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 (½¡ QÝ
)� Q = (qij)N×N , Ù¥ −qii = qi. úi�ºxL§½Â�

Xt = x+
N∑
i=1

∫ t

0
1{Js=i}dX

i
s, (1)

Ù¥ 1{·} �«5¼ê. {Xi
t}���Ì�Lévyºx�., � {X1, X2, · · · , XN}�pÕá.

{Xi
t}�n�|� (ci, σi, νi), Ù¥ ci > 0, σi > 0, 
 νi´ (0,∞)þ� LévyÿÝ, ¿�÷v∫∞

0 (1 ∧ x2)νi(dx) < ∞. 3�½ (Xi
0 = x, J0 = i)^�e, VÇÿÝÚ^�Ï"©OP�

Px,iÚ Ex,i. LévyL§ {Xi
t}�.Ê.d�ê�

ψi(s) =
1

t
lnE0,i[e−sX

i
t ] =

σ2
i

2
s2 + cis+

∫ ∞
0

(e−sx − 1 + sx1{0<x61})νi(dx). (2)

LévyL§ {Xi
t}´k.C��¿©7�^�� σi = 0¿�

∫ 1
0 xνi(dx) <∞. �A�, .Ê

.d�f (2)�±��

ψi(s) = c0
i s+

∫ ∞
0

(e−sx − 1)νi(dx), (3)

Ù¥ c0
i = ci +

∫ 1
0 xνi(dx), � {Xi

t}´k.C��, �
üØL§küN´», ·�b�

c0
i > 0. L§ {Xi

t}�ü ¤£�

µi = E0,i[Xi
1] = −ψ′i(0+).

XJ
∫∞

1 yνi(dy) <∞,@o µi = −ci+
∫∞

1 yνi(dy) <∞. �©¥,·�b�−∞ < µi <∞
(i = 1, 2, · · · , N). k' LévyL§�nØ�ë�©z [13].

b������6�VÇ�m {Ω,F , {Ft},P}, Ù¥ {Ft}´d {Xt}Ú {Jt})¤�
σ-6, ¿�÷vÏ~^�. 3©ùüÑ πe, ���J{L§�

Xπ
t = x+

N∑
i=1

∫ t

0
1{Js=i}dX

i
s −Dπ

t , (4)

Ù¥ Dπ
t �� t�����\È©ùþ. ¡����üÑ π�NN�, XJ©ùL§ {Dπ

t }
'u {Ft}·A, �K�±9më�4�. PNNüÑ��N� Π. - τπ = inf{t > 0 :

Xπ
t 6 0}�úi�»���. �½Ð©J{ x > 0Úê��ÅóG�� i ∈ J, ½Â�»�

��\È©ù�ò�Ï"�

Vπ(x, i) = Ex,i
[ ∫ τπ

0
e−ΛtdDπ

t

]
, (5)

Ù¥ Λt =
N∑
k=1

∫ t
0 1{Js=k}δkds, δi > 0�3G� ie�ò�Ïf. �¼ê�

V (x, i) = sup
π∈Π

Vπ(x, i), i = 1, 2, · · · , N. (6)

N´��, é¤k i ∈ J, k V (0, i) = 0. ·��8I´�é���NNüÑ π∗ ∈ Π, ¦�

é¤k i ∈ J, k V (x, i) = Vπ∗(x, i).
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§2. Ä�5y�§

ùpA^©z [9]¥��{, ÏL�E��Âñ��¼ê�¼êS�, 5y²Ä�5y

�§. e¡^oNi1L«Xe/ª��þ¼ê:

v(x) = (v(x, 1), v(x, 2), · · · , v(x,N)).

ü��þ½�þ¼ê�m^ÎÒ “6”½ “>”, L«éA�©þ�m “6”½ “>”¤á. ,

	, P 0����ê� N �î�"�þ.

- ζ0 = 0Ú ζn = inf{t > ζn−1 : Jt− 6= Jt}, n = 1, 2, · · · , = ζn ´ê��Åó {Jt}1
nga���. �½��¼ê v(x), ½Â�¼�f

Mv(x) = (M v(x, 1),M v(x, 2), · · · ,M v(x,N)),

Ù¥

M v(x, i) = sup
π∈Π

Ex,i
[ ∫ τπ∧ζ1

0
e−ΛtdDπ

t + e−Λτπ∧ζ1v(Xπ
τπ∧ζ1 , Jτπ∧ζ1)

]
= sup

π∈Π
Ex,i
[ ∫ τπ∧ζ1

0
e−δitdDπ

t + e−δi(τ
π∧ζ1)v(Xπ

τπ∧ζ1 , Jτπ∧ζ1)
]
. (7)

dM �½Â, ·�ke¡�Ún.

Ún 1 XJ v1 > v2, Ké¤k x > 0, kMv1(x) >Mv2(x).

Ún 2 é¤k x > 0, - U0(x) = 0Ú Un(x) = MUn−1(x), n = 1, 2, · · · , Kéz�
i ∈ J, {Un(·, i)}´��4O�¼ê�.

é n = 0, 1, 2, · · · , � Πn = {π ∈ Π : Dπ
s = 0, ∀ s > ζn}��NNüÑ�f8Ü, =´

ù�8Ü¥�?¿��üÑ, 3ê��Åó {Jt}u) nga��vkù|�u. -

Vn(x, i) = sup
π∈Πn

Vπ(x, i).

aqu©z [9]�Ún 3.3, ·�ke¡�Ún.

Ún 3 é¤k x > 0, k Vn(x) = Un(x)¤á, n = 0, 1, 2, · · · .

Ún 4 é¤k x > 0Ú i ∈ J, k lim
n→∞

Un(x, i) = V (x, i)¤á.

y²: dÚn 2�, é�½� x > 0Ú i ∈ J, k U(x, i) = lim
n→∞

Un(x, i)�3. Ï�

Un = Vn 6 V , ¤± U 6 V . e¡y²���Ø�Ò�¤á. - π ∈ Π´��NNüÑ,

½Â πn ∈ Πn�: 3 ζn�c�üÑ� π, 
��vkù|�u. 5¿� τπn 6 τπ a.s., ��

Vπ(x, i)− Vπn+1(x, i) 6 Ex,i
[ ∫ τπ

0
e−ΛtdDπ

t −
∫ τπ

0
e−ΛtdDπn

t

]
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= Ex,i
[ ∫ τπ

τπ∧ζn
e−ΛtdDπ

t

]
→ 0, � n→∞.

Ïd, é?¿ ε > 0�3¿©�� n, ¦�

Un(x, i) = Vn(x, i) > Vπn(x, i) > Vπ(x, i)− ε.

d πÚ ε?¿5, �� U(x, i) > V (x, i). �

½n 5 �¼ê V ÷vÄ�5y�§ V = MV , =é¤k x > 0, i ∈ J, k

V (x, i) = sup
π∈Π

Ex,i
[ ∫ τπ∧ζ1

0
e−δitdDπ

t + e−δi(τ
π∧ζ1)V (Xπ

τπ∧ζ1 , Jτπ∧ζ1)
]
, (8)

� V ´¤k÷v^� V > 0����).

y²: dÚn 2!Ún 3ÚÚn 4±9üNÂñ½n�, �§ (8)¤á. b� V ′�÷

vdÄ�5y�§, � V ′ > 0 = V0. dÚn 1�� V ′ = MV ′ >MV0 = V1, ­EA^�

fM , �±�Ñé¤k� nk V ′ > Vn¤á. (Ø�y. �

§3. ��9Ï��`z¯K

lþ�!���¼ê�±ÏLS���. Ïd·���3�½ Un �^�e, ¦Ñ

Un+1=�. �
)ûù�¯K, �Ä��9Ï��`z¯K.

¡¼ê f(x, i)3D þ¿©1w, e: � {Xi
t}�k.C��, f(x, i) ∈ C 1(D); � {Xi

t}
�Ã.C��, f(x, i) ∈ C 2(D). � D����þ¼êa, kXe�½Â

½Â 6 ¡�þ¼ê u ∈ D, XJé ∀ i ∈ J, ÷ve�^�

(i) u(x, i)3 [0,∞)þ´�K�O�]�¿� u(0, i) = 0;

(ii) � u(x, i)3 (0,∞)þ¿©1w.

���¼ê u ∈ D, �ÄXe�9Ï�`z¯K

M(x, i) = sup
π∈Π

Mπ(x, i), (9)

Ù¥

Mπ(x, i) = Ex,i
[ ∫ τπ∧ζ1

0
e−δitdDπ

t + e−δi(τ
π∧ζ1)u(Xπ

τπ∧ζ1 , Jτπ∧ζ1)
]
. (10)

é?¿üÑ π ∈ Π, ©ùüÑ Di
s = 1{Js=i}D

π
s , -

Y i
t = x+Xi

t −Di
t, (11)
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� τ i� {Y i
t }�»���. P η(qi)���Õá�ëê� qi��ê�ÅCþ, �� {Y i

t , t <

τ i ∧ η(qi)}� {Xπ
t , J0 = i, t < τπ ∧ ζ1}Ó©Ù. Ïdªf (10)�±�¤

Mπ(x, i) = Ex,i
[ ∫ τπ∧ζ1

0
e−δitdDπ

t + e−δi(τ
π∧ζ1)u(Xπ

τ i∧ζ1 , Jτπ∧ζ1)
]

= Ex
[ ∫ τ i

0
1{t<η(qi)}e

−δitdDi
t + 1{τ i>η(qi)}e

−δiη(qi)
∑
j 6=i

qij
qi
u(Y i

η(qi)
, j)
]

= Ex
[ ∫ τ i

0
e−θitdDi

t +

∫ τ i

0
e−θit

∑
j 6=i

qiju(Y i
t , j)dt

]
, (12)

Ù¥ Ex[·] = E[· |Y i
0 = x]Ú θi = δi + qi.

5P 7 3 (9) ¥, �Ä�´¤k�NNüÑ π ∈ Π. ,
, �¼ê M(x, i) =�

Di
s = 1{Js=i}D

π
s k'. Ïd, XJ π ∈ Π´ (9)�`z¯K����`üÑ, K¤k÷v

1{Js=i}D
π′
s = 1{Js=i}D

π
s �üÑ π′ ∈ ΠÑ´ (9)��`üÑ.

d���Å��nØ, é¯K (9), �ÄXe�[C©Ø�ª

max
{

(A − θi)m(x, i) +
∑
j 6=i

qiju(x, j), 1−m′(x, i)
}

= 0, x > 0, (13)

Ù¥�f A �

Am(x, i) =
σ2
i

2
m′′(x, i)− cim′(x, i) +

∫ ∞
0

[m(x+ y, i)−m(x, i)−m′(x, i)y1{0<y61}]νi(dy).

(14)

½n 8 �m ∈ D, ¿�é ∀ i ∈ J, m(x, i)÷v[C©Ø�ª (13), K

(i) é x > 0, km(x, i) >M(x, i)é ∀ i ∈ J¤á.

(ii) XJ�3,�NNüÑ π∗ ∈ Π, ¦�Mπ∗(x, i) = m(x, i), @o π∗ ´ (9)��`ü

Ñ, �M(x, i) = m(x, i).

y²: �ÄNNüÑ π, ©ùüÑ Di
s = 1{Js=i}D

π
s . �Ê� Tn = inf{t > 0 : Y i

t >

n½ Y i
t 6 1/n}. òL§ {Y i

t }�ØëY:©�Xe8Ü,

Γt = {s 6 t : ∆Di
s = 0, ∆Xi

s 6= 0}, �kL§ {Xi
s}��a;

Γ′t = {s 6 t : ∆Di
s 6= 0, ∆Xi

s 6= 0}, ©ùL§ka, {Xi
s}��Uk�a��Uvk�a.

é e−θi(t∧Tn)m(Y i
t∧Tn , i)^ Itô’súª, ��

e−θi(t∧Tn)m(Y i
t∧Tn , i) = m(x, i) +

∫ t∧Tn

0
e−θis

[σ2
i

2
m′′(Y i

s−, i)− θim′(Y i
s−, i)

]
ds+ It∧Tn ,
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Ù¥

It =

∫ t

0
e−θism′(Y i

s−, i)dY
i
s +

∑
s∈Γt∪Γ′t

e−θis[m(Y i
s , i)−m(Y i

s−, i)−m′(Y i
s−, i)∆Y

i
s ].

d {Y i
t }�L�ª, �

e−θi(t∧Tn)m(Y i
t∧Tn , i) = m(x, i) +

∫ t∧Tn

0
e−θis(A − θi)m(Y i

s , i)ds

−
∫ t∧Tn

0
e−θism′(Y i

s−, i)dD
i
s +At∧Tn +Bt∧Tn +Dt∧Tn , (15)

Ù¥

At =
∑
s∈Γ′t

e−θis[m(Y i
s− + ∆Xi

s −∆Di
s, i)−m(Y i

s− + ∆Xi
s, i) +m′(Y i

s− + ∆Xi
s, i)∆D

i
s],

Bt =

∫ t

0
e−θism′(Y i

s−, i)d
(
Xi
s + cis−

∑
0<u6s

∆Xi
u1{|∆Xi

u|>1}

)
,

Dt =
∑
s∈Γt

e−θis[m(Y i
s− + ∆Xi

s, i)−m(Y i
s−, i)−m′(Y i

s−, i)∆X
i
s1{|∆Xi

s|61}]

−
∫ t

0

∫ ∞
0

e−θis[m(Y i
s− + y, i)−m(Y i

s−, i)−m′(Y i
s−, i)y1{|y|61}νi(dy)]ds.

dLévy-Itô©),� {Bt∧Tn}´��"þ���;dLévyL§�Ö�ÿÝúª�, {Dt∧Tn}
�´��"þ���. 5¿�m(x, i)´�K�O�]�¿�÷v (13), ·�k

(A − θi)m(Y i
s−, i) 6 −

∑
j 6=i

qiju(Y i
s , j); −m′(Y i

s−, i) 6 −1;

m(y, i)−m(x, i)−m′(x, i)(y − x) 6 0, ∀x, y > 0; m(Y i
t∧Tn , i) > 0.

é (15)ªü>�^�êÆÏ", ��

m(x, i) > Ex
[ ∫ t∧Tn

0
e−θisdDi

s +

∫ t∧Tn

0
e−θis

∑
j 6=i

qiju(Y i
s , j)ds

]
.

- n → ∞, K Tn → τi. u´� n → ∞�, d��Âñ½n±9��üÑ π�?¿5, �

� (i)�(Ø.

d (i)�(ØÚM(x, i)�½Â, (ii)�(J�±����. �

§4. N!�k.©ùüÑ

ù�!, ·��ÄN!�k.©ùüÑ. äN/`, 3��d3�©ù��, XJê�

�Åó�G�� i�J{Y²3 bi > 0�þ, K�L�Ü©�Ü��ù||G; XJê�

�Åó�G�� i�J{Y²$u bi > 0, KØu�©ù. e¡�ÑN!�k.©ùüÑ�

½Â.



1 1Ï �DD, ë[_: ê��ÅÅ�=�Ì� Lévyºx�.¥��`©ùüÑ 77

½Â 9 �½��Y² b = (b1, b2, · · · , bN ), ¡ πb´��Y²� b�N!k.©ùü

Ñ, XJ πb÷v ∫ ∞
0

1{Xπb
t <bJt}

dDπb
t = 0, Xπb

t 6 bJt .

� Dπbi
t ´��Y²� bi �k.©ùüÑ, K 1{Jt=i}D

πbi
t = 1{Jt=i}D

πb
t . �
PÒ�

B, ©ùL§E,P� {Di
t}, �A�L§ {Y i

t }´ (11)¥½Â, ÙéA�»���E� τ i.

3üÑ πbe, {PMπb(x, i)Ú τπb ©O�Mb(x, i)Ú τb. d (12)��

Mb(x, i) = Ex
[ ∫ τ i

0
e−θitdDi

t +

∫ τ i

0
e−θit

∑
j 6=i

qiju(Y i
t , j)dt

]
, (16)

Ù¥ θi = δi + qi. d Itô’súªÚê¼5, ke¡�·K¤á.

Ún 10 é©ù.� b = (b1, b2, · · · , bN ) > 0�N!k.©ùüÑ, Mb(x, i)÷ve

¡�È© –�©�§|
AMb(x, i) +

∑
j 6=i

qiju(x, j) = 0, 0 < x < bi;

Mb(x, i) = x− bi +Mb(bi, i), x > bi.

(17)

e¡�ÑºÝ¼ê�½Â, é θ > 0, ½Â θ-ºÝ¼êW (θ)(x)Xe:

� x < 0�, W (θ)(x) = 0;

� x > 0�, Ŵ (θ)(s) =
1

ψi(s)− θ
, s > inf{s > 0 : ψi(s) = θ}.

,	, �ºÝ¼êW (θ)(x)�'�ü�¼ê Z(θ)(x)Ú Z
(θ)

(x)�

Z(θ)(x) = 1 + θ

∫ x

0
W (θ)(y)dy, Z

(θ)
(x) = θ

∫ x

0
Z(θ)(y)dy.

d (16)ª�, �)ÑMb(x, i), �I¦�

z1(x, i) = Ex
[ ∫ τ i

0
e−θitdDi

t

]
, z2(x, i) = Ex

[ ∫ τ i

0
e−θit

∑
j 6=i

qiju(Y i
t , j)dt

]
. (18)

k' LévyL§ºÝ¼ê��£, �ë�©z [13]. d©z [3]¥�Ún 2.1½ö©z [4]¥

�Ún 3.1, ·��e¡�Ún.

Ún 11 é bi > 0, θi > 0Ú 0 6 x 6 bi, k

Ex
[ ∫ τ i

0
e−θitdDi

t

]
=

1

Z(θi)(bi)

[
Z

(θi)(bi)−
µi
θi

]
Z(θi)(bi − x)− Z(θi)(bi − x) +

µi
θi
. (19)
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Ún 12 é bi > 0, θi > 0Ú 0 < x 6 bi, k

Ex
[ ∫ ∞

0
e−θit1{Y it ∈dy, t<τ i}dt

]
= −

[Z(θi)(bi − x)

Z(θi)(bi)
W (θi)(y)− 1{y>x}W

(θi)(y − x)
]
dy.

y²: � X̃i
t = bi − Xi

t , K X̃i
t �ÌK� LévyL§, ¿� X̃i

0 = bi − x ∈ [0, bi). P

Y i
t = X̃i

t − inf
s6t

[X̃i
t ∧ 0], K

Y i
t = Xi

t −Di
t = Xi

t − sup
s6t

[(Xi
s − bi) ∨ 0]

= bi − (bi −Xi
t)− sup

s6t
[−(bi −Xi

s) ∨ 0]

= bi − X̃i
t + inf

s6t
[X̃i

t ∧ 0]

= bi − Y i
t.

u´k τi = inf{t : Y i
t 6 0} = inf{t : Y i

t > bi}Ú

Ex
[ ∫ ∞

0
e−θit1{Y it ∈dy, t<τ i}dt

]
= Ebi−x

[ ∫ ∞
0

e−θit1{Y it∈d(bi−y), t<τ i}dt
]
.

�â©z [13]�½n 2.8¥� (ii), (Ø�y. �

½n 13 é u ∈ DÚ x ∈ [0, bi], K¼êMb(x, i)kXe�L�ª

Mb(x, i) = K(bi)Z
(θi)(bi−x)−Z(θi)(bi−x)+

µi
θi

+
∑
j 6=i

qij

∫ bi−x

0
u(y+x, j)W (θi)(y)dy, (20)

Ù¥

K(bi) =
1

Z(θi)(bi)

[
Z

(θi)(bi)−
µi
θi
−
∑
j 6=i

qij

∫ bi

0
u(y, j)W (θi)(y)dy

]
. (21)

y²: Äk?Ø 0 < x 6 bi. dÚn 12, 3 (18)¥� z2(x, i)ke¡�L�ª

z2(x, i) =
∑
j 6=i

qij

∫ bi

0
u(y, i)Ex

[ ∫ ∞
0

e−θit1{Y it ∈dy, t<τ i}

]
dydt

= −
∑
j 6=i

qij

[Z(θi)(bi − x)

Z(θi)(bi)

∫ bi

0
u(y, i)W (θi)(y)dy −

∫ bi−x

0
u(y + x, j)W (θi)(y)dy

]
.

(22)

ò (19)Ú (22)�\ (16), �Ñ(Ø.

� x = 0�, (20)ª�mà� 0, �à�Mb(0, i) = 0, Ïd (20)3 x = 0�E,¤á.

�
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§5. �`�N!k.©ùüÑ

y3·��Ä�`�N!k.©ùüÑ, =�é� bi, ¦� (20)¥�Mb(x, i)���

��. � 0 < x < bi�, k

M ′b(x, i) = −
[
θiK(bi) +

∑
j 6=i

qiju(bi, j)
]
W (θi)(bi − x) + Z(θi)(bi − x)

+
∑
j 6=i

qij

∫ bi−x

0
u′(y + x, j)W (θi)(y)dy,

?
M ′b(bi−, i) = −
[
θiK(bi) +

∑
j 6=i

qiju(bi, j)
]
W (θi)(0) + 1. Ïd, � Xi

t ´k.C��, k

M ′b(bi−, i) = M ′b(bi+, i) = 1⇔ θiK(bi) +
∑
j 6=i

qiju(bi, j) = 0. (23)

� Xi
t ´Ã.C��, k

M ′′b (x, i) =
[
θiK(bi) +

∑
j 6=i

qiju(bi, j)
]
W (θi)

′
(bi − x)−

[
θi +

∑
j 6=i

qiju
′(bi, j)

]
W (θi)(bi − x)

+
∑
j 6=i

qij

∫ bi−x

0
u′′(y + x, j)W (θi)(y)dy,

?
kM ′′b (bi−, i) =
[
θiK(bi) +

∑
j 6=i

qiju(bi, j)
]
W (θi)

′
(0+). u´

M ′′b (bi−, i) = M ′′b (bi+, i) = 0⇔ θiK(bi) +
∑
j 6=i

qiju(bi, j) = 0. (24)

d (23)Ú (24)�, Mb(x, i)´¿©1w¼ê�¿©7�^��

θiK(bi) +
∑
j 6=i

qiju(bi, j) = 0. (25)

Ún 14 �§ (25)k��) b∗i �¿©7�^�´ µi > 0.

y²: é x > 0, �

fi(x) = θiZ
(θi)(x)− µi − θi

∑
j 6=i

qij

∫ x

0
u(y, j)W (θi)(y)dy + Z(θi)(x)

∑
j 6=i

qiju(x, j). (26)

d¼ê u(x, j)'u x´O�, K

fi(0) = −µi, f ′i(x) = Z(θi)(x)
[
1 +

∑
j 6=i

qiju
′(x, j)

]
> 0,

¿�

fi(x) > θiZ
(θi)(x)− µi − θi

∫ x

0
W (θi)(y)dy

∑
j 6=i

qiju(x, j) + Z(θi)(x)
∑
j 6=i

qiju(x, j)

> θiZ
(θi)(x)− µi,

u´� x→∞�, fi(x)→∞, (Ø�y. �
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½n 15 é i = 1, 2, · · · , N , � b∗i > 0´�§ (25)��, K� 0 6 x 6 b∗i �, k

Mb∗(x, i) =



−Z(θi)(b∗i − x) +
∑
j 6=i

qij

∫ b∗i−x

0
[u(y + x, j)− u(b∗i , j)]W

(θi)(y)dy

+
1

θi

[
µi −

∑
j 6=i

qiju(b∗i , j)
]
, 0 6 x < b∗i ;

x− b∗i +Mb∗(b
∗
i , i), x > b∗i ,

(27)

Ù¥ b∗ = (b∗1, b
∗
2, · · · , b∗N )ÚMb∗(b

∗
i , i) = θ−1

i

[
µi −

∑
j 6=i

qiju(b∗i , j)
]
3 [0,∞), ¿�Mb∗(x, i)

´�K�O�]¼ê.

y²: ò K(b∗i ) = −θ−1
i

∑
j 6=i

qiju(b∗i , j)�\� (20), {zO���� (27). d (26)Ú

u(x, j) ∈ D, ·�k

Mb∗(0, i) = − 1

θi
f(b∗i ) = 0,

M ′b∗(x, i) = Z(θi)(b∗i − x) +
∑
j 6=i

qij

∫ b∗i−x

0
u′(y + x, j)W (θi)(y)dy > 0,

Ú

M ′′b∗(x, i) = −
[
θi +

∑
j 6=i

qiju
′(b∗i , j)

]
W (θi)(b∗i −x) +

∑
j 6=i

qij

∫ b∗i−x

0
u′′(y+x, j)W (θi)(y)dy < 0.

nþ(Ø�y. �

½n 16 é i = 1, 2, · · · , N , � b∗i > 0´�§ (25)��, K�`¯K (9)��¼ê

M(x, i) = Mb∗(x, i), ?¿��÷v 1{Jt=i}D
π
t = 1{Jt=i}D

πb∗
t �©ùüÑ π Ñ´ (9)��

`üÑ, Ù¥Mb∗(x, i)d (27)�Ñ.

y²: d½n 15�y², ��

M ′b∗(b
∗
i−, i) = M ′b∗(b

∗
i+, i) = 1,

M ′′b∗(b
∗
i−, i) = −θiW (θi)(0).

Ïd, M ′′b∗(b
∗
i−, i) = M ′′b∗(b

∗
i+, i) = 0�¿�^�´ Xi

t �Ã.C�� LévyL§, ¿�

M ′b∗(x, i)

> 1, 0 6 x < b∗i ;

= 1, x > b∗i .

(ÜÚn 10, ��Mb∗(x, i)÷v[C©Ø�ª (13). d½n 8, (Ø�y. �
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§6. £��Ð��`��¯K

y3, ·�5£� § 3!¥JÑ�¯K, =�½ Un(x), XÛ¦Ñ Un+1(x)? d½n 15

Ú½n 16�, �½¼ê u(x) ∈ D, KMb∗(x) ∈ D, Ù¥

Mb∗(x) = (Mb∗(x, 1),Mb∗(x, 2), · · · ,Mb∗(x,N)),

b∗ = (b∗1, b
∗
2, · · · , b∗N ). w, 0 ∈ D. ò�§ (25)Ú (27)¥� uO�¤ 0, ·���
 b1 Ú

U1(x) = (U1(x, 1), U1(x, 2), · · · , U1(x,N)). ,�é�½ Un(x), ò�§ (25)Ú (27)¥�

u(x, i)O�¤ Un(x, i), �±�� bn+1Ú Un+1(x).

é�Ð��`¯K (6), dÚn 4�, �¼ê V (x)´ Un(x)�4� (Å: Piont-wise),

Ïd V (x) ∈ D. c¡�(Øw�·�, XJéz� i ∈ JÕá��Ä¯K (9) (=, éz�

i ∈ J, é����`�üÑ), K?¿��÷v 1{Jt=i}D
π
t = 1{Jt=i}D

πb∗
t �üÑ π ∈ ΠÑ´

�`�. ,
, ·��Ð�¯K´�é���üÑ, ¦�é¤k� i ∈ Jþ��`. Ïd, �

�Y²� b∗ = (b∗1, b
∗
2, · · · , b∗N )�N!k.©ùüÑ��`üÑ. ù«ÏLS���{��

�¼êÚ�`üÑ�Ú½Xe:

Ú½ 1: Äk- U0(x) = 0;

Ú½ 2: ÏL (25)é� bn+1; ÏL (27)é� Un+1(x);

Ú½ 3: � sup
x>0, i∈J

|Un+1(x, i)−Un(x, i)| 6 ε�,Ê�S�;ÄK,£�Ú½ 2. ùp ε > 0

����°(Ý.

�k,	�«�{�±���¼êÚ�`üÑ: )È© –�©�§|. drê��Å

5Ú Itôúª±9�����nØ, ���¼êÚN!k.©ù��`Y²÷v
A V (x, i) +

∑
j 6=i

qijV (x, j) = 0, 0 6 x < b∗i ;

V (x, i) = x− b∗i + V (b∗i , i), x > b∗i ,

(28)

Ù¥�f A d (14)�Ñ, é¤k i, j ∈ J, >.�^�Ú²w5^��

V (0, i) = 0; V (b∗i−, j) = V (b∗i+, j);

V ′(b∗i−, i) = 1; V ′(b∗i−, j) = V ′(b∗i+, j);

V ′′(b∗i−, i) = 0, XJ σi > 0.

�e5, ·�ïÄ N = 2, σi = 0, �aÑlEÜÑt©Ù��/, Ù¥Ñtëê� λi

Ú�a©Ù�Ý� fi(x) = γie
−γix (γi > 0, i = 1, 2)��/. 3ù«�/e, S���{Ø

X)�§|k�Ç. �
{zPÒ, k bi�O b∗i .
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e¡5)È© –�©�§| (28). Ø���5, b� 0 6 b1 6 b2. ·��Äe¡n«

�/: x ∈ [0, b1), x ∈ [b1, b2)Ú x ∈ [b2,∞).

XJ x ∈ [0, b1), d�§| (28)�±��
c1V

′(x, 1) + (λ1 + δ1 + q1)V (x, 1)− λ1

∫ ∞
0

V (y + x, 1)γ1e−γ1ydy − q1V (x, 2) = 0;

c2V
′(x, 2) + (λ2 + δ2 + q2)V (x, 2)− λ2

∫ ∞
0

V (y + x, 2)γ2e−γ2ydy − q2V (x, 1) = 0.

aqu©z [1]¥� (3.2)ª, éþ¡�§|�ü��§©OA^� (d/dx− γ1)Ú (d/dx−
γ2), Kkc1V

′′(x, 1) +R1V
′(x, 1)− γ1(δ1 + q1)V (x, 1)− q1V

′(x, 2) + q1γ1V (x, 2) = 0;

c2V
′′(x, 2) +R2V

′(x, 2)− γ2(δ2 + q2)V (x, 2)− q2V
′(x, 1) + q2γ2V (x, 1) = 0,

(29)

ùp Ri = λi + δi + qi − ciγi, i = 1, 2. ·�ß�þ¡�§|�)�V (x, 1) = A11eα1(x−b1) +A12eα2(x−b1) +A13eα3(x−b1) +A14eα4(x−b1);

V (x, 2) = A21eα1(x−b1) +A22eα2(x−b1) +A23eα3(x−b1) +A24eα4(x−b1).
(30)

ò (30)�\ (29)¿'�Xê, �ÑXe�'��§|(α− γ1)(c1α+ λ1 + δ1 + q1) + λ1γ1 − q1(α− γ1)β = 0;

(α− γ2)(c2α+ λ2 + δ2 + q2) + λ2γ2 − q2(α− γ2)/β = 0,
(31)

XJþ¡��§|ko�) (α, β), @oÒ�±(½ (αj , A2j/A1j), j = 1, 2, · · · , N .

Ún 17 �§| (31)ko�¢� (αj , βj), j = 1, 2, · · · , N , ¿�

α1 < α2 < 0 < α3 < α4.

y²: -

gi(α) = (α− γi)(ciα+ λi + δi + qi) + λiγi, i = 1, 2,

Ú

G(α) = g1(α)g2(α)− q1q2(α− γ1)(α− γ2).

ò�§ G(α) = 0�� α�\�§| (31)�±(½ β, =�§| (31)�)��. �L5, e

(α, β)´�§| (31)�), K α÷v G(α) = 0. Ïd, ·��I�y² G(α) = 0ko��

=�.
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Äk, é i = 1, 2, gi(α) = 0kü�� r1i < 0 < r2i < γi. Ùgdu G(∞) = G(−∞)

= ∞, ¿� G(0) = γ1γ1(δ1 + q1)(δ2 + q2) − q1q2γ1γ2 > 0. � r = min{r21, r22}, K
r < min{γ1, γ2}, ¿� G(r) < 0. qdu G(r11) < 0, ¤±, �§ G(α) = 0ko��: α1 <

α2 < 0 < α3 < α4. (Ø�y. �

dþ¡�?Ø�, e (αj , A2j/A1j), j = 1, 2, 3, 4´�§| (31)�), Kk

A2j =
g1(αj)

q1(αj − γ1)
A1j =

q2(αj − γ2)

g2(αj)
A1j . (32)

XJ x ∈ [b1, b2), d�§| (28)��
V (x, 1) = x− b1 + V (b1, 1);

c2V
′(x, 2) + (λ2 + δ2 + q2)V (x, 2)− λ2

∫ ∞
0

V (y + x, 2)γ2e−γ2ydy − q2V (x, 1) = 0.

(33)

l (30)�±�� V (b1, 1), ¿�aq/k

c2V
′′(x, 2)+(λ2 +δ2 +q2−c2γ2)V ′(x, 2)−γ2(δ2 +q2)V (x, 2)−q2 +q2γ2[x−b1 +V (b1, )] = 0.

(34)

ß�þã�§�)�

V (x, 2) = B1eα̃1(x−b2) +B2eα̃2(x−b2) + η1x+ η2. (35)

ò (35)�\ (34), '�Xê�� α̃i, i = 1, 2´�§

(α̃− γ2)(c2α̃+ λ2 + δ2 + q2) + λ2γ2 = 0

��, ¿�(δ2 + q2)η1 − q2 = 0;

(λ2 + δ2 + q2 − c2γ2)η1 − q2γ2(δ2 + q2)η2 − q2 + q2[−b1 + V (b1, 1) = 0],

=´ 
η1 =

q2

δ2 + q2
;

η2 =
q2

δ2 + q2

[ λ2

γ2(δ2 + q2)
− c2

δ2 + q2
− b1 + V (b1, 1)

]
.

ò (35)Ú V (x, 2) = x−b2+V (b2, 2) (x > b2)�\ (33),(Ü V (b2, 2) = B1+B2+η1b2+η2,

'�Xê�
B1α̃1

α̃1 − γ2
+

B2α̃2

α̃2 − γ2
+

δ1

γ1(δ2 + q2)
= 0. (36)
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��, XJ x ∈ [b2,∞), d�§| (28)��V (x, 1) = x− b1 + V (b1, 1);

V (x, 2) = x− b2 + V (b2, 2).
(37)

·���3�`�N!k.©ùüÑe, �¼ê V (x, i)3 (0,∞)þ´��ëY��

�, ¿�3 (0,∞)/bi´��ëY���. Ïd·�k²w5^�

V (0, 1) = V (0, 2) = 0;

V (b1−, 2) = V (b1+, 2);

V ′(b1−, 1) = V ′(b2−, 2) = 1;

V ′(b1−, 2) = V ′(b1+, 2);

V ′′(b1−, 2) = V ′′(b1+, 2).

þ¡��§|(Ü (32)Ú (36), �k 12��§, �±)Ñ 12��½Xê Aij , bi Ú Bi,

i = 1, 2, j = 1, 2, 3, 4.
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Abstract: In this paper, we consider the optimal dividend problem in the spectrally positive Lévy model

with regime switching. By an auxiliary optimal problem, the principle of dynamic programming and the

fluctuation theory of Lévy processes, we show that optimal strategy is a modulated barrier strategy. The

value function and the optimal dividend barrier are obtained by iteration.
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