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�©ïÄ�aäê��Å��Úõ��¢óÀ��ÅXÚ�½5, G�Cþ�óÀ

OÃ�6uõ��¢, XÚG����Ñlê��ÅL§. |^Lyapunov½5nØ!�

Å©ÛÚóÀE|, ��óÀ�Å��XÚ�½5OK, ¿Þ~`²nØ(J�k�5.

§2. �.£ã�ý��£

� R = (−∞,+∞), R+ = [0,+∞), Rn´�ê� | · |� n-�î¼�m. e A´��þ

½Ý
, K AT L« A�=�, Ù�ê |A| =
√
λmax(ATA), Ù¥ λmax(·)´Ý
���A

��. � ω(t) = (ω1(t), ω2(t), · · · , ωn(t))T´���VÇ�m (Ω,F ,P)¥� n�ÙK$Ä,

E[·]´êÆÏ", r(t) (t > 0)´VÇ�m¥���k�� S = {1, 2, · · · , N}�mëYê�
�Åó, Ù=£Ý
 Γ = (γij)N×N , �

P{r(t+4) = j | r(t) = i} =

γij4+ o(4), i 6= j,

1 + γij4+ o(4), i = j,

Ù¥4 > 0, ùp γij > 0´ i� j �=£VÇ, � γii = −
∑
i 6=j

γij .

�ê��Åó r(t) ÚÙK$Ä ω(t) ´�pÕá�. τ > 0, PC([−τ, 0];Rn) = {ϕ :

[−τ, 0]→ Rn |ϕ(t+), ϕ(t)�3, ϕ(t−) = ϕ(t)},Ù¥ϕ(t+)!ϕ(t−)�¼êϕ(t)3 t?��!

m4�, �ê� ‖ϕ‖ = sup
−τ6θ60

|ϕ(θ)|. PCb
F0

([−τ, 0];Rn)L« F0-�ÿ� PC([−τ, 0];Rn)-

�k.�ÅCþ¤�¤��m. éu p > 0, PCp
Ft

([−τ, 0];Rn) L« Ft-�ÿ�÷v∫ 0
−τ E[|ϕ(θ)|p]dθ <∞� PC([−τ, 0];Rn)-��ÅCþ ϕ¤�¤��m.

�Ääê��Å��Úõ��¢óÀ��ÅXÚ

dx(t) = f(t, xt, x(t− τ1(t)), · · · , x(t− τl(t)), r(t))dt

+ g(t, xt, x(t− τ1(t)), · · · , x(t− τl(t)), r(t))dω(t), t > 0, t 6= tk,

4x(tk) = Ik(tk, x(tk), x(tk − τ1(tk)), · · · , x(tk − τl(tk)), r(tk)), k = 1, 2, · · · ,

x(t) = ξ, t ∈ [−τ, 0],

(1)

Ù¥ τj : R+ → [0, τ ], j = 1, 2, · · · , l, ξ ∈ PCb
F0

([−τ, 0];Rn), x(t) = (x1(t), x2(t), · · · ,
xn(t))T, x(t+k ) = lim

h→0+
x(tk+h), x(tk) = lim

h→0−
x(tk+h), tk > 0´óÀ��,÷v tk < tk+1

Ú lim
k→+∞

tk = +∞. 4x(tk) = x(t+k ) − x(tk)L«3 tk ?G� x�a�, Ik �a����,

f, g, Ik : R+ ×Rn × · · · ×Rn × S → Rn, k = 1, 2, · · · .
�©b� f, gÚ Ik ÷v Lipschitz^�, ��y)3 t > 0��Û�3Ú��. éu?

� ξ ∈ PCb
F0

([−τ, 0];Rn), ���3�ëYm4���ÅL§ x(t; ξ)÷v (1). q� f(t, 0,

· · · , 0, i) ≡ 0, g(t, 0, · · · , 0, i) ≡ 0Ú Ik(t, 0, · · · , 0, i) ≡ 0, k = 1, 2, · · · , ¦� x(t) ≡ 0´�

��²ï:.
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� C 2
1 ([−τ,∞) × Rn × S;R+)´ [−τ,∞) × Rn × iþ¤k�K¼ê V (t, x, i)|¤�

¼êx, Ù¥ V (t, x, i)3 (tk−1, tk] × Rn × iþëY, Vt, Vx, Vxx 3 (tk−1, tk] × Rn × S þ
ëY. ?� V ∈ C 2

1 ([−τ,∞)× Rn × S;R+), ½ÂéAuXÚ (1)��fL V : (tk−1, tk]×
PCb

Ft
([−τ, 0];Rn)× S → RXe:

L V (t, x(t), i) = Vt(t, x(t), i) + Vx(t, x(t), i)f(t, x(t), x(t− τ1(t)), · · · , x(t− τl(t)), i)

+
1

2
trace[gT(t, x(t), x(t− τ1(t)), · · · , x(t− τl(t)), i)Vxx(t, x(t), i)

· g(t, x(t), x(t− τ1(t)), · · · , x(t− τl(t)), i)] +
N∑
j=1

γijV (t, x(t), j),

Ù¥

Vt(t, x, i) =
∂V (t, x, i)

∂t
, Vx(t, x, i) =

(∂V (t, x, i)

∂x1
,
∂V (t, x, i)

∂x2
, · · · , ∂V (t, x, i)

∂xn

)
,

Vxx(t, x, i) =
(∂2V (t, x, i)

∂xixj

)
n×n

.

½Â 1 XÚ (1)�")¡�´�ê� λ� p�Ý�ê½, e�3M > 0¦�é?

¿Ð� ξ ∈ PCb
F0

([−τ, 0];Rn)Ú t > 0,

E[|x(t; ξ)|p] 6Me−λtE[‖ξ‖p].

AO/, � p = 2�, XÚ (1)�")¡��þ��ê½.

§3. ½5©Û

½n 2 � V ∈ C 2
1 ([−τ,∞) × Rn × S;R+). XJ�3~ê p > 0, c1 > 0, c2 > 0,

d
(i)
k > 0, d

(i)
jk > 0, η

(i)
j > 0, λ > 0, η(i), i ∈ S, j = 1, 2, · · · , l, k = 1, 2, · · · ¦�

(i) é ∀ (t, x, i) ∈ [−τ,∞)×Rn × S, Kk c1|x|p 6 V (t, x, i) 6 c2|x|p;

(ii) é ∀ t ∈ (tk−1, tk]Ú�� i ∈ S,

E[L V (t, x(t), i)] 6 η(i)E[V (t, x(t), i)] +
l∑

j=1
η
(i)
j E[V (t− τj(t), x(t− τj(t)), i)];

(iii) é�� i ∈ S,

E[V (tk, x(tk) + Ik(tk, x(tk), x(tk − τ1(tk)), · · · , x(tk − τl(tk))), i)]

6 d(i)k E[V (tk, x(tk), i)] +
l∑

j=1
d
(i)
jkE[V (tk, x(tk − τj(tk)), i)];
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(iv) q = 1
/(

max
i∈S,16k<+∞

{
d
(i)
k + eλτ

l∑
j=1

d
(i)
jk

})
> 1;

(v) é�� i ∈ S, sup
16k<+∞

eµi(tk−tk−1) < q,

KXÚ (1)�")´�ê�λ� p�Ý�ê½, Ù¥µi = λ+η(i)+qeλτ
l∑

j=1
η
(i)
j > 0, i ∈ S.

y²: é?¿� ξ ∈ PCb
F0

([−τ, 0];Rn), XÚ (1)�)L«� x(t) = x(t; ξ), � t ∈
[−τ, 0]�, � r(t) = r(0) = r0. - εv
�¦� t+ ε ∈ (tk−1, tk]. d2Â� Itôúª, �

E[V (t+ ε, x(t+ ε), r(t+ ε))] = E[V (t, x(t), r(t))] +

∫ t+ε

t
E[L V (s, x(s), r(s))]ds.

¤±� t ∈ (tk−1, tk]�, k

D+E[V (t, x(t), r(t))] = E[L V (t, x(t), r(t))].

-W (t) = eλtE[V (t, x(t), i)], � t ∈ (tk−1, tk]�, d^� (ii)�

D+W (t) = λeλtE[V (t, x(t), i)] + eλtD+E[L V (t, x(t), i)]

6 λeλtE[V (t, x(t), i)] + η(i)eλtE[V (t, x(t), i)]

+ eλt
l∑

j=1
η
(i)
j E[V (t− τj(t), x(t− τj(t)), i)]

6 (λ+ η(i))W (t) + eλτ
l∑

j=1
η
(i)
j W (t− τj(t)). (2)

d^� (iii), ��

W (t+k ) = eλtkEV (t+k , x(t+k ), i) 6 d(i)k W (tk) + eλτ
l∑

j=1
d
(i)
jkW (tk − τj(tk)).

�M > 0¦�

sup
−τ6θ60

W (θ) <
M

q
,

�äó� t > −τ �, W (t) < M . ´�� t ∈ [−τ, 0]�, W (t) < M . e¡y²

W (t) < M, t ∈ (0, t1]. (3)

eØ,, �3 t∗ ∈ (0, t1]¦�

W (t∗) = M, W (t) < M, −τ < t < t∗.

�Ä�W (t)3 [0, t1]�ëY5, �3 t∗∗ ∈ [0, t∗)¦�

W (t∗∗) =
M

q
, W (t) >

M

q
, t ∈ (t∗∗, t∗].
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K� t ∈ [t∗∗, t∗]�, k

qW (t) >M > W (t− τj(t)), j = 1, 2, · · · , l. (4)

d (2)Ú (4)�, � t ∈ [t∗∗, t∗]�

D+W (t) 6
(
λ+ η(i) + qeλτ

l∑
j=1

η
(i)
j

)
W (t) = µiW (t).

¤±

M = W (t∗) 6W (t∗∗)eµi(t
∗−t∗∗) 6W (t∗∗)eµit1 =

M

q
eµit1 < M.

ù�Ñgñ. Ïd� t ∈ (0, t1]�, (3)¤á. d^� (iii), �

W (t+1 ) 6 d(i)1 W (t1) + eλτ
l∑

j=1
d
(i)
j1W (t1 − τj(t1)) <

(
d
(i)
1 + eλτ

l∑
j=1

d
(i)
j1

)
M 6

M

q
< M.

�e5y²

W (t) < M, t ∈ (t1, t2]. (5)

eØ,, �3 t∗1 ∈ (t1, t2]¦�

W (t∗1) = M, W (t) < M, t ∈ [−τ, t∗1].

dW (t)3 (t1, t2]�ëY5�, �3 t∗∗1 ∈ (t1, t
∗
1)¦�

W (t∗∗1 ) =
M

q
, W (t) >

M

q
, t ∈ (t∗∗1 , t

∗
1].

� t ∈ [t∗∗1 , t
∗
1]�, k qW (t) > W (t− τj(t)), j = 1, 2, · · · , l. u´,

D+W (t) 6 (λ+ η(i))W (t) + eλτ
l∑

j=1
η
(i)
j W (t− τj(t))

6
(
λ+ η(i) + eλτ

l∑
j=1

η
(i)
j

)
W (t) = µiW (t).

(Ü^� (v), ��

M = W (t∗1) 6W (t∗∗1 )eµi(t
∗
1−t∗∗1 ) 6W (t∗∗1 )eµi(t2−t1) =

M

q
eµi(t2−t1) < M,

gñ. Ïd, (5)ª¤á. qd^� (iii), ��

W (t+2 ) 6 d(i)2 W (t2) + eλτ
l∑

j=1
d
(i)
j2W (t2 − τj(t2)) <

(
d
(i)
2 + eλτ

l∑
j=1

d
(i)
j2

)
M 6

M

q
< M.
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d8B{, �±y²é k = 1, 2, · · · ,

W (t) < M, t ∈ (tk−1, tk].

Ïd, � t > −τ �, W (t) < M . u´d^� (i)��

c1E[|x(t)|p] 6 E[V (t, x(t), i)] 6Me−λt,

dd��

E[|x(t)|p] 6 M

c1
e−λt.

½n 2y�. �

5P 3 3XÚ�½5¥, óÀ�Aå
'���^. óÀOÃ�±©�½�ó

ÀOÃÚØ½�óÀOÃ. �©ïÄ�XÚ´k��G�XÚUê��Åó�ª���,

óÀOÃ¹kõ�k��C�¢. Ïd, eéu ∀ i ∈ S, d
(i)
k + eλτ

l∑
j=1

d
(i)
jk < 1, Kr¹�¢

�óÀOÃ d
(i)
k + eλτ

l∑
j=1

d
(i)
jk ¡�½�óÀOÃ; eéu ∀ i ∈ S, d

(i)
k + eλτ

l∑
j=1

d
(i)
jk > 1,

Kr¹�¢�óÀOÃ d
(i)
k + eλτ

l∑
j=1

d
(i)
jk ¡�Ø½�óÀOÃ.

5P 4 3½n 2¥, XJ η(i) > 0, éA�ÃóÀäê��Å����ÅXÚ�±´

uÑXÚ, XÚ�\¹�¢�óÀOÃÑ\´½�óÀOÃ, nÜXÚU
�ª�� p

�Ý�ê½. ù`²�¢óÀ�AénÜXÚ�½5å
'���^.

5P 5 ½n 2 �óÀØ�ª (iii) �6uóÀOÃ, óÀ��±9óÀ�mm�

tk − tk−1 ��Ý. XJÃóÀ��XÚ´uÑXÚ, K¹�¢�óÀOÃ´½�óÀO

Ã, �óÀ�mm� tk − tk−1��Ý�v
�âU�ynÜXÚ�") p�Ý�ê½.

íØ 6 � l = 1, f(t, x(t), x(t− τ1(t)), r(t)) = Ar(t)x(t) +Br(t)x(t− τ(t)), g(t, x(t),

x(t−τ1(t)), r(t)) = Cr(t)x(t)+Dr(t)x(t−τ(t)), Ik(tk, x(tk), x(tk−τ1(tk)), r(tk)) = dr(t)x(tk)

+ dr(tk)x(tk−τ(tk)), Ar(t), Br(t), Cr(t), Dr(t) ∈ Rn×n. XJ�3�½Ý
 PiÚ~ê d
(i)
k > 0,

d
(i)
jk > 0, η

(i)
j > 0, λ > 0, η(i), i ∈ S, j = 1, 2, · · · , l, k = 1, 2, · · · ¦�

(i) é�� i ∈ S,

Hi = PiAi +AT
iPi + P 2

i + CT
i PiCi + CT

i Ci +
N∑
j=1

γijPj − η(i)Pi 6 0

Ú

H i = BT
i Bi +DT

i P
2
i Di +DT

i PiDi − η(i)Pi 6 0,

Ù¥ Hi, H i 6 0, i ∈ S L« Hi, H i�K½;
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(ii) q = max
i∈S,16k<+∞

{λmin(Pi)/[(1 + d
(i)
k )2 + eλτ (d

(i)
k )2]} > 2, Ù¥ λmin(Pi)´ Pi ���

A��;

(iii) é�� i ∈ S, sup
16k<+∞

eµi(tk−tk−1) < q, Ù¥ µi = λ+ η(i) + qeλτη(i) > 0, i ∈ S.

KXÚ (1)�")´�ê� λ�þ��ê½.

y²: �E Lyapunov¼ê V (t, x(t), i) = xT(t)Pix(t), K� t ∈ (tk−1, tk]�

L V (t, x(t), i) = 2xT(t)Pi[Aix(t) +Bix(t− τ(t))]

+ [Cix(t) +Dix(t− τ(t))]TQi[Cix(t) +Dix(t− τ(t))]

+
N∑
j=1

γijx
T(t)Pjx(t)

= xT(t)(PiAi +AT
iPi)x(t) + 2xT(t)PiBix(t− τ(t))

+ xT(t)CT
i PiCix(t) + xT(t)CT

i PiDix(t− τ(t))

+ x(t− τ(t))DT
i PiCix(t) + xT(t− τ(t))DT

i PiDix(t− τ(t))

+
N∑
j=1

γijx
T(t)Pjx(t). (6)

dué?¿�þ x, y ∈ Rn, Ø�ª 2xTy 6 xTx+ yTy¤á, K

2xT(t)PiBix(t− τ(t)) 6 xT(t)P 2
i x(t) + x(t− τ(t))BT

i Bix(t− τ(t)) (7)

Ú

xT(t)CT
i PiDix(t− τ(t)) + xT(t− τ(t))DT

i PiCix(t)

6 xT(t)CT
i Cix(t) + xT(t− τ(t))DT

i P
2
i Dix(t− τ(t)). (8)

r (7)Ú (8)�\ (6), ��

L V (t, x(t), i) 6 xT(t)
(
PiAi +AT

iPi + P 2
i + CT

i PiCi + CT
i Ci +

N∑
j=1

γijPj

)
x(t)

+ xT(t− τ(t))(BT
i Bi +DT

i P
2
i Di +DT

i PiDi)x(t− τ(t))

6 η(i)xT(t)Pix(t) + η(i)φT(t− τ(t))Pix(t− τ(t)).

¤±

E[L V (t, x(t), i)] 6 η(i)E[V (t, x(t), i)] + η(i)[V (t, x(t− τ(t)), i)].

� t = tk �, d^� (ii)�

E[V (t+k , x(t+k ), i)] = xT(t+k )Pix(t+k )
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6
2(1 + d(i))2

λmin(Pi)
E[V (tk, x(tk), i)] +

2(d
(i)

)2

λmin(Pi)
E[V (tk − τ(tk), x(tk − τ(tk)), i)].

l, �â½n 2�, (Ø¤á. �

5P 7 3íØ 6¥, �
�ÑO�Kú, �±^MATLAB�5Ý
Ø�ªóä�

5(½ η(i) Ú η(i). - Pi = In, �� η(i) = λmax(Ai + AT
i + 2CT

i Ci) +
N∑
j=1

γij + 1, η(i) =

λmax(BT
i Bi + 2DT

iDi), q = max
i∈S,16k<+∞

{1/[(1 + d
(i)
k )2 + eλτ (d

(i)
k )2]}.

½n 8 � V ∈ C 2
1 ([−τ,∞) × Rn × S;R+). XJ�3~ê p > 0, c1 > 0, c2 > 0,

d
(i)
k > 0, d

(i)
jk > 0, η(i) > 0, η

(i)
j > 0, η(i) >

l∑
j=1

η
(i))
j , λ > ε > 0, i ∈ S, j = 1, 2, · · · , l,

k = 1, 2, · · · , ¦�

(i) é ∀ (t, x, i) ∈ [−τ,∞)×Rn × S, k c1|x|p 6 V (t, x, i) 6 c2|x|p;

(ii) é ∀ t ∈ (tk−1, tk] Ú�� i ∈ S, E[L V (t, x(t), i)] 6 −η(i)E[V (t, x(t), i)] +
l∑

j=1
η
(i)
j

·E[V (t− τj(t), x(t− τj(t)))];

(iii) é�� i ∈ S, E[V (tk, x(tk + Ik(tk, x(tk), x(tk − τ1(tk)), · · · , x(tk − τl(tk))), i))] 6

d
(i)
k E[V (tk, x(tk), i)] +

l∑
j=1

d
(i)
jkE[V (tk, x(tk − τj(tk)), i)];

(iv) é�� i ∈ S, λ− η(i) + eλτ
l∑

j=1
η
(i)
j 6 0;

(v) é�� i ∈ S, k = 1, 2, · · · , 0 6 ln
(
d
(i)
k + eλτ

l∑
j=1

d
(i)
jk

)/
(tk − tk−1) 6 ε,

KXÚ (1)�")´�ê� λ− ε� p�Ý�ê½.

y²: �W (t) = eλtE[V (t, x(t), i)], �â½n 2�y², � t ∈ (tk−1, tk], d^� (ii)

��

D+W (t) 6 (λ+ η(i))W (t) + eλτ
l∑

j=1
η
(i)
j W (t− τj(t)), (9)

� t = tk �, d^� (iii)�

W (t+k ) 6 d(i)k W (tk) + eλτ
l∑

j=1
d
(i)
jkW (tk − τj(tk)).

�M ¦�M > sup
−τ6θ60

W (θ), ·��±y²: � t > 0�

W (t) < M
∏

0<tk<t

(
d
(i)
k + eλτ

l∑
j=1

d
(i)
jk

)
. (10)
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w,� t = 0�, þª¤á, ¤±·��Iy²� t ∈ (0, t1]�, þª¤á. eØ,, �3

t∗ ∈ (0, t1]¦�

W (t∗) = M, W (t) < M, −τ 6 t < t∗.

Kd (9)�±í�

0 < D+W (t∗) 6 (λ+ η(i))W (t∗) + eλτ
l∑

j=1
η
(i)
j W (t∗ − τj(t∗))

<
(
λ+ η(i) + eλτ

l∑
j=1

η
(i)
j

)
M 6 0.

�Ñgñ. ¤±� t ∈ [0, t1]�, (10)¤á. ?�Ú, d^� (iii), ·���

W (t+1 ) 6 d(i)1 W (tk) + eλτ
l∑

j=1
d
(i)
j1W (t1 − τj(t1)) 6

(
d1 + eλτ

l∑
j=1

d
(i)
j1

)
M.

A^Ó���{, �±y²� t ∈ (t1, t2]�,

W (t) <
(
d1 + eλτ

l∑
j=1

d
(i)
j1

)
M.

d8B{, ��é k = 1, 2, · · · ,

W (t) < M
∏

0<tk<t

(
d
(i)
k + eλτ

l∑
j=1

d
(i)
jk

)
, t ∈ (tk−1, tk].

d^� (i)!(v)Ú (10), k

c1E[|x(t)|p] 6 E[V (t, x(t), i)] < Me−λt
∏

0<tk<t

(
d
(i)
k + eλτ

l∑
j=1

d
(i)
jk

)
6Me−(λ−ε)t,

dd�

E[|x(t)|p] < M

c1
e−(λ−ε)t.

½n 8y�. �

5P 9 ½n 8�^�U
�yÃóÀ^�e��XÚ÷v p�Ý�ê½, ù��

óÀOÃ�±#NØ½�óÀ. ���5¿�´: d����óÀ�mm��Ý7L�

v
�âU�yÜXÚ�") p�Ý�ê½.

§4. ~ f

~ 10 � r(t)´mëY�ê��Åó, ��� S = {1, 2}, �)¤Ý
�

Γ =

(
−1 1

4 −4

)
,
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K γ12 = 1, γ21 = 4. �ÄXeäê��Å��Ú�¢óÀ��ÅXÚdx(t) = [Ar(t)x(t) +B(t)x(t− 1)]dt+ [Cr(t)x(t) +Dr(t)x(t− 1)), t > 0, t 6= tk;

4x(tk) = −0.8x(tk) + 0.1x(tk − 1), k = 1, 2, · · · ,
(11)

Ù¥

A1 =

(
−0.4 0

0 −0.4

)
, A2 =

(
0.2 0

0 0.1

)
, B1 =

(
1.2 0.6

0.6 0

)
, B2 =

(
1 0.8

0.8 0

)
,

C1 =

(
1 0

0 1

)
, C2 =

(
1.2 0

0 1.5

)
, D1 =

(
1 0

0 1

)
, D2 =

(
1.2 0

0 1.1

)
,

x(t) = (x1(t), x2(t))
T, tk = 0.01k, f(t, x(t), x(t − 1), r(t)) = Ar(t)x(t) + Br(t)x(t − 1),

g(t, x(t), x(t − 1), r(t)) = Cr(t)x(t) + Dr(t)x(t − 1), Ik(t, x(t), x(t − 1), r(t)) = −0.8x(t) +

0.1x(t− 1).

� P1 = I2, P2 = 2I2, d
(1)
k = d

(2)
k = 0.08, d

(1)
k = d

(2)
k = 0.02, η(1) = 4.2, η(2) = 1.4,

η(1) = 2.36, η(2) = 7.8, λ = 1, Ù¥ I2´���ü Ý
.

²O���íØ 6�^� (ii)Ú (iii)¤á. d½n 8�, XÚ (11)�")þ��ê½.

�� Ø©�N�ö©%a�"v<JÑ��B¿�.
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Stability of Stochastic Systems with Markov Switching

and Several Delayed Impulses

ZHAO Haiqing PAN Lijun

(School of Mathematics and Statistics, Lingnan Normal University, Zhanjiang, 524048, China)

Abstract: In this paper, pth moment exponential stability of stochastic systems with Markov switching

and serval delayed impulses is investigated. It is assume that the state variables on the impulses may relate

to the time-varying delays. By using stochastic analysis and impulsive techniques, serval new stability

criteria are derived. Meanwhile, an example is provided to demonstrate the effectiveness of the obtained

results.

Keywords: Markov chain; stochastic system; delay; impulse
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