²ª (38)¤á.

|^ª (37)Ú (38)�(Ø, ·�k

(NT )−1
N∑
i=1

T∑
t=1

[B′(z′itθ̂N )γ̂N − η(z′itθ0)]2

6 (NT )−1
N∑
i=1

T∑
t=1

[B′(z′itθ̂N )γ̂N −B′(z′itθ0)γ0]2 +Op(h
2r)

6 (NT )−1
N∑
i=1

T∑
t=1

[Ḃ′(z′itθ0)γ0(θ̂N − θ0) +B′(z′itθ0)(γ̂N − γ0) +O(hr)]2 +Op(h
2r)

= Op(h
2r). �

½n 2�y²: - (τ̂ ′1,N , ϑ̂
′
1,N )′ = min

τ1,ϑ1

Q1(τ1,ϑ1), Ïdk

N−1
N∑
i=1

gi,1(ϑ̂1,N )

1 + τ̂ ′1,Ngi,1(ϑ̂1,N )
= 0, (40)

N−1
N∑
i=1

[∂gi,1(ϑ̂1,N )/∂ϑ1]′τ̂1,N

1 + τ̂ ′1,Ngi,1(ϑ̂1,N )
+

q∑
j=1

ṗλN (|β̂j,N |) sgn(β̂j,N ) +
d−1∑
l=1

ṗλN (|θ̂?l,N |) sgn(θ̂?l,N ) = 0.

(41)

5¿� ṗλN (|β̂j,N |) = ṗλN (|βj,0|) + [p̈λN (|βj,0|) + op(1)](β̂j,N − βj,0), b�^� A9L²

p̈λN (|βj,0|) = op(1), �� λN →∞�, ṗλN (|βj,0|) = 0, ù�á=��

q∑
j=1

ṗλN (|β̂j,N |) sgn(β̂j,N ) +
d−1∑
l=1

ṗλN (|θ̂?l,N |) sgn(θ̂?l,N ) = op(‖ϑ̂1,N − ϑ1,0‖).

òª (40)Úª (41)3 (0′,ϑ′1,0)′?¢��VÐª¿òþª�\k:

0 = N−1
N∑
i=1

gi,1(ϑ1,0) +N−1
N∑
i=1

ġi,1(ϑ1,0)(ϑ̂1,N − ϑ1,0)

−N−1
N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0)(τ̂1,N − 0) + op(‖ϑ̂1,N − ϑ1,0‖+ ‖τ̂1,N‖), (42)

0 = N−1
N∑
i=1

ġ′i,1(ϑ1,0)(τ̂1,N − 0) + op(‖ϑ̂1,N − ϑ1,0‖+ ‖τ̂1,N‖). (43)

- S22 = N−1
N∑
i=1

ġ′i,1(ϑ1,0)
[ N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0)
]−1

N∑
i=1

ġi,1(ϑ1,0), ²L{üO�k

√
N(ϑ̂1,N − ϑ1,0) = S−1

22 S21S
−1
11

1√
N

N∑
i=1

gi,1(ϑ1,0) + op(1),



590 A^VÇÚO 1 35ò

Ù¥, S11 = −N−1
N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0), S21 = N−1
N∑
i=1

ġ′i,1(ϑ1,0). dÚn 7��

√
N(ϑ̂1,N − ϑ1,0)

L−→ N(0,V ), (44)

Ù¥, V = {G′1,0C
−1
1,0G1,0}−1. �

½n 3�y²: P `1(ϑ1,0) = 2
N∑
i=1

ln[1 + τ ′1,0gi,1(ϑ1,0)], Ù¥, τ1,0 = τ1(ϑ1,0). $^

�VÐªk

`1(ϑ1,0) = 2
N∑
i=1

ln[1 + τ ′1,0gi,1(ϑ1,0)]

= 2
N∑
i=1
{τ ′1,0gi,1(ϑ1,0)− 2−1[τ ′1,0gi,1(ϑ1,0)]2}+ op(1). (45)

qÏ�

0 = N−1
N∑
i=1

gi,1(ϑ1,0)

1 + τ ′1,0gi,1(ϑ1,0)

= N−1
N∑
i=1

gi,1(ϑ1,0)−N−1
N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0)τ1,0

+N−1
N∑
i=1

gi,1(ϑ1,0)[τ ′1,0gi,1(ϑ1,0)]2

1 + τ ′1,0gi,1(ϑ1,0)
.

�âÚn 7 – 9�

τ1,0 =
[
N−1

N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0)
]−1[

N−1
N∑
i=1

gi,1(ϑ1,0)
]

+ op(N
−1/2). (46)

N∑
i=1

[τ ′1,0gi,1(ϑ1,0)]2 =
N∑
i=1

τ ′1,0gi,1(ϑ1,0) + op(1). (47)

dª (46) – (47)9Ún 7��

`1(ϑ1,0) =
[
N−1/2

N∑
i=1

gi,1(ϑ1,0)
]′[
N−1

N∑
i=1

gi,1(ϑ1,0)g′i,1(ϑ1,0)
]−1

×
[
N−1/2

N∑
i=1

gi,1(ϑ1,0)
]

+ op(1).

?�Ú, �âÚn 7�y²�

`1(τ̂1,N , ϑ̂1,N ) = −
[
N−1/2

N∑
i=1

gi,1(ϑ1,0)
]′
S−1

11 (I + S12S
−1
22 S21S

−1
11 )

×
[
N−1/2

N∑
i=1

gi,1(ϑ1,0)
]

+ op(1),
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Ù¥, I L«ü Ý
. u´,

W (ϑ1,0) =
[
N−1/2

N∑
i=1

gi,1(ϑ1,0)
]′

(S−1
11 S12S

−1
22 S21S

−1
11 )

×
[
N−1/2

N∑
i=1

gi,1(ϑ1,0)
]

+ op(1)

=
[
(−S−1/2

11 )N−1/2
N∑
i=1

gi,1(ϑ1,0)
]′

(S
−1/2
11 S12S

−1
22 S21S

−1/2
11 )

×
[
(−S−1/2

11 )N−1/2
N∑
i=1

gi,1(ϑ1,0)
]

+ op(1).

Ún 7 L² S
−1/2
11 S12S

−1
22 S21S

−1/2
11 �é¡���Ý
, Ù,� (q + d − 1), (−S−1/2

11 ) ×

N−1/2
N∑
i=1

gi,1(ϑ1,0)ìCuõ�IO��©Ù. Ïd, W (ϑ1,0)ìCu χ2
(q+d−1). �

§7. (Øo(

�©�Ä
�a�NS�3�'5��½�AÜ©�5ü�I¡��., (Ü¨v²

�q,{�Äf{é�.?1�O. äN/, Äk^�^¼êCqü�I�.¥�ë�¼

ê, 2$^ QIF{�g�¼���'u��ëê�*ÐO©¼ê, �X|^T*ÐO©¼

ê�ï'u��ëê�²�q,¼ê. du^�^¼êCq��ë�¼ê¬ÚåLÝ[

Ü¯K, �d, é¤�ï�²�q,¼ê¢���¨v�, ±�ÑLÝëêz¯K. ,��

¡, $^ Lagrange¦ê{�O¤�ï�¨v²�q,¼ê¼���ëê��O�, l
¼

�¤k�5Ü©Ú��5Ü©��O; 3·��b�^�e, y²
¤��Oþ���5

ÚìC��5; ?�Ú, ÏLMonte Carlo�[µ�
¤ã�{3k���e�Ly, �[

(Jw«: (i) 3ëê�O�¡, ëê�O�3��'(�eþ�Cuý¢�, IOØÚþ

�Øþ�X�Nê N �O�
~�, `²�.�O�Ly÷v��5, 3�ëê�¡, �

X�Nê N �O�, �O�¼ê3��'(�eþÅì�Cuý¢¼ê; (ii) �©�{�

GEE{��['�uy, 3Õá(�Ú��'(�e, PEL{����Iþ`u GEE{,

3�'(�e, Øëê�O�� Ý	, PEL{Ù¦�Iþ`u GEE{; ��|^¤ã�

{©Û
<�(�é�¤Ç�K�, (JL², ��(�é�¤Çk�5��K�, P<É

�'!�Ö8�'!�;±þ<�'ÚIå'~¤�¤�ü�Ié�¤Ç¥�Ô�.­�

K�.
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Penalized Empirical Likelihood Estimation for Partially

Linear Single Index Panel Model with Fixed Effects

DING Feipeng

(School of Mathematics and Information Science, Jiangxi Normal University, Nanchang, 330022, China)

Abstract: This paper constructs a penalized empirical likelihood estimation method via quadratic in-

ference function method, filter method and empirical likelihood estimation method. Under some regular

conditions, we derived the large sample properties of estimators and show that the proposed empirical

likelihood ratio is asymptotically to chi-square distribution. Furthermore, the infinite sample performance

of the proposed method is evaluated by Monte Carlo simulation and real data analysis.

Keywords: empirical likelihood estimation; dependence structure; partially linear single index panel

model
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