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§1. �µ0�

����*ÑL§´�aäk2�A^��ÅL§, 3;��. [1]!)ÔÆ [2, 3] ��

¡kX2��A^, �'�²;�*ÑL§, ����*ÑL§U
��b��£ã,


�Åy�, ~X, �GÚÂG�p����¸e�Ô)��¹, Ú½Ú=½���7K½|

¥Ï�½d¯K�. ùaMarkovL§�lÑµe��Å¼êS� [4] ½ö�Å�¸¥��

Å©|�. [5]. � (Ω,F , (Ft)t>0,P)����6�VÇ�m, Ù¥ (Ft)t>0 ÷vÏ~^�

(mëY, F0�¹¤k� P"ÿ8). � S = {1, 2, · · · , N} (N <∞). ?� i ∈ S, (`(t, i))t>0

�¢�ëY�'u t�ü·AL§÷v `(0, i) = 0�=3 X(t) = 0�'u tO\, e�3

(`(t, i))t>0¦� (X(t),Λ(t))÷ve� (1)ª, K¡ (X(t),Λ(t))� R+ × Sþ�:��>.
����*ÑL§:X(t) =

∫ t

0
b(X(s),Λ(s))ds+

∫ t

0
σ(X(s),Λ(s))dBs + `(t,Λ(t)),

(X(0),Λ(0)) = (x0, i) ∈ R+ × S,
(1)

∗I[g,�ÆÄ7�8 (1OÒ: 11771327!11771123!11971149)ÚàH�p�Æ�­:�ï�8 (1OÒ: 16A11

0010)]Ï.
?ÏÕ�ö, E-mail: wangld 2013@163.com.

�© 2019c 3� 28FÂ�, 2019c 7� 4FÂ�?Uv.
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Ù¥, (Bt)t>0 ´ (Ft)t>0·A���u R+ � Brownian$Ä, (Λ(t))t>0 � (Ft)t>0 ·A�

��u S�ëY�mL§, � δ ↓ 0�,

P(Λ(t+ δ) = l |Λ(t) = k, X(t) = x) =

qkl(x)δ + o(δ), k 6= l;

1 + qkk(x)δ + o(δ), k = l
(2)

3 x ∈ R+þ��¤á.

P Q(x) = (qij(x))i,j∈S. � QØ�6u x�, ¡ (1)��:��>.�G�Õá*Ñ

L§½ö�:��>.��ê¼��*ÑL§, ÄK, ¡ (1)��:���>.�G��6

����*ÑL§.

���*ÑL§áÚ
Nõ;[Æö�'5, éTL§��m1� (X)��35Ú

�K5, ØCÿÝ�35, gý�5�)�ïÄë�©z [6–12]. 'uT�.�­½5 (~

X, ~�5!�êH{5!�C�ålH{!WassesteinH{�)ë�©z [13–16]. �c

ïÄÌ�'5
���*ÑL§­½5��O^�, éTL§�êH{�Âñ�Ç½þ�

OïÄ�ék�. ©z [17]?Ø
�aAÏ�/e���*ÑL§äké¡ÿÝ�A��

�O¯K, Ò8c�ö¤�é�����*ÑL§�êÂñ�Ç��O�mkïÄ. Cc

5, 'uÃ���*ÑL§Ú)«L§�­½5Ú�êÂñ�Ç�O¯KïÄ®²�~�

õ [18–20], AO�'u�:���>. (= Neumman>.)���L§�Âñ�Ç�O¯

Kk��´L�ïÄ¤J [19, 21–24], ,
�¹e��>.^�¦�ÍÜ�{�´$^, Ùï

Ä¿Â�ë�þã©z. ©z [25]?Ø
�a*ÑL§��êÂñ�Ç�O, ÉÙéu, �

©?Ø���*ÑL§� f -�êH{ (��½Â 2)��OÚÂñ�Ç�O, Ì�?Ø�

�Å�Ø�6u x��/, =�ê¼���*ÑL§, ��¦3":���>..

�©ob� b(x, i), σ(x, i)'u xëY. �
�y���*ÑL§)��35Ú�K

5, �©kXe�
Ä��b�:

H1. �3~êK1 > 0¦� |b(x, i)− b(y, i)|+ |σ(x, i)− σ(y, i)| 6 K1|x− y|, ∀x, y ∈ R+,

i ∈ S;

H2. �½ i ∈ S, a(x, i) := σ2(x, i) > 0'u x��¤á.

ù
b�^�¥, H1�y
 (1)Ú (2)k�����¿); H2�y
L§�r Feller5�.

P ∂V (0, i)/∂x = ∂V (x, i)/∂x|x=0, �â©z [26], ":������*ÑL§)¤� A

kXe/ª:

A V (x, i) = L(i)V (·, i)(x) +QV (x, ·)(i), V ∈ C2(R+ × S),
∂V (0, i)

∂x
= 0, i ∈ S,

Ù¥

L(i)V (·, i)(x) = b(x, i)
∂V (x, i)

∂x
+

1

2
σ2(x, i)

∂2V (x, i)

∂x2
,
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QV (x, ·)(i) =
∑
j 6=i

qij(x)(V (x, j)− V (x, i)).

P D(A ) = {V ∈ C2(R+ × S) : ∂V (0, i)/∂x = 0, i ∈ S}� A �½Â�. � ν � R+ × Sþ
ÎÒÿÝ, V � R+ × Sþ�ÿ¼ê, P

ν(V ) =
∑
i∈S

∫
R+

V (x, i)ν(dx, i).

½Â 1 (ê¼L§� Lyapunov¼ê) � V : R+ × S → [1,∞)÷v V ∈ D(A ). e

�3~ê a, κ > 0, ;8 C ∈ B(R+), k�8Ü N ⊂ S¦�ê¼L§ (X(t),Λ(t))t>0 �)

¤� A ÷v

A V (x, i) 6 −κV (x, i) + a1C×N (x, i), (x, i) ∈ R+ × S,

K¡ V �ê¼L§ (X(t),Λ(t))t>0��ê� κ� Lyapunov¼ê.

T½Â�©z [25,27]¥ÑkØÓ, �©z [28]¥¤ã Forster-Lyapunov¼êaq. e

¡�Ñ f -C��ê (P� ‖ · ‖f )�½Â. � R+ × SþÎÒÿÝ ν, e f : R+ × S→ [1,∞)

� R+ × Sþ�ÿ¼ê, K ν � f -C��ê�

‖ν‖f := sup{ν(g) : |g| 6 f, g ∈ B(R+ × S)}.

��, f ≡ 1 �, ‖ · ‖f ��C��ê. Ïd, f -C��êí2
�C��ê�g�. �

µ(f) <∞�, ù��þ��C��ê [29].

½Â 2 (f -�êH{) � (P t)t>0� (X(t),Λ(t))t>0�=£�+. ¡ê¼L§ (X(t),

Λ(t))t>0´ f -�êH{�, �H{�Ç� k, e�3���²­©Ù πÚ~ê D¦�

‖P t((x, i), ·)− π(·)‖f 6 Df(x, i)e−kt, (x, i) ∈ R+ × S, t > 0.

5P 3 �© “f -�êH{”æ^
©z [28]¥â�, ©z [25]�¡aqþã½Â�

f -���êH{.

½Â 4 (�Ø��) � (P t)t>0 � (X(t),Λ(t))t>0 �=£�+. ¡ê¼L§ (X(t),

Λ(t))t>0´�Ø���,eA ⊂ R+×S���Lebesgue�ÿ8Ü,= ∀ t > 0, (x, i) ∈ R+×S
k P t((x, i), A) > 0.

·K 5 (©z [25]·K 3.1) �ê¼L§´�Ø���, ��3 Lyapunov¼ê V , K

TL§ V �êH{, ����²­©Ù π÷v π(V ) <∞.

§2. �êÂñ��O^�

�!Ì�½5�Ñ�:��>.�ê¼��*ÑL§ f -�êH{��O^�. P

K(λ, x, i) = K̂(λ, x, i) +
Qξ(i)

ξi
,
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Ù¥ ξ : S→ R+, λ > 0, K̂(λ, x, i) = b(x, i)λ+ σ2(x, i)λ2/2.

½n 6 �ê¼L§ (X(t),Λ(t))t>0÷vb� H1 – H2, ��Ø��. e�3 λ > 0±

9 ξ : S→ R+¦�

lim
x→∞

sup
i∈S

K(λ, x, i) < 0,

Kê¼L§ (X(t),Λ(t))t>0 ´ Vλ �êH{��k���²­©Ù π ÷v π(Vλ) < ∞, Ù

¥ Vλ(x, i) = eλxξi.

du Vλ(x, i) = eλxξi Ø÷v ∂Vλ(0, i)/∂x = 0, �
¦^ Lyapunov ¼ênØy²

½n 6, I�é¼ê Vλ(x, i) ·�?U. �½ x0 > 0, ´��3¼ê [25] φ(x) 6 x ¦�

V λ(x, i) = eλφ(x)ξi÷v

(i) ∂V λ(0, i)/∂x = 0;

(ii) V λ(x, i) = Vλ(x, i), x > x0, i ∈ S;

(iii) V λ(x, i)'u x1w�3e�¿Âe� Vλ(x, i)�d: �3 0 < c1 < c2 <∞¦�

0 < c1 6
V λ(x, i)

Vλ(x, i)
< c2 <∞.

?
, ê¼L§ V λ�êH{�du Vλ�êH{. ¯¢þ, du

‖P t((x, i), ·)− π(·)‖f = sup{(P t((x, i), ·)− π(·))(g) : |g| 6 f, g ∈ B(R+ × S)},

±9?¿~ê ck (P t((x, i), ·)− π(·))(cg) = c(P t((x, i), ·)− π(·))(g), �â (iii)�

‖P t((x, i), ·)− π(·)‖Vλ 6
1

c1
‖P t((x, i), ·)− π(·)‖V λ 6

c2
c1
‖P t((x, i), ·)− π(·)‖Vλ .

qd f -�êH{�½Â��3���²­©Ù πÚ~ê D¦�

‖P t((x, i), ·)− π(·)‖f 6 Df(x, i)e−kt, (x, i) ∈ R+ × S, t > 0,

´� V λ�êH{�du Vλ�êH{.

e lim
x→∞

sup
i
K(λ, x, i) < 0, K�3 x0 > 0, ¦� k0(λ) := − sup

x>x0,i∈S
K(λ, x, i) > 0, �

k.. du b, σ'u xëY±9 Sk�, ´�kXe(Ø:

Ún 7 �½ λ > 0, éuþã k0(λ), x0 > 0±9 V λ(x, i) = eλφ(x)ξi, φ(x) 6 x, k

c0 := sup
x∈[0,x0],i∈S

(A V λ(x, i) + k0(λ)V λ(x, i)) <∞.
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½n 6�y²: dþ¡�Øã, �yL§ Vλ�êH{�Iy²L§ V λH{. du

k0(λ) = − sup
x>x0,i∈S

K(λ, x, i) > 0,

�âÚn 7{üO��,

A V λ(x, i) = A Vλ(x, i) = K(λ, x, i)V λ(x, i)

6 −k0(λ)Vλ(x, i) = −k0(λ)V λ(x, i), x > x0, i ∈ S;

A V λ(x, i) 6 −k0(λ)V λ(x, i) + c0, x 6 x0, i ∈ S.

nþ, A V λ(x, i) 6 −k0(λ)V λ(x, i) + c01[0,x0]×S. d·K 5�(Ø¤á. �

©z [30]|^M -Ý
nØïÄ
���*ÑL§3�:�ìC­½5. �/Ïù�

óä?Øê¼��*ÑL§� f -�êH{�O, k0�eM -Ý
nØ, ��©z [31]. Ý


½ö�þ x� 0L« x�z�����u", x� 0L« −x� 0.

·K 8 [31] e�Qã´�d�.

(a) A´���ÛÉ n× n�M -Ý
.

(b) A¤k�Ìfª´�½�, = ∣∣∣∣∣∣∣∣
a11 · · · a1k
...

...

ak1 · · · akk

∣∣∣∣∣∣∣∣ > 0,

é k = 1, 2, · · · , n¤á.

(c) A�z�A��´��.

(d) A´��½�, = ∃x ∈ Rn� x� 0¦� Ax� 0.

�Qã½n, �±eb�:

(A1) �3 x0 > 0, λ0 > 0, βi(λ0) ∈ R¦�

K̂(λ0, x, i) = b(x, i)λ0 +
1

2
σ2(x, i)λ20 6 βi(λ0), x > x0, i ∈ S.

P β(λ) = diag(β1(λ), β2(λ), · · · , βN (λ)), = βi(λ), i = 1, 2, · · · , n)¤�é�Ý
.

·K 9 e�3 λ0 > 0¦� −(Q+ β(λ0))´���ÛÉ�M -Ý
� (A1)¤á, K

�3 ξ : S→ R+¦�

lim
x→∞

sup
i
K(λ0, x, i) < 0.

?
, �b� H1 – H2¤á�ê¼L§�Ø��, K�ê¼���*ÑL§ Vλ0 �êH{.
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·K 10 (©z [14]½n 2.3) � H1 – H2¤á, e�3 λ0 > 0¦� −(Q+ β(λ0))´

���ÛÉ�M -Ý
� (A1)¤á, Kê¼L§ (X(t),Λ(t))t>0 (�C�)�êH{.

©z [14]¥�½n 2.3'u�C��êH{��O^��±���©½n 6¥�^�

¤á, ?
�â½n 6�����*ÑL§� f -�êH{5. ���'��C��êH{

^�, ½n 6¤�^�,
§Ýþ~f
.

·K 9�y²: du −(Q+ β(λ0))´���ÛÉ�M -Ý
, �â·K 8�3�þ

ξ = (ξ1, ξ2, · · · , ξN )T � 0¦� (Q+ β(λ0))ξ � 0, =z����u 0,

K(λ0, x, i) = K̂(λ0, x, i) +
Qξ(i)

ξi

6 βi(λ0) +
Qξ(i)

ξi
=

(Q+ β(λ0))ξ(i)

ξi
< 0, x > x0, i ∈ S.

Ø�ª�m>� xÃ', Ïd(Ø¤á. �

·K 11 b� H1 – H2¤á�ê¼L§�Ø��, µ = (µi)i∈S ´ (Λ(t))t>0 �ØCÿ

Ý, e�3 λ0 > 0¦� (A1)¤á�
∑
i∈S

µiβi(λ0) < 0, K�3 ξ : S→ R+ ±9 p0 > 0¦�

L§´ Vp0(x, i) = ep0xξi�êH{�.

·K 11�y²: P Qp = Q+ pβ(λ0),

ηp = − max
γ∈Spec(Qp)

Reγ,

Ù¥, Spec(Qp) � Qp �Ì. �â©z [14] ¥½n 2.4 �y²�ª (½ö©z [7] ¥·K

4.1)(Ü Perro-Frobenius½n�, ηp ´ Qp �{üA���§éA�A��þ ξ � 0. d

u
∑
i∈S

µiβi(λ0) < 0, �â©z [7]¥·K 4.2, ��3 p1 > 0¦� ηp > 0é 0 < p < p1 ¤

á. �½ p ∈ (0,min{1, p1})Ú ξ � 0÷v Qpξ = (Q + pβ(λ0))ξ = −ηpξ � 0, =z��

��u 0. éuXþ�½� pÚ ξ, � Vλ0p(x, i) = epλ0xξi, p ∈ (0,min{1, p1}), � V λ0p �

Vλ0p(x, i)UìÚn 7c¡Øã?U�¼ê, ÷v V λ0p = Vλ0p, x > x0, K

A V λ0p(x, i) = A Vλ0p(x, i)

=
[
pb(x, i)λ0 +

1

2
σ2(x, i)p2λ20

]
Vλ0p(x, i) +QVλ0p(x, i)

6 p
[
b(x, i)λ0 +

1

2
σ2(x, i)λ20

]
Vλ0p(x, i) +Qξ(i) · epλ0x (Ï 0 < p < 1)

6 pβi(λ0)Vλ0p(x, i) +Qξ(i) · epλ0x (d (A1))

6 (Q+ pβ(λ0))ξ(i) · epλ0x

= −ηpξi · epλ0x = −ηpVλ0p(x, i) < 0, x > x0, i ∈ S,

= V λ0p(x, i)� (X(t),Λ(t))t>0� Lyapunov¼ê, - p0 = λ0p, (Ø¤á. �
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� ξ : S→ R+, P

∆(x, i) = b2(x, i)− 2σ2(x, i)
Qξ(i)

ξi
.

íØ 12 �b� H1 – H2¤á�ê¼L§�Ø��. e�3 ξ : S → R+, x0 ¿©�

¦�

(a) sup
x>x0

inf
i∈S

Qξ(i)

ξi
< 0;

(b) ∆(x, i) > 0� inf
i∈S

−b(x, i) +
√

∆(x, i)

σ2(x, i)
> sup

i∈S

−b(x, i)−
√

∆(x, i)

σ2(x, i)
, x > x0.

K�3 λ > 0¦� (X(t),Λ(t))t>0´ Vλ(x, i) = eλxξi�êH{��k���²­©Ù π÷

v π(Vλ) <∞.

íØ 12�y²: �â½n 6, �I��y lim
x→∞

sup
i
K(λ, x, i) < 0. du

K(λ, x, i) = b(x, i)λ+
1

2
σ2(x, i)λ2 +

Qξ(i)

ξi
,

�
¦�L�ª�u", �� λ �¼ê, -�Oª ∆(x, i) �u", ��¦3��¶k

�u"�ú�). � y1(x, i) < y2(x, i) ©O��g�§ K(λ, x, i) = 0 �ü�), =I

inf
i∈S

y2(x, i) > 0, sup
i∈S

y1(x, i) 6 inf
i∈S

y2(x, i), �n=�. �

~ 13 �Ä��u R+ × S �:����ê¼��*ÑL§ (X(t),Λ(t))t>0 ÷v

b(x, i) = bix, σ(x, i) = σi, (x, i) ∈ R+ × S, (Λ(t))t>0 éA� Q -Ý
�ÅØ��. e

max
i∈S

bi < 0, KL§ Vλ(x, i) = eλxξi�êH{, Ù¥ λ > 0, ξ : S→ R+.

¯¢þ, du

K(λ, x, i) = bixλ+
λ2

2
σ2i +

Qξ(i)

ξi
,

w,, éu?¿�½� λ > 0, ξ � 0, o´�3 x0 > 0¦�

sup
x>x0,i∈S

K(λ, x, i) < 0.

�â½n 6�(Ø¤á.

~ 14 �Ä��u R+ × S �:����ê¼��*ÑL§ (X(t),Λ(t))t>0 ÷v

b(x, i) = bi, σ(x, i) = σi, (x, i) ∈ R+ × S, (Λt)t>0éA� Q -Ý
�ÅØ��. ´�

K(λ, x, i) = biλ+
λ2

2
σ2i +

Qξ(i)

ξi
.

� βi(λ) = biλ + λ2σ2i /2, KTL§÷vb� (A1) é?¿�½� λ > 0 ¤á, Ïd, �

µ = (µi)i∈S� (Λ(t))t>0�ØCÿÝ, �â·K 11, e�3 λ0 > 0¦�
∑
i∈S

µiβi(λ0) < 0, K

�3 ξ : S→ R+±9 p0 > 0¦�L§ Vp0(x, i) = ep0xξi�êH{.
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§3. �êÂñ�Ç�O

�!ÏLÍÜ�{?Ø�:������*ÑL§ f -�êH{�Ç�O, Äké

Lyapunov¼ê�?�.

½Â 15 � τ < ∞���Ê�. ¡¼ê V : R+ × S → [1,∞)´ê¼L§ (X(t),

Λ(t))t>0�ê� κ > 0�?�� Lyapunov¼ê, e?�½ (X0,Λ0) ∈ R+ × S, e�L§´

þ�:

M(t) := V (X(t ∧ τ),Λ(t ∧ τ)) + κ

∫ t∧τ

0
V (X(s),Λ(s))ds, t > 0.

5P 16 ½Â 15¥ê¼L§��ê κ > 0?�� Lyapunov¼ê�±w�´½Â 1

¥�ê κ > 0� Lyapunov¼ê�í2, =e¼ê V ´½Â 1¥�ê κ > 0� Lyapunov

¼ê, �±��y² V ´ê¼L§��ê κ > 0�?�� Lyapunov¼ê.

¯¢þ, du A ´ Z(t) := (X(t),Λ(t))�)¤�, Ke¡�L§´ÛÜ�:

A(t) := V (Z(t))−
∫ t

0
A V (Z(s))ds, t > 0.

d½Â 1�, �3~ê a, κ > 0, ;8 C ∈ B(R+), k�8Ü N ⊂ S¦�

A V (x, i) 6 −κV (x, i) + a1C×N (x, i), (x, i) ∈ R+ × S.

�ÄL§

M(t) := V (Z(t))−
∫ t

0
[−κV (Z(s)) + a1C×N (Z(s))]ds, t > 0.

du

E(M(t) |Fs) = E(A(t) +M(t)−A(t) |Fs)

= A(s) + E
(∫ t

0
A V (Z(u))du−

∫ t

0
[−κV (Z(u)) + a1C×N (Z(u))]du

∣∣∣Fs

)
= A(s) +

∫ s

0
{A V (Z(u))− [−κV (Z(u)) + a1C×N (Z(u))]du}

+ E
(∫ t

s
{A V (Z(u))− [−κV (Z(u)) + a1C×N (Z(u))]}du

∣∣∣Fs

)
= M(s) + E

(∫ t

s
{A V (Z(u)− [−κV (Z(u)) + a1C×N (Z(u))]}du

∣∣∣Fs

)
6M(s).

Ïd, M(t)´ÛÜþ�. dM(t)ke., �â FatouÚn�M(t)´þ�. � τ = inf{t >
0 : (X(t),Λ(t)) ∈ C ×N}, K τ �Ê�, dÊ�½n��L§M(t) = M(t ∧ τ), t > 0�´

þ�, =y� V �?�� Lyapunov¼ê.
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½Â 17 ¡�ÅCþ X1 �Å�u�ÅCþ X2 e P(X1 6 x) 6 P(X2 6 x)é?�

� x ∈ R¤á. � Z1(t), Z2(t)�Ð©G�©O� X1, X2 � (Z(t))t>0 �ü���, e X1

�Å�u X2, K?¿�½� t, Z1(t)o´�Å�u Z2(t), ¡�ÅL§ (Z(t))t>0 'u§�

Ð©G�´�Å�S�.

Nõ~��L§÷v'uÐ©G��Å�S, ~X, M/G/1üè�.!)«L§!�

;�.� [29]. �©�¡ob��½�¸e*ÑL§´�~��'uÑu:�Å�S.

�

C(x, i) =

∫ x

0

2b(u, i)

σ2(u, i)
du, µi[x, y] =

∫ y

x

eC(u,i)

σ2(u, i)
du,

�â©z [18]��½�¸ i ∈ Se*ÑL§�~��¿�^�´∫ ∞
0

µi[0, x]e−C(x,i)du =∞, µi[0,∞) <∞

Ó�¤á. é�:��>.����*ÑL§, ��½�¸e*ÑL§~��, 'uÙ�ê

Âñ�ÇkXe(Ø:

½n 18 b� ((X(t),Λ(t))t>0 ´ R+ × Sþ´�:���>.�ê¼���*ÑL
§, �½�¸e*ÑL§´�Å�S�~��. (P t)t>0 �TL§éA� FellerëY�rê

¼�+. e (X(t),Λ(t))t>0�3�ê� k > 0�?�� Lyapunov¼ê V , K

(a) ∀x1, x2 ∈ R+, i, j ∈ Sk

‖P t((x1, i), ·)− P t((x2, j), ·)‖V 6 [V (x1, i) + V (x2, j)]e
−kt, t > 0.

(b) R+ × Sþ�Ð©©Ù µ1, µ2÷v µ1(V ) <∞Ú µ2(V ) <∞, Kk

‖µ1P t − µ2P t‖V 6 [µ1(V ) + µ2(V )]e−kt, t > 0.

(c) XJê¼L§ (X(t),Λ(t))t>0k²­©Ù π÷v π(V ) <∞, Kù�²­©Ù´��

�, �L§´ V �êH{�, �êÂñ�Ç� k. ?�Úk

‖P t((x, j), ·)− π‖V 6 [π(V ) + V (x, j)]e−kt, t > 0.

½n 18y²: (a)�Ä (X(t),Λ(t))t>0�ü��� (X1(t),Λ1(t))t>0, (X2(t),Λ2(t))t>0

©O÷v (X1(0),Λ1(0))=(x1, i), (X2(0),Λ2(0))=(x2, j). �E (X1(t),Λ1(t))t>0� (X2(t),

Λ2(t))t>0�ÍÜXe (��©z [13]):

(i) i 6= j �, (X1(t),Λ1(t))t>0 � (X2(t),Λ2(t))t>0 Õá�Uì�g�;�üC���ö

a�Ó���¸, = τ0 = inf{t > 0 : Λ1(t) = Λ2(t)}��.
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(ii) du τ0 = inf{t > 0 : Λ1(t) = Λ2(t)}, K X1(t)� X2(t), t > τ0 ��Óf�¸e�ü

�*ÑL§, UìÏ~*ÑL§ÕáÍÜ?1. du*ÑL§'uÑu:�Å�S,

e X1(τ0) 6 X2(τ0), K X1(t) 6 X2(t), t > τ0, ÄK X1(t) > X2(t), t > τ0. ���U

ì�Ó�;�üC.

½ÂÊ� τi = inf{t > τ0 : Xi(t) = 0}, i = 1, 2, ±9

τ̂(0) = τ11{X1(τ0)>X2(τ0)} + τ21{X1(τ0)<X2(τ0)}.

du�½�¸ez�L§�~��'uÐ©:�Å�S, e X1(τ0) 6 X2(τ0), K X1(τ̂(0))

6 X2(τ̂(0)) = X2(τ2) = 0, e X2(τ0) 6 X1(τ0), K X2(τ̂(0)) 6 X1(τ̂(0)) = X1(τ1) = 0, q

du 0:���>., Ïd τ̂(0)��ÅÍÜ��m. ��ÿ¼ê g : R+ × S → R, ¦�

|g| 6 V , �y²(Ø¤á, I��Oeªþ.:

|Eg(X1(t),Λ1(t))− Eg(X2(t),Λ2(t))|.

du ((X1(t),Λ1(t))t>τ̂(0)Ú ((X2(t),Λ2(t))t>τ̂(0)�;��©Ù�Ó. Ïd,

E|g(X1(t),Λ1(t))|1{t>τ̂(0)} = E|g(X2(t),Λ2(t))|1{t>τ̂(0)}. (3)

du

|Eg(X1(t),Λ1(t))1{t6τ̂(0)} − Eg(X2(t),Λ2(t))1{t6τ̂(0)}|

6 E|g(X1(t),Λ1(t))|1{t6τ̂(0)} + E|g(X2(t),Λ2(t))|1{t6τ̂(0)}. (4)

�IéþªØ�ªm>1��?1�O, d |g| 6 V �

E|g(X1(t),Λ1(t))|1{t6τ̂(0)} 6 EV (X1(t),Λ1(t))1{t6τ̂(0)}. (5)

P

M̃(t) = ek(t∧τ̂(0))V (X1(t ∧ τ̂(0)),Λ1(t ∧ τ̂(0))), t > 0.

K

ektEV (X1(t),Λ1(t))1{t6τ̂(0)} 6 E[M̃(t)].

�±y² M̃(t)´þ�, ?


EM̃(t) 6 EM̃(0) = V (x1, i).

(Ü (5), ��'u (4)m>1��k

E|g(X1(t),Λ1(t))|1{t6τ̂(0)} 6 e−ktV (x1, i).
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Ón, 'u (4)m>1��k

E|g(X2(t),Λ2(t))|1{t6τ̂(0)} 6 e−ktV (x2, j).

(Ü (3)Ú (4)�

|Eg(X1(t),Λ1(t))− Eg(X2(t),Λ2(t))| 6 [V (x1, i) + V (x2, j)]e
−kt, t > 0.

þª'u |g| 6 V �þ(., =� (a).

��Ö¿y² M̃(t)´þ�. ¯¢þ, du V �?�� Lyapunov¼ê, ��

M(t) = V (X1(t ∧ τ̂(0)),Λ1(t ∧ τ̂(0))) + k

∫ t∧τ̂(0)

0
V (X1(s),Λ1(s))ds, t > 0

´þ�. é M̃(t)(t 6 τ̂(0))^ Itôúª, �

dM̃(t) = kektV (X1(t),Λ1(t))dt+ ektdV (X1(t),Λ1(t)) = ektdM(t), t 6 τ̂(0). (6)

du M̃(t)3 [τ̂(0),∞)�~ê, (6)ªé t > τ̂(0)�¤á. �â Doob-Mayer©)½n±9

(6)�, �3ÛÜ� M̃1(t)!�O�L§ M̃2(t)¦� M̃(t) = M̃1(t) + M̃2(t), Ïd M̃(t)´

ÛÜþ�. du M̃(t)ke., �â FatouÚn, M̃(t)´þ�.

(b) e¡ªf± (x1, i)× (x2, j)�Ð©:'u µ1 × µ2È©,

|Eg(X1(t),Λ1(t))− Eg(X2(t),Λ2(t))| 6 [V (x1, i) + V (x2, j)]e
−kt, t > 0.

2'u |g| 6 V �þ(.�� (b).

(c) $^ (b)�(Ø, - µ1 = π, µ2 = δ(x,j). �

½n 19 b� (X(t),Λ(t))t>0 ´ R+ × Sþ�:���>.��ê¼��*ÑL§,

÷vb� H1 – H2¤á. e�3 λ > 0±9 ξ : S→ R+¦�

Kmax(λ) := sup
x>0,i∈S

K(λ, x, i) < 0,

Kê¼L§ (X(t),Λ(t))t>0 ´ Vλ = eλxξi �êH{, Âñ�Ç� |Kmax(λ)|, ��3���
²­©Ù π÷v π(Vλ) <∞.

½n 19�y²: �â½n 6��3 λ>0±9 ξ : S→R+¦����²­©Ù π÷

v π(Vλ)<∞. �â½n 18��Iy²éuþã λ, Vλ´ (X(t),Λ(t))t>0�ê� |Kmax(λ)|
?�� Lyapunov¼ê. � η > 0, τ(η) = inf{t > 0 : Xt 6 η}. P Z(t) = (X(t),Λ(t)), e

¡y²

M(t) := Vλ(Z(t ∧ τ(η))) + |Kmax(λ)|
∫ t∧τ(η)

0
Vλ(Z(s))ds, t > 0
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´þ�. � A ´ (Z(t))t>0 �Ã¡�)¤�. �âc¡�Øã�, �±�E V λ ¦�

Vλ(x, i) = V λ(x, i), x > η, i ∈ S¤á, ¿�

A V λ(x, i) = K(λ, x, i)V λ(x, i) 6 Kmax(λ)V λ(x, i) = −|Kmax(λ)|V λ(x, i), x > η, i ∈ S.

du A ´ (Z(t))t>0�Ã¡�)¤�, Ke¡�L§´ÛÜ�:

V λ(Z(t))−
∫ t

0
A V λ(Z(s))ds, t > 0.

|^5P 16�Øã, ��

V λ(Z(t ∧ τ(η))) + |Kmax(λ)|
∫ t∧τ(η)

0
V λ(Z(s))ds, t > 0

´þ�. � t > τ(η)�, Z(t ∧ τ(η)) = Z(τ(η)) = (η, i), i ∈ S, k

Vλ(Z(t ∧ τ(η))) = Vλ(η, i) = V λ(η, i) = V λ(Z(t ∧ τ(η))), t > τ(η);

� t 6 τ(η)�, Z(t ∧ τ(η)) = Z(t), X(t) > η, k

Vλ(Z(t ∧ τ(η))) = Vλ(Z(t)) = V λ(Z(t)) = V λ(Z(t ∧ τ(η))), t 6 τ(η).

�

M(t) = Vλ(Z(t ∧ τ(η))) + |Kmax(λ)|
∫ t∧τ(η)

0
Vλ(Z(s))ds, t > 0

´þ�, Ïd Vλ´�ê� |Kmax(λ)|�?�� Lyapunov¼ê. �

~ 20 � Q = [0], =Ã��, �:��>.���L§òz���*ÑL§

(X(t),Λ(t))t>0÷v b(x, i) = b(x), σ(x, i) = 1, (x, i) ∈ R+ × S. e b := − sup
x>0

b(x) > 0, K

Kmax(λ) = sup
x>0

(
b(x)λ+

λ2

2

)
= −bλ+

λ2

2
.

�â½n 19, ��L§ Vb = ebx�êH{�Âñ�Ç� b
2
/2. ù�(Ø�¹
©z [29]¥

'u���þäkK¤£����ÙK$Ä�/.

~ 21 �Ä~f 14¥�:��>.���L§òz���*ÑL§ (X(t),Λ(t))t>0

÷v b(x, i) = bi, σ(x, i) = σi, (x, i) ∈ R+ × {1, 2}. � bi = −2, σi = 1, i = 1, 2, (Λ(t))t>0

éA� Q -Ý
÷v q12 = −q11 = 1, −q22 = q21 = q, q ∈ (0, 3]. Ø�� ξ1 = 1, O��

K(λ, x, 1) = −2λ+
λ2

2
+ (−1 + ξ2); K(λ, x, 2) = −2λ+

λ2

2
+
(
− 1 +

q

ξ2

)
,

Ïd, �3 ξ2 > 0±9 0 < λ < 2 +
√

6− 2
√
q¦�L§ Vλ�êH{. ~X q = 1, K��

λ = 1, ξ2 = 2, � V1(x, 1) = ex, V1(x, 2) = 2ex. Ïd, L§ V1�êH{�Âñ�Ç� 1/2.

�� �©�ö� la�
³°�ÇéU?�©JÑ��BïÆ.
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Abstract: In this paper, we discuss the exponential ergodicity of Markov switching diffusion processes,

presenting criteria of f -exponential ergodicity for the processes with reflecting boundary at origin. When

the one-dimensional diffusion processes are stochastically ordered for any fixed environment, the explicit

estimates of the exponential ergodic rate for the process are investigated by means of the coupling method.
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