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§1. Ú ó

�©�Ä��lÑ�mºx�., Ù¥31 i�±Ï (i ∈ N), �xúi�À�� (\

O¢�~�o�¤Â\)d¢��ÅCþ ZiL«. b½¢��|GÚ�¤�Â�Ñu)3

z�±ÏÏ", 3z�±Ï, �¤Â\´��(½�~ê c > 0. �xúi|G�¢��d

�K�ÅCþ XiL«, ·�^ü>�5L§�x¢�����(�, -

Xn =
n∑
j=1

ϕn−jεj + ϕnε0, n > 1, (1)

Ù¥, ·�b�D(� {εi}i>1 ´�K�ÅCþ¿�Ñläk©Ù¼ê� Fi �,
��(

�, {ϕi}i>0, ε0´�K~ê� ϕ0 > 0. üÏÀ��� Zi = Xi − c.
�Ä�xúi¢S�¹Ú��(� (1), Ù¥z��¢��U��X,��¢�. ù«

a.�ºx�.�\ÎÜ¢S�¹. ~X, g,/³Úå¯õ¢��u), ¿�¢��m

´���. ¯¤±�, ò¢��L«�L�D(��Ú��5L§�¹
éõ3�xºx
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(ARMA)£ã���xúi�cÂÃ. YangÚ Zhang [2] 3ð½Ãºx|Çe¦^g£8

�.£ã¢��. d	, �5L§²~3�mS�©Û¥¦^. õêÆö|^ù«��(

��x¢��. ë�©z [3–5]. Ïd, ·��¦^ü>�5L§�x¢�����(�.

·�ò i��� 0����ÅòyÏf (�ÅÂÃÇ��ê)d�K�ÅCþ θi L«,

{θi}i>1 ´?¿���, � {εi}i>1 Ú {θi}i>1 ´�pÕá�. AO/, �ÅòyÏf�±L

«��
ÕáÓ©Ù¿�´�K�ÅCþ�¦È, = θi =
i∏

j=1
Yj , {Yj}j>1 ´ÕáÓ©Ù�

�K��ÅCþS�, �±L«�1 j �±Ï��ÅòyÏf. Uì©z [6]�â�, ·�

©O¡ {Xi}i>1 (½ö {εi}i>1)Ú {θi}i>1 (½ö {Yi}i>1)��xºxÚ7Kºx. �Xéu

z����ê n, \OÀ���� n����Åòy�L«�

S0 = 0, Sn =
n∑
i=1

(Xi − c)θi.

,�·��±½Â n��»�VÇ�

ψ(x;n) = P
{

max
0<m6n

m∑
i=1

[(Xi − c)θi] > x
}
, (2)

Ù¥ x > 0´�xúi�Ð©]�.

ù��lÑ�mºx�.®²áÚ
�þÆö�'5. ·�b� {Zi}i>1 ´ÕáÓ©

Ù¢��ÅCþS�, θi L«�
i∏

j=1
Yj , {Yi}i>1 ´ÕáÓ©Ù¿�´�K��ÅCþS�.

�±ë�©z [7–9]. �Ä θi ����/ (#N§�´?¿��), Kéu ψ(x;n)�ïÄ8

(å5Ò´�Å�Ú�����ÜVÇìC1��ïÄ. k�þ©z3�Ì©z [10]�Ä

:þ�Ñ
?�Ú�ïÄ, ~X©z [11–13]. ·�@���Õá�b�´�
êÆþ��

B, �3¢S�/¥´Ø�¢S�, AO/, ���xÚ2�x�¬E,5J,, �xºx

ÕáØv±�x¢S�x�¸. Ïd, �x�xºx÷v,���(�´Ün�. ÏLÚ

\�«��(��x�xºx {Zi}i>1, ¦�ºx�.Ünz´�'ïÄ���ª³, �©

z [14–17], ¿3�«��xºx^�e, éuz���½� n, x → ∞, ïá
 (2)�ì

Cª

ψ(x;n) ∼
n∑
i=1

P{θi(Xi − c) > x}. (3)

·�5¿�yk(JI��xºx´Õá�äk�Ó�©Ù F . d�, Chen Ú

Yuen [18] �ÄØÓ©Ù��/. Cheng [19] ïÄ��Cz©Ùxe, ���Ø7Ó©Ù��

xºx�k��m»�VÇ�ìC�O.

3�©¥, éuz�� i > 1, ·�b��Ü©Ù Fi(x) = 1− Fi(x) > 0, x > 0±9 θi

3 0:?´�òz�. ·��õ�'5k��m»�VÇ�ìC1�±9\OÀ�� Sn

��Åòy���Ü1�. 3^� (1)Úéu?¿���ê n, n−1
n∑
i=1

Fi ´��Cz©Ù

x�b�e, ·��Ì�8I´ïá��aqu (3)�úª. �yk�
3 Fi þ����
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', ù´�\����/ (�õ�[!�1�!�5P 3Ú1o!�ê��[). O(�ù,

�Ü©;.(JI�¤kD(�´�Ó©Ù, �äk�Ó��©Ù; ,, ·��b��

¹±eA«�/: ¤kD(�´Ý��ØÓ©Ù; �
D(�´Ý�©Ù, ,	�


´�Ý�©Ù; �
D(�´�©Ù, ,	�
´��©Ù. �b�d DindienėÚ

Leipus [20]0�, ¦�ïÄ���ÅCþS�k�Ú��Ü1�. �
���\���úª,

·�?�Úò²þ©Ù�b���3ëYCz©Ùx.

TangÚ Tsitsiashvili [10] �ÄÀÂ\�o�¤~�o¢�, ÙdÕáÓ©Ù��ÅC

þ|¤. �ÅòyÏf�´dÕáÓ©Ù��ÅCþ|¤. ÀÂ\Ú�ÅòyÏf´�p

Õá�. Zhang� [14] �Ä {Zi}i>1 ´Ó©Ù, �Ø´î�Õá��ÅCþ. {θi}i>1 ´�
X��K��ÅCþ, Õáu {Zi}i>1. � {θi}i>1 ÷v,
Ý^�, {Zi}i>1 ÑlV>þ�
��Ú÷v�
^��b�e, ¦�ïá
ìC'X. Yi� [16] �Ä {Zi}i>1 ´ØÕá�
Ø7Ó©Ù���Cz©Ùx��ÅCþ, ¿�÷v�
^�. {θi}i>1 ´�K��ÅCþ
S�, Õáu {Zi}i>1. Yang� [17] �Ä {Zi}i>1 ´�X�äkØÓ©Ù�÷v�
��^
��¢��ÅCþS�. {θi}i>1 ´�X��K�äkØÓ©Ù��ÅCþS�, Õáu

{Zi}i>1. ,, ·��Ø©�Ä¢�� {Xi}i>1 Ø´ {Zi}i>1, Ù¥¢��?�Ú�Ä¤
ü>�5L§±9D(� {εi}i>1 Ø7î�Ó©Ù��K�ÅCþS�. {εi}i>1 �©Ù©
O� F1, F2, · · · , Fn �Ñl¤éìCÕá (PAI). {θi}i>1 Ñl?¿��, {εi}i>1 Ú {θi}i>1
�pÕá. ,	, ·��Ä�´²þ©Ù n−1

n∑
i=1

Fi áu�©Ù��/. ±þ´Úcã©

Ù�ØÓ�?.

�©�e5��¤´: 1�!0��
ÎÒ!·K¿�ãÌ�(J, 31n!�Ñy

². 1o!Ð«�
�[��yÌ�(Ø�ìC'X.

§2. ÎÒ�Ì�(J

Ø©Ï�, C L«��� xÃ'�3ØÓ/����UØÓ��~ê. Ø�AO`²,

¤k�4�'XÑé x → ∞ó. éuü��¼ê a(·)Ú b(·), XJ lim a(x)/b(x) = 1,

KìC'X a(x) ∼ b(x) ¤á; XJ lim sup a(x)/b(x) 6 1, KìC'X a(x) . b(x) ½

b(x) & a(x) ¤á; XJ lim a(x)/b(x) = 0, KìC'X a(x) = o(b(x)) ¤á; d	, X

J 0 < lim inf a(x)/b(x) < lim sup a(x)/b(x) < ∞, KìC'X a(x) � b(x) ¤á; XJ

lim sup a(x)/b(x) <∞, KìC'X a(x) = O(b(x))¤á.

·��õ�'5�
¢S���ºx�.. Ïd, ·�0��
��(���x�x

ºx. �ÅCþS� {Qi}i>1´¤éìCÕá (PAI), XJ

lim
P{Qi > q,Qj > q}

P{Qk > q}
= 0, k = i, j, (4)

éuz�� i 6= j > 1¤á. �õ'uìCÕá�[!, �±ë�©z [21]. e {Qi}i>1 ´
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�Ó©Ù, K PAI(�òz�V>þ�Õá [14]. �,
~^�þ/eK��(��', PAI

(��f��´�y (�©z [22–25]).

·���²þ©Ù n−1
n∑
i=1

Fi ´��, =Ý1¼êØ�3. ��©Ù F ÷v F (x) =

1−F (x) > 0, x ∈ R. ÏL½Â,eF (xy) = O(F (x))é?¿� 0 < y < 1¤á,KF áuD

(��Cz©Ùx). ·��I�Ù¦��©Ùx. XJ F (xy) ∼ y−αF (x)é�
 α > 0

Ú?¿� y > 0¤á,K F áuR−α (�KCz©Ùx). XJ lim
y→1

lim sup
x→∞

F (xy)/F (x) = 1,

½ö, �d/, lim
y→1

lim inf
x→∞

F (xy)/F (x) = 1¤á, K F áu C (��Cz©Ùx).

¯¤±�, D x�¹
Nõk^��©Ù¿�÷v

R−α ⊂ C ⊂ D .

Ød�	, ·�¦^þMatuszewska�I J+
F , Ù/ª�

J+
F = inf

{
− lnF ∗(y)

ln y
: y > 1

}
, F ∗(y) = lim inf

x→∞

F (xy)

F (x)
,

� F ∈ D �, J+
F <∞. � F ∈ R−α�, J+

F = α. �e5, ·�P LF = lim inf
y↓1

F ∗(y), ¿�

âT½Âk±en��d�Øã (�õ[!�©z [26]):

(i) F ∈ D ; (ii) éu,
 y > 1, F ∗(y) > 0; (iii) J+
F <∞.

��·��Ñ� F ∈ C �, LF = 1.

�e5�·K 15u©z [26]¥·K 2.2.1Ú©z [7]¥Ún 3.5�(Ü.

·K 1 3 Rþ�©Ù F ∈ D , k±e'X¤á.

(i) éu?¿� p > J+
F , �3ü��~ê C Ú D, ¦�Ø�ª F (y)/F (x) 6 C(y/x)−p

éu?¿� x > y > Dþ¤á.

(ii) éu?¿� p > J+
F , k±e�ª¤á: x−p = o(F (x)).

Uì.~, �8¦Ú� 0, �8¦È� 1. �
�YL���B, ·�P

wj,n =
n∑
i=j

θiϕi−j , 1 6 j 6 n, w0,n =
n∑
i=1

θiϕi, v1,n =
n∑
i=1

θi.

�©, ·��Ä��lÑ�mºx�.¿�ÑXeb�:

H1. ¢��Ñlü>�5L§, = (1). D(� {εi}i>1´ÑlØÓ©Ù��K�ÅCþS
�¿�÷v (4), Ù©Ù� {Fi}i>1.

H2. {θi}i>1 L«l i��� 0���òyÏf, Ù÷v?¿��¿�´�K��ÅCþ

S�.

H3. {εi}i>1Ú {θi}i>1�pÕá.
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éu?¿��ê n > 1, ·�|^ Hn = n−1
n∑
i=1

FiL«²þ©Ù.

�e5, ·��ã�©�Ì�(J.

½n 2 �ÄþãlÑ�mºx�.¿�b� H1–H3¤á. éu?¿� n > 1Ú,


 ζ > 0, 1 6 i 6 n, XJ Hn ∈ D , Hn(−x) = o(Hn(x))Ú Eθ
J+
Hn

+ζ

i < ∞¤á, Kéu?

¿� n > 1, k

LHn
n∑
i=1

P{εiwi,n > x} 6 ψ(x;n) 6 L−1Hn
n∑
i=1

P{εiwi,n > x}. (5)

5P 3 ^� Hn ∈ D 'yk�
é Hn ����\��z. ¢Sþ, XJz��

1 6 i 6 n, Fi ∈ D , K Hn ∈ D . ,��¡, XJ F1 ∈ D Ú

Fi(x) = o(F1(x)), 2 6 i 6 n, (6)

´�Hn ∈ D , �´ Fi, 2 6 i 6 n, U�b��Ø
3 D xe�?¿��©Ù¿�÷v (6).

~X, ·�ÀJ F1 ∈ D ´ t©Ù±9 Fi /∈ D , 2 6 i 6 n´3 [−1, 1]þ�þ©©Ù, K

Hn ∈ D .

5P 4 �â Eθ
J+
Hn

+ζ

i <∞Ú Cr Ø�ª, ��

Ew
J+
Hn

+ζ

i,n 6
(
max
06l6n

ϕl

)J+
Hn

+ζ
E
( n∑
j=1

θj

)J+
Hn

+ζ

6
(
max
06l6n

ϕl

)J+
Hn

+ζ
Cr

n∑
j=1

(
Eθ

J+
Hn

+ζ

j

)
<∞, 0 6 i 6 n, (7)

Ù¥ Cr =

{
1, 0 < r < 1;

nr−1, r > 1.

�Ä��äN�/, = Hn áu��Cz©Ùx½�KCz©Ùx, K°O�ìC'

X�±��.

íØ 5 (i) 3½n 2�^�e, e Hn ∈ C , K

ψ(x;n) ∼
n∑
i=1

P{εiwi,n > x}. (8)

(ii) AO/, e Fi ∈ R−αi ±9éu,
 ξ > 0, i = 1, 2, · · · , n, Ewαi+ξi,n <∞¤á, K

ψ(x;n) ∼
n∑
i=1

Fi(x)Ew
αi
i,n ∼

∑
{i:αi=α1∧α2∧···αn}

Fi(x)Ew
αi
i,n. (9)
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§3. �
ÚnÚy²

�e5, ·��ÑA���Ún, §�ò3½n 2ÚíØ 5�y²¥å�'��^.

Ún 6 3½n 2�^�e, {Xi}i>1 ?¿��, �Ø÷v Hn(−x) = o(Hn(x)), éu

?¿� n > 1, k
n∑
i=1

P{wi,nεi > x} �
n∑
i=1

Fi(x).

y²: �â wi,n, i = 1, 2, · · · , n´�K�ÅCþ, K w1,n ∧ · · · ∧ wn,n �K¿�3 0

:?�òz. ?kXe'Xª¤á:

n∑
i=1

P{wi,nεi > x} =
∫ ∞
0
· · ·
∫ ∞
0

n∑
i=1

Fi

(x
ti

)
P(w1,n ∈ dt1, · · · , wn,n ∈ dtn). (10)

éue., �â (10)!FatouÚnÚ Hn ∈ D , k

lim inf
[ n∑
i=1

P{wi,nεi > x}
/ n∑
i=1

Fi(x)
]

> lim inf

∫ ∞
0
· · ·
∫ ∞
0

Hn

(
x/(t1 ∧ · · · ∧ tn)

)
Hn(x)

P(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

>
∫ ∞
0
· · ·
∫ ∞
0

Hn∗

( 1

t1 ∧ · · · ∧ tn

)
P(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

= E
[
Hn

( 1

w1,n ∧ · · · ∧ wn,n

)]
> 0, (11)

Ù¥���Ú¤á´Ï� Hn ∈ D Ú w1,n ∧ · · · ∧ wn,n3 0:?�òz.

éuþ., ·�|^ D x� Potter’s.. �â½n 2¥� ζ > 0Ú·K 1 (i)¥½Â�

�~ê D, éu x > D, k

n∑
i=1

P{wi,nεi > x}
/ n∑
i=1

Fi(x)

6
∫ ∞
0
· · ·
∫ ∞
0

Hn

(
x/(t1 ∨ · · · ∨ tn)

)
Hn(x)

P(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

=
(∫
· · ·
∫
{t1∨···∨tn61}

+

∫
· · ·
∫
{1<t1∨···∨tn6x/D}

+

∫
· · ·
∫
{t1∨···∨tn>x/D}

)
×
Hn

(
x/(t1 ∨ · · · ∨ tn)

)
Hn(x)

P(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

=: I1 + I2 + I3. (12)

w,/, I1 6 1, ©O|^·K 1 (i)Ú (ii), ·��±��

I2 6 C
∫
· · ·
∫
{1<t1∨···∨tn6x/D}

(t1 ∨ · · · ∨ tn)J
+
Hn

+ζP(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

6 CE(w1,n ∨ · · · ∨ wn,n)J
+
Hn

+ζ <∞,
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Ú

I3 6
P{w1,n ∨ · · · ∨ wn,n > x/D}

Hn(x)
6 DJ+

Hn
+ζE(w1,n ∨ · · · ∨ wn,n)JHn+ζ

x(JHn+ζ)

Hn(x)
→ 0.

òù
�O��\ (12), k

lim sup
[ n∑
i=1

P{wi,nεi > x}
/ n∑
i=1

Fi(x)
]
<∞. (13)

Ïd, �â (11)Ú (13), Ún 6�'Xª¤á, y.. �

Ún 7 3½n 2�^�e, �Ø÷v Hn(−x) = o(Hn(x)), ¤áXe'Xª

n∑
i=1

n∑
j=1,j 6=i

P{wi,nεi > x,wj,nεj > x} = o(1)
n∑
i=1

Fi(x).

y²: éu?¿� 1 6 i 6= j 6 n,

P{wi,nεi > x,wj,nεj > x}

=
(∫∫

{u>v>0}
+

∫∫
{v>u>0}

)
P
{
εi >

x

u
, εj >

x

v

}
P(wi,n ∈ du,wj,n ∈ dv)

6
∫ ∞
0

P
{
εi >

x

u
, εj >

x

u

}
[P(wi,n ∈ du) + P(wj,n ∈ du)]. (14)

�â (7)Ú·K 1 (ii), �� P{wi,n > x} = o(Hn(x)). d©z [27]¥·K 3.1��, �

3���¼ê g(·)k g(x) ↓ 0, xg(x) ↑ ∞Ú P{wi,n > xg(x)} = o(Hn(x)), 1 6 i 6 n¤á.

�e5

n∑
i=1

n∑
j=1,j 6=i

∫ ∞
0

P
{
εi >

x

u
, εj >

x

u

}
P(wi,n ∈ du)

=
n∑
i=1

n∑
j=1,j 6=i

(∫ 1

0
+

∫ xg(x)

1
+

∫ ∞
xg(x)

)
P
{
εi >

x

u
, εj >

x

u

}
P(wi,n ∈ du)

=: I1 + I2 + I3. (15)

Ï� εi, 1 6 i 6 n, ´ PAI, ·�k

I1 6
n∑
i=1

n∑
j=1,j 6=i

P{εi > x, εj > x} = o(1)
n∑
i=1

Fi(x) = o(Hn(x)), (16)

±9ÏL P{wi,n > xg(x)} = o(Hn(x)), 1 6 i 6 n,

I3 6 n
n∑
i=1

P{wi,n > xg(x)} = o(Hn(x)). (17)

�â εi, 1 6 i 6 n´ PAI, ÏL Hn ∈ D , ·K 1 (i)Ú (7), k

I2 =
n∑
i=1

n∑
j=1,j 6=i

∫ xg(x)

1

P{εi > x/u, εj > x/u}
Fi(x/u)

Fi(x/u)P(wi,n ∈ du)
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= o(1)
n∑
i=1

∫ xg(x)

1
Fi

(x
u

)
P(wi,n ∈ du)

6 o(1)
n∑
i=1

∫ xg(x)

1

Hn(x/u)

Hn(x)

n∑
j=1

Fj(x)P(wi,n ∈ du)

6 o(Hn(x))C
n∑
i=1

∫ xg(x)

1
uJ

+
Hn

+ζP(wi,n ∈ du)

6 o(Hn(x))C
n∑
i=1

Ew
J+
Hn

+ζ

i,n = o(Hn(x)). (18)

ò (16) – (18)�\ (15), ·��±��

n∑
i=1

n∑
j=1,j 6=i

∫ ∞
0

P
{
εi >

x

u
, εj >

x

u

}
P(wi,n ∈ du) = o(Hn(x)). (19)

aq/,

n∑
i=1

n∑
j=1,j 6=i

∫ ∞
0

P
{
εi >

x

u
, εj >

x

u

}
P(wj,n ∈ du) = o(Hn(x)). (20)

Ïd, �â (14), (19)Ú (20), Ún 7�'Xª¤á, y.. �

Ún 8 3½n 2�^�e, ¤áXe'Xª

n∑
i=1

P{wi,nεi 6 −x} = o(Hn(x)).

y²: �â½n 2�^�, 2g|^©z [27]¥�·K 3.1, �3���¼ê¦�

g(x) ↓ 0, xg(x) ↑ ∞, P{wi,n > xg(x)} = o(Hn(x)), 1 6 i 6 n,

¤á.

�X (15) – (19)��{, ÏL Hn(−x) = o(Hn(x)),

n∑
i=1

P{wi,nεi 6 −x}

=
n∑
i=1

(∫ 1

0
+

∫ xg(x)

1
+

∫ ∞
xg(x)

)
Fi

(
− x

u

)
P(wi,n ∈ du)

6 nHn(−x) + n
n∑
i=1

∫ xg(x)

1

Hn(−x/u)
Hn(x/u)

Hn

(x
u

)
P(wi,n ∈ du) +

n∑
i=1

P(wi,n > xg(x))

= o(Hn(x)) + o(Hn(x))
n∑
i=1

∫ xg(x)

1

Hn(x/u)

Hn(x)
P(wi,n ∈ du)

6 o(Hn(x)) + o(Hn(x))C
n∑
i=1

∫ xg(x)

1
uJ

+
Hn

+ζP(wi,n ∈ du)

6 o(Hn(x)) + o(Hn(x))C
n∑
i=1

Ew
J+
Hn

+ζ

i,n = o(Hn(x)).
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Ïd, ·��¤
Ún 8�y². �

½n 2�y²: òª (1)�\ (2)¿�L�ª, ��

ψ(x;n) = P
{

max
0<m6n

( m∑
i=0

εiwi,m − cv1,m
)
> x

}
. (21)

w,/,

P
{ n∑
i=0

εiwi,n − cv1,n > x
}
6 ψ(x;n) 6 P

{ n∑
i=0

εiwi,n > x
}
. (22)

Äky² (22)�þ.. éu?¿� 0 < l < 1Ú x > 0,

P
{ n∑
i=0

εiwi,n > x
}

6 P
{ n⋃
j=0
{εjwj,n > (1− l)x}

}
+ P

{ n∑
i=0

εiwi,n > x,
n⋂
j=0
{εjwj,n 6 (1− l)x}

}
6

n∑
j=1

P{εjwj,n > (1− l)x}+ P{ε0w0,n > (1− l)x}

+ P
{ n∑
i=0

εiwi,n > x,
n⋂
j=0
{εjwj,n 6 (1− l)x}

}
=: k1 + k2 + k3. (23)

- g(·)´Ún 7¥½Â��¼ê. �â Hn ∈ D ÚÚn 6, ·�k

k1 =
n∑
i=1

P
{
εiwi,n > (1− l)x,

n⋂
j=1
{wj,n 6 xg(x)}

}
+

n∑
i=1

P
{
εiwi,n > (1− l)x,

n⋃
j=1
{wj,n > xg(x)}

}
6
∫ xg(x)

0
· · ·
∫ xg(x)

0

n∑
i=1

Fi

((1− l)x
ti

)
P(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

+ n
n∑
i=1

P{wi,n > xg(x)}

=

∫ xg(x)

0
· · ·
∫ xg(x)

0

Hn((1− l)x/ti)
Hn(x/ti)

n∑
i=1

Fi

(x
ti

)
P(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

+ o(Hn(x))

.
[
Hn∗((1− l)−1)

]−1 n∑
i=1

P{εiwi,n > x}. (24)

éu k2, |^ (7)!·K 1 (ii)Ú�'ÈÅØ�ª, k

k2 6
E(ε0w0,n)

J+
Hn

+ζ

[(1− l)x]J
+
Hn

+ζ
= o(Hn(x)). (25)
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éu k3, |^ (7)!·K 1 (ii)!�'ÈÅØ�ª!Ún 6ÚÚn 7, k

k3 = P
{ n∑
i=0

εiwi,n > x,
n⋃
k=0

{
εkwk,n >

x

n+ 1

}
,
n⋂
i=0
{εiwi,n 6 (1− l)x}

}
6

n∑
k=0

P
{ n∑
i=0

εiwi,n > x, εkwk,n >
x

n+ 1
,
n⋂
i=0
{εiwi,n 6 (1− l)x}

}
6

n∑
k=0

P
{ n∑
i=0,i 6=k

εiwi,n > lx,
x

n+ 1
< εkwk,n < (1− l)x

}
6

n∑
k=1

P
{ n∑
i=0,i 6=k

εiwi,n > lx,
x

n+ 1
< εkwk,n < (1− l)x

}
+ P

{
ε0w0,n >

x

n+ 1

}

6
n∑
k=1

P
{ n⋃
i=0,i 6=k

{
εiwi,n >

lx

n

}
, εkwk,n >

x

n+ 1

}
+

(n+ 1)J
+
Hn

+ζε
J+
Hn

+ζ

0 EW
J+
Hn

+ζ

0,n

xJ
+
Hn

+ζ

6
n∑
k=1

n∑
i=0,i 6=k

P
{
εiwi,n >

lx

n
, εkwk,n >

x

n+ 1

}
+ o(Hn(x))

6
n∑
k=1

n∑
i=1,i 6=k

P
{
εiwi,n >

lx

n
, εkwk,n >

lx

n+ 1

}
+

n∑
k=1

P
{
εkwk,n >

lx

n+ 1

}
+ o(Hn(x))

= o(1)
n∑
i=1

P{εiwi,n > x}. (26)

Ïd, �â (24) – (26)Ú Hn ∈ D ��

lim sup
(
P
{ n∑
i=0

εiwi,n > x
}/ n∑

i=1
P{εiwi,n > x}

)
6 lim

l→0

[
Hn∗((1− l)−1)

]−1
= L−1Hn ,

K

P
{ n∑
i=0

εiwi,n > x
}
. L−1Hn

n∑
i=1

P{εiwi,n > x}. (27)

y3·�UYy²e., éu?¿�w > 0Úx > 0, |^Bonferroni’sØ�ª, ·�k

P
{ n∑
i=0

εiwi,n − cv1,n > x
}
> P

{ n∑
i=1

εiwi,n − cv1,n > x
}

> P
{ n∑
i=1

εiwi,n − cv1,n > x,
n⋃
k=1

{εkwk,n > (1 + w)x}
}

>
n∑
k=1

P
{ n∑
i=1

εiwi,n − cv1,n > x, εkwk,n > (1 + w)x
}

−
n∑
k=1

n∑
l=1,l 6=k

P{εkwk,n > (1 + w)x, εlwl,n > (1 + w)x}

=: k1 − k2. (28)

�âÚn 6!7Ú Hn ∈ D ��

k2 = o(Hn((1 + w)x)) = o(1)
n∑
i=1

P{εiwi,n > x}. (29)
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�e5, ·�y² k1. w,/,

k1 >
n∑
k=1

P
{ n∑
i=1

εiwi,n − εkwk,n − cv1,n > −wx, εkwk,n > (1 + w)x
}

>
n∑
k=1

[
P
{ n∑
i=1

εiwi,n − εkwk,n − cv1,n > −wx
}
− 1 + P{εkwk,n > (1 + w)x}

]
=

n∑
k=1

P{εkwk,n > (1 + w)x} −
n∑
k=1

P
{ n∑
i=1

εiwi,n − εkwk,n − cv1,n 6 −wx
}

= k11 − k12. (30)

aqu (24), ÏLÚn 6Ú Hn ∈ D ,

k11 >
∫ xg(x)

0
· · ·
∫ xg(x)

0

n∑
k=1

Fk

((1 + w)x

tk

)
P(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

=

∫ xg(x)

0
· · ·
∫ xg(x)

0

Hn((1 + w)x/tk)

Hn(x/tk)

n∑
k=1

Fk

( x
tk

)
P(w1,n ∈ dt1, · · · , wn,n ∈ dtn)

& Hn∗(1 + w)
n∑
i=1

P
{
εiwi,n > x,

n⋂
j=1
{wj,n < xg(x)}

}
& Hn∗(1 + w)

[ n∑
i=1

P{εiwi,n > x} − n
n∑
j=1

P{wj,n > xg(x)}
]

∼ Hn∗(1 + w)
n∑
i=1

P{εiwi,n > x}. (31)

éu k12, |^Ún 6!8Ú Hn ∈ D ,

k12 6
n∑
k=1

P
{ n⋃
i=1,i 6=k

{
εiwi,n 6

−wx+ cv1,n
n− 1

}}
6

n∑
k=1

n∑
i=1,i 6=k

P
{
εiwi,n 6 −

wx− cv1,n
n− 1

}
= o(1)Hn

(wx− cv1,n
n− 1

)
= o(1)

n∑
i=1

P{εiwi,n > x}. (32)

�â (28) – (32)��

lim inf
(
P
{ n∑
i=0

εiwi,n − cv1,n > x
}/ n∑

i=1
P{εiwi,n > x}

)
> lim

w→0
Hn∗(1 + w) = LHn ,

K

P
{ n∑
i=0

εiwi,n − cv1,n > x
}
> LHn

n∑
i=1

P{εiwi,n > x}. (33)

y.. �

íØ 5�y²: (i) Hn ∈ C ��=� LHn = 1, K (8)¤á.

(ii) w,/, e Fi ∈ R−αi , 1 6 i 6 n, K Hn ∈ R−(α1∧···∧αn). �â Breiman’s½n,

·��±�� (9) ��ª¤á. e αi < αj , du Fi ∈ R−αi Ú Fj ∈ R−αj , K Fj(x) =

o(Fi(x)), ? (9)�mª¤á. �
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§4. ê��[

3�!¥, ·�|^ R^�3±e�/¥?1ê��[±�yìCª (8)�°(5:

(i) ¤kD(� εi´Ó©Ù, ¿�äk�Ó��©Ù; (ii) εi´ü«ØÓa.��©Ù.

?�ÚéÙ©�ü«�/: (a) ¤kD(� εi Ñ´Ý�©Ù; (b) �
D(� εi ´

Ý�©Ù, ,�
´�Ý�©Ù.

�é (8), ·�ò φ(x;n) =
n∑
i=1

P{εiwi,n > x}��ÙìC�, 8�´u� φ(x;n)Ú (2)

�m�°(5, Ù¥ θi =
i∏

j=1
Yj , i > 1.

·�¦^,���(���x�xºx {εi, i > 1}. b� {(ε2i−1, ε2i), i > 1} ´
(ε1, ε2)�ÕáB�, äkéÜ©Ù

Fε1,ε2(x, y) = max
{
{[F1(x)]

−δ + [F2(y)]
−δ − 1}−1/δ, 0

}
, (34)

Ù¥ëê δ ∈ [−1,∞)\{0}, ù´d Clayton Copula [28] ¤�ï. w,/, e δ = 1, K

{Xi, i > 1}´ PAI. Äk·��Ä�/ (i), Ù¥�ÅCþS� {εi, i > 1}Ñl��äkë
ê µ ∈ R, σ > 0, γ > 0Ú α > 0�ø\÷©Ù

F (x) = 1−
[
1 +

(x− µ
σ

)1/γ]−α
, (35)

Ùáu| 8 [µ,∞)þ�x R−α/γ ⊂ C ⊂ D ; {Yj , j > 1}´ÕáÓ©Ù��ÅCþS�,

ÙÑlþ!©Ù (0, b). �X5P 3J�^� Fi = F ∈ C , i > 1, �� Hn ∈ C , ?íØ

5 (i)�¤k^�þ÷v.

- {ϕn}n>0 ∈ (4, 5). ¢Sþ, {ϕn}n>0 vkd��. 3d�/e, ëê��� δ = 1,

n = 10, µ = −1.5, α = 1.5, γ = 0.8, σ = 3Ú b = 2.

�
��»�VÇ��O, ·�?1 N = 1000�[. 'u1 k�[Ú�Åé n�ê

þ, ·��ÑXe�{:

1. �)Ñlþ!©Ù (0, 1)��Åé {(u, v)i}ni=1;

2. - ε1 = σ[(1− u)−1/α − 1]γ + µ;

3. - w = [1 + (v−1/2 − 1)u−1]−1Ú ε2 = σ[(1− w)−1/α − 1]γ + µ;

4. ò (ε1, ε2)�£� (34)Ú (35).

5. �)���ÅCþS� ε1, ε2, · · · , εn ÚÕá�Ñlþ!©Ù (0, 2)��ÅCþS�

Y1, Y2, · · · , Yn;

6. �â (1)O� {Xi}ni=1;

7. O� max
0<m6n

m∑
i=1

[
(Xi − c)

i∏
j=1

θj
]
Ú εiwi,n, i = 1, 2, · · · , n;
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8. XJ max
0<m6n

m∑
i=1

[
(Xi − c)

i∏
j=1

θj
]
> x, K π(k) = 1. ÄK, π(k) = 0.

9. XJ εiwi,n > x, K π(k) = 1. ÄK, π(k) = 0, i = 1, 2, · · · , n.

�e5, ·�©O�� (2)Ú φ(x;n) =
n∑
i=1

P{εiwi,n > x}��O�,

ψ1(x;n) =
1

N

N∑
k=1

π(k), ψ2(x;n) =
1

N

n∑
i=1

N∑
k=1

π
(k)
i .

Äuþã�{, 3�ýL§¥, ·�òÐ©]� xl 200� 1 200�m?1Cz±93

1�Ú¥�� n = 10, ©O*	»�VÇ ψ1(x;n)Ú ψ2(x;n)�Cz, Ù¥ ψ1(x;n)´ (2)

��O�, ψ2(x;n)´ φ(x;n) =
n∑
i=1

P{εiwi,n > x}��O�. ψ1(x;n)Ú ψ2(x;n)�'�C

zXã 1¤«.

ã 1 �Óø\÷©ÙeìC��°(5

lã 1��, '�ÅÄþ,,�Âñ� 1. w´�, Ð©]���, »�VÇ ψ(x;n)

��, '� ψ1/ψ2LyÑ���ÅÄ.

�e5·�?n�/ (ii). Äk´�/ (a), Ù¥ εi �©ÙÑlü�ØÓëê�ø\

÷©Ù. w,/, §�´Ý�©Ù. b� {(ε2i−1, ε2i), i > 1}´ (ε1, ε2)�ÕáB�, ä

kéÜ©Ù (34); ©Ù F1 Ú F2 ´aqu (35) �/ª, ¿�äk�Ó�ëê µ = −1.5,
γ = 0.8, σ = 3, �´éu F1, α1 = 1.5±9éu F2, α2 = 1.6. �â5P 3, du F2i−1 =

F1 ∈ C Ú F2i = F2 ∈ C , i > 1, �� Hn ∈ C . þãb� Yi, i > 1´ÕáÓ©Ù�ÅCþ

S�, ÙÑlþ!©Ù (0, b), ?íØ 5 (i)�¤k^�þ÷v. - δ = 1, n = 10Ú b = 2.

ψ1(x;n)Ú ψ2(x;n)�'�Czdã 2¤«.

�Xã 2¤«, 3Ð©]�� 600�c, '�Åìþ,, 3Ð©]�� 600±�, '�

ÅìÂñ� 1. ù��/ (i)kaq�(Ø.
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ã 2 ü«a.ø\÷©ÙeìC��°(5

��, ·�?n�/ (b), Ù¥ {(ε2i−1, ε2i), i > 1}´ (ε1, ε2)�ÕáB�, äkéÜ©

Ù (34). ε1�©Ù´aqu/ª (35)�ø\÷©Ù F1, ε2�©Ù´�Ë©Ù F2, Ù/ª�

F2(x) = 1− e−c1(x−λ)
τ
, (36)

Ù¥ëê c1 > 0, τ > 0, λ ∈ R. XJ 0 < τ < 1, K F2 ´�Ý�©Ù, ë�©z [29]; X

J τ > 1, K F2 ´��©Ù. w,�, éu?¿� τ > 0, ε2 ��Üd ε1 ��Ü¤��, =

F2(x) = o(F1(x)). �â5P 3, ´� Hn ∈ C . ,	, Yi, i > 1E,´ÕáÓ©Ù�ÅCþ

S�, ÙÑlþ!©Ù (0, b), ?íØ 5 (i)�¤k^�þ÷v. ·��8I´©OUC�

Ë©Ù�ëê τ ±9ø\÷©Ù�ëê α, ïÄÙé ψ1(x;n)Ú ψ2(x;n)'X�K�.

3ã 3 ¥, ·�ÀJ δ = 1, n = 10, b = 2 ±9ø\÷©Ù F1 �ëê µ = −1.5,
α = 1.5, γ = 0.8, σ = 3, �Ë©Ù F2 �ëê c1 = 2, λ = −20, τ = 0.8. ·��±w�, �

�XÐ©]��O�, ψ1/ψ2Âñ� 1.

ã 3 ø\÷©ÙÚ�Ë©ÙeìC��°(5

ÏLþã¤k�/��, ·���� ψ1(x;n)Ú ψ2(x;n)�m�'Xª´Ün�.
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Tail Asymptotic of Discrete-Time Risk Model with

Compound Dependence and Numerical Simulation

JING Haojie PENG Jiangyan JIANG Zhiquan

(School of Mathematical Sciences, University of Electronic Science and Technology of China,

Chengdu, 611731, China)

Abstract: This paper considers a discrete-time risk model with compound dependence. The risk-free and

risky investments of an insurer lead to arbitrarily dependent stochastic discount factors. The claim-sizes

are assumed to follow a one-sided linear process with pairwise asymptotically independent innovations.

The innovations and the stochastic discount factors are mutually independent. We assume that innovations

are not necessarily identically distributed nonnegative random variables with distributions F1, F2, · · · , Fn.

When the average distribution n−1
n∑
i=1

Fi is heavy-tailed, we establish some asymptotic estimates for the

finite-time ruin probabilities of this discrete time risk model. We demonstrate our obtained results through

a crude Monte Carlo simulation.

Keywords: one-sided linear process; pairwise asymptotically independent; heavy tailed; numerical sim-

ulation
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