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§1. Ú ó

Ü©�5�.´ Engle� [1] ïÄ>åI¦�§ÝCzm�'X�JÑ�, b½�AC

þ�Ü©�Cþ¥�5'X, Ó��,�Ü©�Cþ�3�����5'X, l
Ü©�

5�.Q�3
�5�.´u)º�`:, q¹k�ëê£8�­è5A:, 3A^þä

k���(¹5.

�X&EEâÚO�Å�p�uÐ, È\�êâFÃOõ, �9����5�2, p�

êâÅì�<�¤@£, ¿¤�9����ïÄ��. p��5�.�CþÀJ��
´

L�ïÄ¤J, ÚOÆ[JÑ
�
Äu¨v¼ê��O�{, X Lasso [2]!SCAD [3]Úg

·A Lasso [4] �. 3�p��¹e, FanÚ Lv [5] ÄgJÑ
(½5ÕáçÀ�{, �â>

S�'5?1CþÀJ. 3dÄ:þ, Weng [6] JÑ�3�Kz�{, �â>S�'5ÀÑ

Ü©­�Cþ, ,�é�{Cþ�\ Lasso¨v, ��CþÀJ�8�. Wang [7] ïÄ
�

∗I[g,�ÆÄ7¡þ�8 (1OÒ: 11871001!11971001)Ú�®½g,�ÆÄ7�8 (1OÒ: 1182003)]Ï.
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p�êâe�c£8�{, y²T�{äk�.ÀJ�Ü5. Cheng� [8] ?�ÚJÑ�8

��c£8�{, ¿y²£O�Ü­�Cþ¤I�S�gê��.

,
, éÜ©�5�.�CþÀJ?1ïÄ�©z�é��, o¹� [9] ïÄ
g·A

Lasso3Ü©�5�.¥�Ly. Ni [10]^�^%C�ëê¼ê, �E
 SCAD¨v���

¦�O. Wang� [11] ïÄ
 profileq,íä, �E
q,'ÚOþ, ¿ïÄ
ÙìC©Ù.

Zhu� [12]Äu profile���¦�{, �E
ëê�þÚ�ëê¼ê��Ü�O. MüllerÚ

van de Geer [13] |^ Lasso�{Ú1w¼ê�E
ëê�þÚ�ëê¼êV¨v���¦

�O. MaÚ Huang [14] ^õ�ª�^%C�ëê¼ê, �E
ëê�þ� Lasso¨v��

�¦�O. �p��¹e�©z��, Liang� [15]ò�c£8�{í2�Ü©�5�.¥,

JÑ profile�c£8�{, ïÄ
�.ÀJ��Ü5, ¿y²
¤J�{U
±�¯�Â

ñ�Ý�¹ý¢�.. 6¢�� [16] �é�p�Ü©�5�., JÑ
 profile�8�c£

8CþçÀ�{, 3�½�K^�e, y²
¤J�{äkçÀ�Ü5. Li� [17] ò�c£

8�{^u�p�CXêÜ©�5�.¥, ¿y²T�{äk�.ÀJ�Ü5.

�©�Ä�p�Ü©�5�.�CþÀJ¯K, Ù¥ëê�þ��ê´��þ��ê

�. Äu profile���¦�{, �©JÑ profile regularization after retention (PRAR)�

{, ÙÌ�g�´k|^ profile�{òÜ©�5�.=z��5�., �â>S�'Xê

�O�3�Ü©­�Cþ, ,�éÙ{Cþ?1 Lasso¨v, l
���5Ü©ëê�þ

�Ü©¨v���¦�O. ¿nØy²
�Oþ�ÎÒ�Ü5. � Lasso!SIS-LassoÚg

·A Lasso�{�', ê��[w«Ñ PRAR�{3¡Eëê�þÎÒ�¡�J�Ð, Î

Ò¡E'~�VÇª�u 1. 3¢~©Û¥, PRAR�{Ø=U
ÀÑ�{ü��., 
�

ýÿØ�´���.

�©(�Xe: 1 2!0�Ü©�5�., ¿�E
ëê�þ� PRAR�O. 1 3!

ïÄ�Oþ�ìC5�, ��ëê�þ��OäkÎÒ�Ü5. 1 4!ÏLê��[Ú¢

~©ÛïÄ¤J�{�`û5. 1 5!�Ñ
½n�y².

§2. �.��{

� {(Xi, Ui, Yi), 1 6 i 6 n}´5g (X, U, Y )�ÕáÓ©Ù���, �©�Ä�Ü©

�5�.�

Yi = XT
i β + g(Ui) + εi, 1 6 i 6 n, (1)

Ù¥Xi = (Xi1, Xi2, · · · , Xip)
T � p��Cþ, β = (β1, β2, · · · , βp)T ´��� p�ëê�

þ, g(·)´����ëê1w¼ê, Ï~b½ βDÕ, Ø���5, b½ Ui 3 [0, 1]þ��,

εi ∼ N(0, σ2), ��XiÚ UiÕá.

�
Bu`², Ú\�
ÎÒL«. é?�Ý
 A, ½ÂÝK
 PA = A(ATA)−1AT.

é?�8Ü A, ^ |A|L«8Ü¥����ê. é?� k ��þ w, e K ⊆ {1, 2, · · · , k},
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KwK = {wj , j ∈ K}L« |K|��þ. ½Â�þ�ê ‖w‖1 =
k∑
i=1
|wi|, ‖w‖∞ = max

16i6k
|wi|,

‖w‖2 =
√
wTw. é?�Ý
Mk1×k2 , e K1 ⊆ {1, 2, · · · , k1}, K2 ⊆ {1, 2, · · · , k2}, P

MK1K2 = {Mij , i ∈ K1, j ∈ K2}L« |K1| × |K2|Ý
. MK2 = {Mij , i = 1, 2, · · · , k1, j ∈
K2}L« k1 × |K2|Ý
. ½ÂÝ
�ê

‖M‖∞ = max
16i6k1

k2∑
j=1
|Mij |, ‖M‖2 = [λmax(MTM)]1/2.

Ø�²�ê�, �©þL« 2�ê. � k1 = k2 = k�, λmin(M)Ú λmax(M)©O�M �

��A��Ú��A��.

é�. (1)ü>'u Ui¦^�Ï"� g(Ui) = E(Yi |Ui)−
p∑
j=1

E(Xij |Ui)βj , �\ª (1)

�nk

Ỹi = X̃T
i β + εi, 1 6 i 6 n, (2)

Ù¥ Ỹi = Yi − E(Yi |Ui), X̃i = Xi − E(Xi |Ui) = (X̃i1, X̃i2, · · · , X̃ip)
T, Ïd�òÜ©�

5�.=z��5�.. P G0(u) = E(Yi |Ui = u), Gj(u) = E(Xij |Ui = u), 1 6 j 6 p,

Ĝj(u)� Gj(u)�ÛÜ�5�O. - Kh(·) = h−1K(·/h), Ù¥ K(·)�Ø¼ê, h��°.

Kk

Ĝ0(u) =
n∑
k=1

Wnk(u)Yk, Ĝj(u) =
n∑
k=1

Wnk(u)Xkj , 1 6 j 6 p,

Ù¥

Wni(u) =
Kh(Ui − u)[Sn,2(u)− (Ui − u)Sn,1(u)]

Sn,0(u)Sn,2(u)− [Sn,1(u)]2
,

Sn,j(u) =
n∑
i=1

Kh(Ui − u)(Ui − u)j , j = 0, 1, 2.

P Ŷi = Yi − Ĝ0(Ui), X̂i = Xi − Ĝ(Ui), Ù¥ Ĝ(Ui) = (Ĝ1(Ui), Ĝ2(Ui), · · · , Ĝp(Ui))T, �

O
 X̂ = (X̂1, X̂2, · · · , X̂n)T, Ŷ = (Ŷ1, Ŷ2, · · · , Ŷn)T, @o>S�'Xê�O�

β̂Mj =
n∑
i=1

(X̂ij −Xj)
n∑
k=1

(X̂kj −Xj)2

Ŷi, 1 6 j 6 p, (3)

Ù¥ Xj = n−1
n∑
i=1

X̂ij . �½K� γn, ��8Ü R̂ = {1 6 j 6 p : |β̂Mj | > γn}, du R̂¥�

¹
� Y >S�'Xê�r�Cþ, �¡Ù��38. ��3­�Cþ��ACþ>SØ

�'�, ù
CþòØ¬?\ R̂¥, �)ûd¯K, �Äé R̂c ¥�Cþ�\¨v, ½ÂÜ

©�5�.ëê�þ� PRAR�O�

β̌ = argmin
β

{ 1

2n

∥∥Ŷ − X̂β∥∥2
+ λn

∥∥β
R̂c

∥∥
1

}
,
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Ù¥ λn�N!ëê, R̂c� R̂�{8. þªQ�¦ R̂SCþXê��O°ÝØÉ¨v¼ê

�K�, q�±é R̂cS�CþXê�\¨v, ¦Ü©XêØ � 0, ��CþÀJ�8�.

�K� γn ����½öCþ¥�3� Y ��'5�r�Ø­�Cþ�, R̂¥ò¬Ø

ÀØ­�Cþ. - Q = {j ∈ R̂c, β̌j 6= 0}, ½Â β� PRAR+�O

β̃ = argmin
β
(R̂∪Q)c

=0

{ 1

2n

∥∥Ŷ − X̂
R̂
β
R̂
− X̂QβQ

∥∥2
+ λ∗n

∥∥β
R̂

∥∥
1

}
,

Ù¥ λ∗n �N!ëê, 0L«"�þ, 3ØÓ�/�Ù�ê�UØÓ. þª�´é R̂S�C

þ?1çÀ, ¤±�y Q¥éA�Xê�O�°ÝØÉ¨v¼ê�K�.

§3. Ì�(J

P {βMj , 1 6 j 6 p}�ý¢�>S�'Xê. �
�B^� (C7)Úy², -�. (2)

¥�ACþ Ỹ � V0, �Cþ X̃j � Vj , 1 6 j 6 p. PMj(u)´ Vj �Ý1¼ê, 0 6 j 6 p.

­�Cþ8 S = {1 6 j 6 p : βj 6= 0}, §�Äê s = |S|. �
y²�Oþ�ìC5�, I

�±e�K^�.

(C1) �ÅØ�� εi ∼ N(0, σ2).

(C2) P X̃i����
� Σ, b��3~ê 0 < Cmin < Cmax <∞, ¦� 2Cmin < λmin(Σ)

6 λmax(Σ) < 2−1Cmax.

(C3) b� ‖β‖ 6 Cβ, Ù¥ Cβ > 0�~ê. ¿�é,
~ê C1 > 0, ξmin > 0, k min
j∈S
|βj |

> C1n
−ξmin .

(C4) �3�~ê ξ Ú ξ0, ¦� ln p = O(nξ), s = O(nξ0), ¿� 0 < ξ < (1 − 2k)/4, Ù¥

0 < k < 1/4, ξ + 2ξ0 + 3ξmin < 1.

(C5) P bn = n−4/5, cn = n−2/5 lnn, K�­¼êWnk(·)÷v

(i) max
16k6n

n∑
i=1

Wnk(Ui) = Op(1),

(ii) max
16i,k6n

Wnk(Ui) = Op(bn),

(iii) max
16i6n

n∑
k=1

Wnk(Ui)I(|Ui − Uk| > cn) = Op(cn).

(C6) �3 C2, ¦�é?¿ u1, u2 ∈ [0, 1], k max
06j6p

|Gj(u1)−Gj(u2)| 6 C2|u1 − u2|.

(C7) b�é¤k 0 6 u 6 t0/σv, max
06j6p

E[exp(u|Vj |)] <∞, Ù¥ t0, σv ��~ê, Ý1¼ê

Mj(u) (0 6 j 6 p)÷v

max
06j6p

sup
06u6t0

∣∣∣d3 lnMj(u)

du3

∣∣∣ <∞.
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,	b� max
06j6p

E|Vj |2m 6 σ2
v , Ù¥m > 2.

(C8) ‖Σβ‖∞ = O(n(1−2k)/8).

(C9) βT
SΣSSβS = O(1).

5P 1 ^� (C1)Ì�´�
y²�B, T^��±�t�þ�� 0���©Ù�

/, (C2) – (C4)��.ÀJ©z¥�~^b�, (C5) – (C6)��ëê£8�O�IOb�,

(C7)�Ñ
Ý^�, (C8)�Ñ
>S�'Xê�þ., (C9)�Ñ
 Var (Ỹ )�þ.. @o

3�½��K^�e, �±��e¡�­�½n.

½n 2 b�^� (C1)Ú (C4) – (C9)¤á, K�3~ê c1 > 0, ¦��n→∞�, k

P
(

max
16j6p

|β̂Mj − βMj | > c1n
−k
)
−→ 0.

½n 2 L²>S�'Xê�O β̂Mj äk�Ü5. �â©z [6] �íØ 1, e ζn =

‖ΣScSβS‖∞, K�÷v γn = ζn + c1n
−k, K¤À��38äk(½�35�, = P(R̂ ⊆

S) → 1. ½Â8Ü R = {j ∈ S : |βMj | > ζn + 2c1n
−k}, �
y² PRAR�O�ìC5�,

I�±eb�^�.

(C10) ‖{ΣScSΣ−1
SS}S∩Rc‖∞ 6 1− γ, Ù¥ γ ∈ (0, 1].

½n 3 e^� (C1) – (C10)¤á, � λn = O(n−ξmin−ξ0/2), @o� n→∞�, k

P
(
sign(β̌) = sign(β)

)
−→ 1.

½n 3`²
 PRAR�{����OþäkÎÒ�Ü5, =T�{Ø=Ur­�C

þÚØ­�Cþ©m, ¿�é­�Cþ�Xê�OU�yÎÒ��. ½Â Z = {j ∈ Sc :

|βMj | > γn − c1n
−k}, Ù���ê z = |Z|, �
y² PRAR+�Oþ�ÎÒ�Ü5, I�e

��^�.

(C11) max
S⊂Q⊂S∪Z

‖{ΣQcQ(ΣQQ)−1}S∩Rc‖∞ 6 1− γ.

(C12) ‖ΣZSΣ−1
SS‖∞ 6 1− η, Ù¥ η > 0.

½n 4 e^� (C1) – (C9)Ú (C11) – (C12)¤á, �÷v

z

s
→ 0, λn = O(n−ξmin−ξ0/2), λ∗n = O(n−ξmin−ξ0/2),

@o� n→∞�, k

P
(
sign(β̃) = sign(β)

)
−→ 1.

½n 4`² PRAR+ �OäkÎÒ�Ü5, �·^u R¥ØÀØ­�Cþ�¹, äk

­è5.
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§4. ê��[Ú¢~©Û

�ÄÜ©�5�. Y = XTβ + g(U) + ε, Ù¥ β = (2.5,−2, 0, · · · , 0)T � p��þ,

X = (X1, X2, · · · , Xp)
T ∼ N(0,Σ), Ù¥���
 Σ÷v

Σ =

[
Σ11 0

0 I

]
, Ù¥ Σ11 =


1 r0 r1 r3

r0 1 r2 r4

r1 r2 1 0

r3 r4 0 1

 .
��ëê¼ê� g(U) = 10 sin(2πU), Ù¥ U Ñl [0, 1]þ�þ!©Ù, ε ∼ N(0, 4). éu

���
ke¡ü«ëê��:

(A) r0 = 0.8, r1 = −r2 = r3 = −r4 = −0.1;

(B) r0 = 0.75, r1 = r2 = r3 = −r4 = 0.2.

�[L§¥©O)¤Nþ n� 100!200!300!400!500���, ��ê p = b100

· exp(n0.2)c. ¤k� LassoL§d glmnet�5¢y, 3?1ÛÜ�5�O�, ^2Â��

�y{À��°, ÀJ EpanechnikovØK(x) = 0.75(1− x2)I(|x| 6 1). 3 SIS�{¥, �

Àc bn/ lnnc�Cþ?\�.. g·A Lasso�{��­À� wj = 1/β̂Mj , Ù¥ β̂Mj dª

(3)O���. PRAR�{æ^Weng� [6] JÑ����{À�K� γn, e����38

R̂��ê�u d
√
n e, @o��3Xê��� d

√
n e�Cþ.

æ^ÎÒ¡E'~5ïþ�{�`�, = 200g�[¥U
�ÀJÑCþ X1 Ú X2,

¿��AXê�O�T����K�'~. �[(J�L 1ÚL 2, L¥ PLasso!PSIS-

LassoÚ PAda-Lasso©OL« Lasso!SIS-LassoÚg·A Lasso�{, PRARÚ PRAR+

©OL«�©¤J� PRAR�OÚ PRAR+ �O, §�me�êi�O�K� γn �?1

���gê, X PRAR10L«é�ACþ�� 10g�����Oþ.

dL 1��, �X��þ�O\, z«�{�ÎÒ¡E'~Ñk,p�ª³. Lasso!

SIS-LassoÚg·A Lasso�{Ly��, �k���þ� 500�âó�¡E β�ÎÒ. �

'
ó, PRARÚ PRAR+ �{²wké�`³, AO´ PRAR+ �{, ���þ� 500

�, ÎÒ¡E'~ªu 1, lý¡<y
 PRAR�O�ÎÒ�Ü5. ,	�X��gê�

O\, ÎÒ¡E'~Ä�þCzØ�, ¿Ø¥y²w�,p½ü$ª³.

dL 2��, Lasso!SIS-Lasso±9g·A Lasso�{�Ly�,é�. PRAR�{

��O�Øn�, �ù¿ØK� PRAR+ �{�[Ü�J. �±w��X��þ�O\,

PRAR+�O�ÎÒ¡E'~ª�u 1, ù`² PRAR+�Oäk­è5.

e¡ò PRAR�{^u©Û�|Z|Jêâ, Ù5g©z [18]. Têâ8l 97 c

#3 55�±e�n(Ò5Z|J�ö��, �¹ 97|��, z|��&ÿ
 24 881�Ä

ÏL�Y²Ú 7��K�xÏ� (c#!_-�ÉNÚ)-�ÉNG�!�n[�'ß!

Angioinvasion!¾n�?!¬5��). duÜ©êâ"�, Ù¥ 24 188�ÄÏêâk�.
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L 1 (A)�¹e�«�{�ÎÒ¡E'~

(n, p) (100, 1 323) (200, 1 791) (300, 2 285) (400, 2 750) (500, 3 199)

PLasso 0.000 0.000 0.000 0.000 0.025

PSIS-Lasso 0.000 0.000 0.000 0.000 0.000

PAda-Lasso 0.000 0.000 0.000 0.000 0.015

PRAR1 0.030 0.395 0.655 0.530 0.420

PRAR5 0.030 0.370 0.775 0.750 0.625

PRAR10 0.015 0.355 0.755 0.815 0.735

PRAR15 0.010 0.320 0.735 0.810 0.760

PRAR30 0.010 0.300 0.705 0.855 0.850

PRAR+1 0.030 0.475 0.860 0.920 0.965

PRAR+5 0.030 0.395 0.840 0.950 0.975

PRAR+10 0.015 0.365 0.800 0.975 0.990

PRAR+15 0.010 0.330 0.760 0.935 0.990

PRAR+30 0.010 0.300 0.715 0.970 0.975

L 2 (B)�¹e�«�{�ÎÒ¡E'~

(n, p) (100, 1 323) (200, 1 791) (300, 2 285) (400, 2 750) (500, 3 199)

PLasso 0.000 0.000 0.000 0.000 0.005

PSIS-Lasso 0.000 0.000 0.000 0.000 0.000

PAda-Lasso 0.000 0.000 0.000 0.000 0.000

PRAR1 0.070 0.135 0.050 0.005 0.000

PRAR5 0.085 0.225 0.100 0.020 0.000

PRAR10 0.065 0.250 0.135 0.035 0.000

PRAR15 0.070 0.275 0.120 0.050 0.010

PRAR30 0.060 0.310 0.185 0.085 0.005

PRAR+1 0.120 0.490 0.770 0.920 0.970

PRAR+5 0.110 0.480 0.835 0.950 0.975

PRAR+10 0.080 0.460 0.785 0.915 0.990

PRAR+15 0.080 0.470 0.805 0.950 0.980

PRAR+30 0.065 0.450 0.810 0.945 0.970

6¢�� [16]3Ü©�5�.eéTêâ8?1ïÄ, �âÙïÄ(J, �©�Ä¦^

ÄÏ 271���ACþ Yi, éÑ�TÄÏ�'�Ù¦ÄÏ, ¿�òÄÏ 272���ëê¼

ê��Cþ Ui, 
Ù{ÄÏ�L�Y²���5�CþXi, âd�EXe�.

Yi = XT
i β + g(Ui) + εi

5[Ü�½�êâ, Ù¥ εi ´�ÅØ��. Äu�©JÑ��{, éþã�.�CþçÀ,

¿� Lasso!SIS-LassoÚg·A Lasso�{?1'�. Äkéêâ?1IOz?n, ±�
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Ø�ÄÏL�Y²êþ?�O�K�, ,�3 97|��¥�ÅÀ� 92���Ôö8 R,

Ù{ 5���ÿÁ8Q. �ê��[ØÓ�´, SISÚÀJ d = n− 1�Cþ?\�.. �

�L§­E?1 60g, ÏLÿÁ8Q5O��«�{�²þýÿþ�Ø�:

APMSE =
1

60

60∑
i=1

[1

5

∑
i∈Q

(
Ŷi −

p∑
j=1

X̂ij β̂j

)2]
.

Ød�	, O��«�{¤ÀJ�²þ�.��:

AMS =
1

60

60∑
i=1
|Mi|,

Ù¥MiL«1 ig[Ü¤��f�., |Mi|L«�.Mi¥���ê. ¤�(J�eL 3,

L¥)ÒSêâL«�Aýÿþ�Ø�Ú�.���IO�.

L 3 �«�{�ýÿþ�Ø�9²þ�.��

PLasso PSIS-Lasso PAda-Lasso PRAR PRAR+

APMSE 0.247 (0.169) 0.257 (0.177) 0.246 (0.148) 0.233 (0.193) 0.228 (0.180)

AMS 29.117 (22.444) 28.667 (5.694) 7.067 (14.654) 3.217 (5.551) 2.960 (5.562)

dL 3�wÑ Lasso!SIS-LassoÚg·A Lasso�{�ýÿþ�Ø���,¿� Lasso

Ú SIS-Lasso�{ÀJ��.��. �'
ó, PRARÚ PRAR+ �{��Ø�, Ø=ÀJ

��.�{ü, 
�²þýÿþ�Ø���.

§5. ½ny²

�!ò�Ñ½n��[y². 3m©y²½n�c, k0�±eü�Ún.

Ún 5 b�^� (C1)Ú (C4) – (C6)¤á, Kk

max
06j6p

max
16i6n

|Ĝj(Ui)−Gj(Ui)| = op(n
−1/4 ln−1 n).

Ún 6 - Σ̂ = n−1X̂TX̂, Σ = n−1X̃TX̃, 8ÜM ⊆ {1, 2, · · · , p}, 3Ún 5�^�

e, e^� (C2)¤á, � m̌ = O(n2ξ0+4ξmin), Ke�Ø�ª¤á�VÇªu 1,

Cmin 6 min
|M |6m̌

λmin(Σ̂MM ) 6 max
|M |6m̌

λmax(Σ̂MM ) 6 Cmax.

Ún 5ÚÚn 6�y²��©z [15].

½n 2�y²: �âÚn 5��

max
16i6n

|Ŷi − Ỹi| = max
16i6n

|Ĝ0(Ui)−G0(Ui)| = op(n
−1/4 ln−1 n). (4)
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Ónk

max
16j6p

max
16i6n

|X̂ij − X̃ij | = op(n
−1/4 ln−1 n). (5)

-

β̃Mj =
n∑
i=1

(X̃ij −X
′
j)

n∑
k=1

(X̃kj −X
′
j)

2

Ỹi, 1 6 j 6 p,

Ù¥ X
′
j = n−1

n∑
i=1

X̃ij . �â©z [6]�·K 2��, 3^� (C8) – (C9)e, é?¿ c2 > 0,

�3~ê c3 > 0, ¦�

P
(

max
16j6p

|β̃Mj − βMj | > c2n
−k
)

= O
(
p exp(−c3n

(1−2k)/4)
)
. (6)

P Sj1 = n−1
n∑
i=1

(X̂ij −Xj)
2, Sj2 = n−1

n∑
i=1

(X̃ij −X
′
j)

2, 1 6 j 6 p, Kk

max
16j6p

|β̂Mj − β̃Mj |

6 max
16j6p

∣∣∣ n∑
i=1

(X̂ij −Xj)(Ŷi − Ỹi)
nSj1

∣∣∣+ max
16j6p

∣∣∣ n∑
i=1

[(X̂ij −Xj)

nSj1
−

(X̃ij −X
′
j)

nSj2

]
Ỹi

∣∣∣
.
= I1 + I2.

d Cauchy-SchwarzØ�ªÚª (4)��

I1 6 max
16j6p

√
1

nSj1

n∑
i=1

(Ŷi − Ỹi)2 = op(n
−1/4 ln−1 n).

,��¡

I2 6 max
16j6p

∣∣∣ n∑
i=1

(X̂ij − X̃ij)Ỹi
nSj1

∣∣∣+ max
16j6p

∣∣∣ n∑
i=1

(X
′
j −Xj)Ỹi

nSj1

∣∣∣
+ max

16j6p

∣∣∣( 1

nSj1
− 1

nSj2

) n∑
i=1

(X̃ij −X
′
j)Ỹi

∣∣∣
.
= I21 + I22 + I23.

�âª (4)Úª (5), 3^� (C9)e, 2g$^ Cauchy-SchwarzØ�ª��

I21 6 max
16j6p

1

Sj1

√
1

n

n∑
i=1

(X̂ij − X̃ij)2 · 1

n

n∑
i=1

Ŷ 2
i = op(n

−1/4 ln−1 n),

I22 6 max
16j6p

1

Sj1

√
1

n

n∑
i=1

(X
′
j −Xj)2 · 1

n

n∑
i=1

Ŷ 2
i = op(n

−1/4 ln−1 n),
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I23 6 max
16j6p

|Sj2 − Sj1|
Sj1Sj2

√
Sj2 ·

1

n

n∑
i=1

Ỹ 2
i = op(n

−1/4 ln−1 n).

l
 I2 = op(n
−1/4 ln−1 n). d±þ?Ø��, é?¿~ê c > 0, � n→∞�, k

P
(

max
16j6p

|β̂Mj − β̃Mj | > cn−1/4 ln−1 n
)
−→ 0. (7)

dª (6)Úª (7)��, �3~ê c1 > 0, ¦�� n→∞�,

P
(

max
16j6p

|β̂Mj − βMj | > c1n
−k
)
−→ 0.

½ny.. �

½n 3�y²: ½Â8Ü S
c

= R̂c\Sc, PRAR�O�

β̌ = argmin
β

{ 1

2n

∥∥Ŷ − X̂β∥∥2
+ λn

∥∥β
R̂c

∥∥
1

}
. (8)

���O�§ n−1X̂T(Ŷ − X̂β̌) = λn∂
∥∥β̌

R̂c

∥∥, Ù¥ ∂
∥∥β̌

R̂c

∥∥L« ∥∥β
R̂c

∥∥
1
3 β = β̌� �

ê. ½Âª (8)� oracle�O�

β = argmin
βSc=0

{ 1

2n

∥∥Ŷ − X̂SβS
∥∥2

+ λn
∥∥βSc

∥∥
1

}
. (9)

w,ª (9)´��î�à¯K, äk��). ÏdXJ�þ β´ª (9)�), ��=�

βSc = 0, n−1X̂T
S(Ŷ − X̂SβS) = λn∂

∥∥βSc

∥∥, (10)

Ù¥ ∂
∥∥βSc

∥∥L« ∥∥βSc

∥∥
1
3 βS = βS � �ê. dª (10)�

βS =
(
X̂T
SX̂S

)−1(
X̂T
SŶ − nλn∂

∥∥βSc

∥∥).
w,, XJ βS ÷v ∥∥n−1X̂T

Sc(Ŷ − X̂SβS)
∥∥
∞ < λn. (11)

@oª (9)���) β�÷vª (8). ò βS �\ª (11), k∥∥∥X̂T
ScX̂S

(
X̂T
SX̂S

)−1
∂
∥∥βSc

∥∥+ (nλn)−1X̂T
Sc

[
In − X̂S

(
X̂T
SX̂S

)−1
X̂T
S

]
Ŷ
∥∥∥
∞
< 1. (12)

-

W = {β̌��, � sign(β̌) = sign(β)},

W1 = {ª (8)k��), �ª (12)¤á},

W2 =
{

min
j∈S
|βj | >

∥∥βS − βS∥∥∞}.
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d©z [6]�ª (A14)��, P(W ) > P(W1) − P(W c
2 ). Ïd��y² β̌�ÎÒ�Ü5, �

Iy²W1
P−→ 1�W c

2
P−→ 0. e¡P

T = {S∗ : R ⊆ S∗ ⊆ S},

A = {R ⊆ R̂ ⊆ S},

B =
{

max
16j6p

|β̂Mj − βMj | 6 c1n
−k
}
.

d©z [6]�íØ 1Úª (3.3)��, � n → ∞�, k P(A) → 1, ½n 2L² P(B) → 1.

òª (12)­��∥∥∥X̂T
ScX̂S

(
X̂T
SX̂S

)−1
∂
∥∥βSc

∥∥+ (nλn)−1X̂T
Sc

(
In − PX̂S

)
Ŷ
∥∥∥
∞
< 1. (13)

P ei = (0, · · · , 0, 1, 0, · · · , 0)T, =�k1 i���� 1, Ù{Ñ� 0, 3ØÓ�/��±kØ

Ó��ê. K�âª (5)�ª (4)��

eT
i X̂

T
ScX̂S

(
X̂T
SX̂S

)−1
∂
∥∥βSc

∥∥ = eT
i X̃

T
ScX̃S

(
X̃T
SX̃S

)−1
∂
∥∥βSc

∥∥+ op(1),

eT
i X̂

T
Sc

(
In − PX̂S

)
Ŷ = eT

i X̃
T
Sc

(
In − PX̃S

)
Ỹ + op(1).

qÏ� Ỹ = X̃β + ε, Ïdª (13)�du∥∥∥X̃T
ScX̃S

(
X̃T
SX̃S

)−1
∂
∥∥βSc

∥∥+ (nλn)−1X̃T
Sc

(
In − PX̃S

)
ε
∥∥∥
∞
< 1. (14)

-

F = X̃T
Sc − ΣScSΣ−1

SSX̃
T
S ,

K1 = ΣScSΣ−1
SS∂

∥∥βSc

∥∥,
K2 = FX̃S

(
X̃T
SX̃S

)−1
∂
∥∥βSc

∥∥+ (nλn)−1F
(
In − PX̃S

)
ε.

Kª (14)�du ‖K1 +K2‖∞ < 1. ��¡, � A¤á�, �â^� (C10)��

‖K1‖∞ =
∥∥{ΣScSΣ−1

SS}S∩R̂c

∥∥
∞ 6

∥∥{ΣScSΣ−1
SS}S∩Rc

∥∥
∞ 6 1− γ.

Ïd

P(‖K1‖∞ 6 1− γ) −→ 1, n→∞. (15)

,��¡

P
(
‖K2‖∞ >

γ

2

)
= P

({
‖K2‖∞ >

γ

2

}
∩A

)
+ P

({
‖K2‖∞ >

γ

2

}
∩Ac

)
6 P

( ⋃
S1∈T

‖K2(S1)‖∞ >
γ

2

)
+ P(Ac),
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Ù¥K2(S1)´^ S1�O R̂����A�K2, éA�ª (9)�)^ β(S1)5L«, K

K2(S1) = FX̃S

(
X̃T
SX̃S

)−1
∂
∥∥βS1

c

∥∥+ (nλn)−1F
(
In − PX̃S

)
ε.

�â X̃i �½Â��, Ï" E(X̃i) = E[Xi − E(Xi |Ui)] = 0. K F �Ï"� 0, ���


Cov (F ) = ΣScSc − ΣScS(ΣSS)−1ΣSSc , P ΣSc|S . é?¿ 1 6 j 6 |Sc|, P F �1 j 1�

F T
j = (Fj1, Fj2, · · · , Fjn), Ï� Fjk (1 6 k 6 n)�Õá��ÅCþ, �Ï"� 0, ���

(ΣSc|S)jj , d¥%4�½n��

F T
j X̃S

(
X̃T
SX̃S

)−1
∂
∥∥βS1

c

∥∥+ (nλn)−1F T
j

(
In − PX̃S

)
ε
∣∣ (X̃S , ε

)
∼ N(0, Vj), (16)

Ù¥��

Vj = (ΣSc|S)jj
[(
∂
∥∥βS1

c

∥∥)T(X̃T
SX̃S

)−1
∂
∥∥βS1

c

∥∥+ (nλn)−2εT
(
In − PX̃S

)
ε
]
.

du Σk�, ¿� In − PX̃S
�é¡��
, l
�3 C3, ¦�

Vj 6 C3

[(
∂
∥∥βS1

c

∥∥)T(X̃T
S X̃S

)−1
∂
∥∥βS1

c

∥∥+ (nλn)−2‖ε‖2
]
.

-

H =
⋃

S1∈T

{(
∂
∥∥βS1

c

∥∥)T(X̃T
SX̃S

)−1
∂
∥∥βS1

c

∥∥+ (nλn)−2‖ε‖2 > s

nCmin
+
σ2(1 +

√
s/n )

nλ2
n

}
.

K

P
( ⋃
S1∈T

‖K2(S1)‖∞ >
γ

2

)
6 P

( ⋃
S1∈T

‖K2(S1)‖∞ >
γ

2

∣∣∣Hc
)

+ P(H). (17)

du

P(H) 6 P
( ⋃
S1∈T

(
∂
∥∥βS1

c

∥∥)T(X̃T
SX̃S

)−1
∂
∥∥βS1

c

∥∥ > s

nCmin

)
+ P

(
(nλn)−2‖ε‖2 >

σ2(1 +
√
s/n )

nλ2
n

)
.

é?¿ S1 ∈ T , �â©z [15]�ª (A.7)��, eª¤á�VÇªu 1,(
∂
∥∥βS1

c

∥∥)T(X̃T
SX̃S

)−1
∂
∥∥βS1

c

∥∥ 6 s∥∥(X̃T
SX̃S

)−1∥∥ =
s

n
‖Σ−1

SS‖ 6
s

nCmin
.

Ïd

P
( ⋃
S1∈T

(
∂
∥∥βS1

c

∥∥)T(X̃T
SX̃S

)−1
∂
∥∥βS1

c

∥∥ > s

nCmin

)
−→ 0.

,��¡, du εi ∼ N(0, σ2), 1 6 i 6 n, l
 ‖ε‖2/σ2 ∼ χ2(n), �â©z [19]�ª (54a)

��

P
(

(nλn)−2‖ε‖2 >
σ2(1 +

√
s/n )

nλ2
n

)
= P

(‖ε‖2
σ2

> n
(
1 +

√
s/n )

)
6 exp

(
− 3s

16

)
,
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Ù¥ s/n < 1/2, Ïd P(H)→ 0. d��©Ù��VÇØ�ª��

P
( ⋃
S1∈T

‖K2(S1)‖∞ >
γ

2

∣∣∣Hc
)
6 2s+1(p− s) exp

(
− γ2

8V

)
,

Ù¥ V = s/(nCmin)+σ2(1+
√
s/n )/(nλ2

n). N´¦� ln(p−s)+(s+1) ln 2 = o
(
γ2/(8V )

)
,

Ïd�3 c∗ > 0, ¦�é¿©�� n, k

P
( ⋃
S1∈T

‖K2(S1)‖∞ >
γ

2

∣∣∣Hc
)
6 exp(−c∗s).

l
��

P
(
‖K2‖∞ >

γ

2

)
−→ 0, n→∞. (18)

�âª (15)Ú (18)��

P
(
‖K1 +K2‖∞ 6 1− γ

2

)
−→ 1, n→∞. (19)

l
ª (12)±VÇ 1¤á. e¡y²ª (8)k��), l
W1
P−→ 1, ÄkP

K =
{∥∥∥X̂T

ScX̂S

(
X̂T
SX̂S

)−1
∂
∥∥βSc

∥∥+ (nλn)−1X̂T
Sc

(
In − PX̂S

)
Ŷ
∥∥∥
∞
< 1− γ

2

}
.

Kdª (19)��, K
P−→ 1. e¡y²� AÚK ¤á�, ª (8)7,k��). Ø�b��

3,��) β
∗
, - β(α) = αβ + (1− α)β

∗
(0 < α < 1). K β(α)�´ª (8)�), l
∥∥n−1X̂T

Sc(Ŷ − X̂Sβ(α))
∥∥
∞

6 α
∥∥n−1X̂T

Sc(Ŷ − X̂Sβ)
∥∥
∞ + (1− α)

∥∥n−1X̂T
Sc(Ŷ − X̂Sβ

∗
)
∥∥
∞

< αλn + (1− α)λn = λn.

Ïd β(α)Sc = 0, = β(α)�´ª (9)�), d)���5� β(α) = β, l
 β = β
∗
, =ª

(8)k��), ÏdW1
P−→ 1. ��y²W2

P−→ 0. Äk�Ä ‖βS − βS‖∞, {üO�k

βS − βS =
(
X̂T
SX̂S

)−1
X̂T
Sε+

(
X̂T
SX̂S

)−1
X̂T
S

(
X̂S − X̃S

)
βS

+
(
X̂T
SX̂S

)−1
X̂T
S

(
Ŷ − Ỹ

)
− λn

(
X̂T
SX̂S/n

)−1
∂
∥∥βS1

c

∥∥
.
= I3 + I4 + I5 − I6.

�â^� (C3)ÚÚn 6��

‖I4‖∞ 6
∥∥(X̂T

SX̂S/n
)−1∥∥

2

∥∥n−1X̂T
S

(
X̂S − X̃S

)
βS
∥∥

2
6
Cβ
√
Cmax

Cmin
op
(
n−1/4 ln−1 n

)
,

‖I5‖∞ 6
∥∥(X̂T

SX̂S/n
)−1∥∥

2

∥∥n−1X̂T
S

(
Ŷ − Ỹ

)∥∥
2
6

√
Cmax

Cmin
op
(
n−1/4 ln−1 n

)
,
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‖I6‖∞ 6 λns1/2
∥∥(X̂T

SX̂S/n
)−1∥∥

2
= λns

1/2λmax(Σ̂−1
SS) 6

λns
1/2

Cmin
.

,��¡, du

eT
i

(
X̂T
SX̂S

)−1
X̂T
Sε = eT

i

(
X̃T
SX̃S

)−1
X̃T
Sε+ op(1).

@od©z [6]�ª (A28)�� P
(
‖I3‖∞ >

√
s/(nCmin)

)
6 2 exp(−s/(2σ2)). Ïd

P
(∥∥βS − βS∥∥∞ 6 λns

1/2

Cmin
+
√
s/(nCmin)

)
> 1− 2 exp(−c4s),

Ù¥ c4 > 0, 3^� (C3)eéN´�y, éu¿©�� n,

min
j∈S
|βj | >

λns
1/2

Cmin
+
√
s/(nCmin).

Ïd P(W c
2 ) 6 1− 2 exp(−c4s)→ 0. nþ��

P
(
sign(β̌) = sign(β)

)
−→ 1, n→∞.

½ny.. �

½n 4 �y²: PØ­�Cþ8 N = {j : 1 6 j 6 p, βj = 0}. ½Â S = Ŝ1 ∪ Ŝ2,

N = N̂1 ∪ N̂2, Ù¥ Ŝ2Ú N̂2|¤�38 R̂ = Ŝ2 ∪ N̂2. Äk, �Ä PRAR�O

β̌ = argmin
β

{ 1

2n

∥∥Ŷ − X̂β∥∥2
+ λn

(∥∥β
Ŝ1

∥∥
1

+
∥∥β

N̂1

∥∥
1

)}
. (20)

e¡y² P(β̌
Ŝ1
6= 0)→ 1Ú P(β̌

N̂1
= 0)→ 1. ½Âª (20)� oracle�O

β = argmin
β
N̂1

=0

{ 1

2n

∥∥Ŷ − X̂
Q̂
β
Q̂

∥∥2
+ λn

∥∥β
Ŝ1

∥∥
1

}
, (21)

Ù¥ Q̂ = S ∪ N̂2, aq½n 3, ��y² P(β̌
Ŝ1
6= 0)→ 1, ��y²ª (20)k��), �∥∥∥X̃T

Q̂cX̃Q̂

(
X̃T

Q̂
X̃
Q̂

)−1
∂
∥∥β

Q̂

∥∥+ (nλn)−1X̃T

Q̂c

(
In − PX̃

Q̂

)
ε
∥∥∥
∞
< 1. (22)

-

F = X̃T

Q̂c − Σ
Q̂cQ̂

Σ−1

Q̂Q̂
X̃T

Q̂
,

K1 = Σ
Q̂cS

Σ−1

Q̂Q̂
∂
∥∥β

Q̂

∥∥,
K2 = FX̃

Q̂

(
X̃T

Q̂
X̃
Q̂

)−1
∂
∥∥β

Q̂

∥∥+ (nλn)−1F
(
In − PX̃

Q̂

)
ε.

@o, ª (22)�du ‖K1 +K2‖∞ < 1. 5¿� Q̂´�Å�. e¡Ú\�
ÎÒL«.

A = {R ⊆ Ŝ2 ⊆ S, S ⊆ Q̂ ⊆ S ∪ Z}, B = {S ⊆ Q̂ ⊆ S ∪ Z},
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A∗ = {(Q,S2) : S ⊆ Q ⊆ S ∪ Z, R ⊆ S2 ⊆ S}, C = {N̂2 ⊆ Z}.

l½n 2ØJwÑ P(A)→ 1, Ïdd^� (C11)�� P(‖K1‖∞ < 1− γ) > P(A)→ 1. -

H =
⋃

(Q,S2)∈A∗

{(
∂
∥∥βQ∥∥)T(X̃T

QX̃Q

)−1
∂
∥∥βQ∥∥+ (nλn)−2‖ε‖2

>
s+ z

nCmin
+
σ2
(
1 +

√
(s+ z)/n

)
nλ2

n

}
.

ùp ∂‖βQ‖´^ QÚ S2�Oª (21)� Q̂Ú Ŝ2���, @o

P
(
‖K2‖∞ >

γ

2

)
6 P

({
‖K2‖∞ >

γ

2

}
∩A

)
+ P(Ac)

6 P
({ ⋃

(Q,S2)∈A∗
‖K2(Q,S2)‖∞ >

γ

2

}
∩A

)
+ P(Ac)

6 P
( ⋃

(Q,S2)∈A∗
‖K2(Q,S2)‖∞ >

γ

2

∣∣∣Hc
)

+ P(H) + P(Ac).

kw1��,

P(H) 6 P
( ⋃

(Q,S2)∈A∗

(
∂
∥∥βQ∥∥)T(X̃T

QX̃Q

)−1
∂
∥∥βQ∥∥ > s+ z

nCmin

)
+ P

(
(nλn)−2‖ε‖2 >

σ2
(
1 +

√
(s+ z)/n

)
nλ2

n

)
.

aq½n 3�� P(H)→ 0, ¿�

P
( ⋃

(Q,S2)∈A∗
‖K2(Q,S2)‖∞ >

γ

2

∣∣∣Hc
)
6 2s+1+z(p− s) exp

(
− γ2

8V

)
,

Ù¥ V = (s+ z)/(nCmin) + σ2
(
1 +

√
(s+ z)/n

)
/(nλ2

n). 3½n 4���e, w,ª (22)

¤á. ª (20))���5aq½n 3��. �e5�Ä ‖β
Q̂
− β

Q̂
‖∞, {üO���

β
Q̂
− β

Q̂
=
(
X̂T

Q̂
X̂
Q̂

)−1
X̂T

Q̂
ε+

(
X̂T

Q̂
X̂
Q̂

)−1
X̂T

Q̂

(
X̂S − X̃S

)
βS

+
(
X̂T

Q̂
X̂
Q̂

)−1
X̂T

Q̂

(
Ŷ − Ỹ

)
− λn

(
X̂T

Q̂
X̂
Q̂
/n
)−1

∂
∥∥β

Q̂

∥∥.
�â Cauchy-SchwarzØ�ª��

∥∥β
Q̂
− β

Q̂

∥∥
∞ 6

∥∥(X̃T

Q̂
X̃
Q̂

)−1
X̃T

Q̂
ε
∥∥
∞ +

λn(s+ z)1/2

Cmin
.

- L1 = λn(s+ z)1/2/Cmin +
√

(s+ z)/(nCmin), K

P
(∥∥β

Q̂
− β

Q̂

∥∥
∞ > L1

)
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6 P
( ⋃
S⊆Q⊆S∪Z

∥∥(X̃T

Q̂
X̃
Q̂

)−1
X̃T

Q̂
ε
∥∥
∞ >

√
(s+ z)/(nCmin)

)
+ P(Bc)

6 2z+1 exp
(
− s+ z

2σ2

)
+ P(Bc).

du P(B) > P(A) → 1, ��� P(‖β
Q̂
− β

Q̂
‖∞ > L1) → 0. d^� (C3), ØJy²

min
j∈S
|βj | > L1, Ïd

P
(

min
j∈S
|βj | >

∥∥β
Ŝ1
− β

Ŝ1

∥∥
∞

)
−→ 1. (23)

3½n 4�^�e, k P(β̌
Ŝ1
6= 0)→ 1. éu PRAR+�O, k

β̃ = argmin
β
N̂1

=0

{ 1

2n

∥∥Ŷ − X̂
Q̂
β
Q̂

∥∥2
+ λ∗n

(∥∥β
Ŝ2

∥∥
1

+
∥∥β

N̂2

∥∥
1

)}
. (24)

�
y² P
(
sign

(
β̃) = sign(β)

)
→ 1, �Iy² P

(
sign

(
β̃S) = sign(βS)

)
→ 1, � P

(
β̃
N̂2

=

0
)
→ 1. ½Âª (24)� oracle�O

β∗ = argmin
β
N̂1

=0,β
N̂2

=0

{ 1

2n

∥∥Ŷ − X̂SβS
∥∥2

+ λ∗n
∥∥β

Ŝ2

∥∥
1

}
.

-

F̃ = X̃T

N̂2
− Σ

N̂2S
Σ−1
SSX̃

T
S ,

K̃1 = Σ
N̂2S

Σ−1
SS∂‖β

∗
S‖,

K̃2 = F̃ X̃S

(
X̃T
SX̃S

)−1
∂‖β∗S‖+ (nλ∗n)−1F̃

(
In − PX̃S

)
ε.

@od^� (C12)�� P(‖K̃1‖∞ < 1− η) > P(C)→ 1. -

H̃ =
⋃

R⊆S2⊆S

{(
∂
∥∥β∗S∥∥)T(X̃T

SX̃S

)−1
∂
∥∥β∗S∥∥+ (nλ∗n)−2‖ε‖2 > s

nCmin
+
σ2(1 +

√
s/n )

n(λ∗n)2

}
.

P8Ü B∗ = {(N2, S2) : N2 ⊆ Z, R ⊆ S2 ⊆ S}, Kk

P
(∥∥K̃2

∥∥
∞ >

η

2

)
6 P

({∥∥K̃2

∥∥
∞ >

η

2

}
∩A

)
+ P(Ac)

6 P
({ ⋃

(N2,S2)∈B∗

∥∥K̃2(N2, S2)
∥∥
∞ >

η

2

})
+ P(Ac)

6 P
( ⋃

(N2,S2)∈B∗
‖K̃2(N2, S2)‖∞ >

η

2

∣∣∣ H̃c
)

+ P(H̃) + P(Ac)

6 2z+s+1z exp
(
− η2

8Ṽ

)
+ exp

(
− 3s

16

)
+ P(Ac),

Ù¥ Ṽ = s/(nCmin) + σ2(1 +
√
s/n )/[n(λ∗n)2]. l
eª¤á�VÇªu 1,∥∥∥X̂T

N̂2
X̂S

(
X̂T
SX̂S

)−1
∂
∥∥β∗S∥∥+

1

nλn
X̂T

N̂2

(
In − PX̂S

)
Ŷ
∥∥∥
∞
< 1.



1 6Ï 
c, �: �p�Ü©�5�.� PRARCþÀJ 567

ª (24))���5aq½n 3��, K P
(
β̃
N̂2

= 0
)
→ 1. ���Ä ‖β∗S − βS‖∞, {üO

�k ∥∥β∗S − βS∥∥∞ =
∥∥∥(X̂T

SX̂S

)−1(
X̂T
SŶ − nλ∗n∂

∥∥β∗S∥∥)− βS∥∥∥∞
6
∥∥(X̃T

SX̃S

)−1
X̃T
Sε
∥∥
∞ +

λ∗ns
1/2

Cmin
.

- L2 = λ∗ns
1/2/Cmin +

√
s/(nCmin), K�3 c5, P(‖β∗S − βS‖∞ 6 L2) > 1− 2 exp(−c5s).

du L1 = O(L2),

P
(

min
j∈S
|βj | >

∥∥β∗S − βS∥∥∞) > 1− 2 exp(−c5s).

Ïd

P
(
sign

(
β̃) = sign(β)

)
−→ 1, n→∞.
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Profile Regularization after Retention Variable Selection

for Ultrahigh Dimensional Partially Linear Models
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Beijing, 100124, China)
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TIAN Ping
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Abstract: In this paper, we consider the ultrahigh dimensional partially linear model, in which the

dimension of the parametric vector is exponential order of the sample size. Based on profile least squares

and regularization after retention method, we propose a new method to perform variable selection for

the ultrahigh dimensional partially linear model. Under certain regularity conditions, it is proved that

the estimator achieves sign consistency. Compared with Lasso, SIS-Lasso and adaptive Lasso, it is found

that the proposed method is better in terms of recovering the coefficient sign of linear part through the

numerical simulation and real data analysis.

Keywords: partially linear model; variable selection; high-dimensional data; Lasso; sign consistency;

regularization after retention
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