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Abstract: We establish the Hausdorff dimension of the graph of general Markov processes on R?
based on some probability estimates of the processes staying or leaving small balls in small time. In
particular, our results indicate that, for symmetric diffusion processes (with o = 2) or symmetric

a-stable-like processes (with o € (0,2)) on R?, it holds almost surely that
dlm-}( GI'X([O, 1}) = 1{a<1} —+ (2 — 1/(1)]1{0621@:1} —+ (d A a)n{a>1’d22}.

We also systematically prove the corresponding results about the Hausdorff dimension of the range
of the processes.
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1 Introduction and Main Result

Random fractal is a hot subject in the development of modern probability theory. In
particular, the fractal properties of sample paths for stochastic processes play an important
role in random fractal theory, which can be traced back to Lévy’s research!) on Brownian
motion in the 1940s. Since then, stable processes or other Lévy processes, with Brownian
motion as a special case, have been widely studied; see [2-5] and the survey paper [6].
So far, fractal properties of sample paths for Lévy processes have been fruitful; see [7—
12] as well as the book [13]. Among them, there are numerous significant works on the
Hausdorff dimension of the range and the graph of Lévy processes. For example, the
Hausdorff dimension of the range of symmetric a-stable process was studied in [14-16],

and the corresponding results for the graph of symmetric stable process were considered
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in [2]. Recently, the uniform Hausdorff and packing dimension of the range of a large
family of Markov processes have been proven in [17], and the Hausdorff dimension of the
range and the graph of stable-like processes are also considered in [18]. However, it seems
that the Hausdorff dimension of the graph of general Markov processes is not available.
One purpose of the present paper is to fill this gap. In the following we first describe the
assumptions and the setting of our paper, and then present our main result.

Consider a strong Markov process X = {(Xt)i>0, (P"),egre} with state space RY,
which is defined on some probability space (2, F, P). Denote the range of X by X ([0,1]) :=
{r € R?: 2 = X; for some t € [0,1]}, and the graph of X by GrX([0,1]) := {(t, X;) €
[0,1] x R%: ¢ € [0,1]}. We will investigate Hausdorff dimensions of the range and graph
(random) sets above of the process X under the following assumption. For any z € R¢

and r > 0, let B(z,r):={yeR¢: |z —y| <r}.

Assumption (A)

(i) There exist constants c1, aj > 0 such that for all x € R?, ¢ € [0,1] and r € (0,1),

P*(X, € B(z,r)%) < c1— (1)

ron’
(ii) There exist constants ca, ap > 0 such that for all z € R%, t € (0,2] and = € (0, 1),

P*(Xi € B(x,7)) < e2 (tl/raz)d (2)

Before stating our main result, we provide some comments on the assumption above.

Remark 1 (i) Without loss of generality, we can assume that as < «aj. Note
that P*(X; € B(z,7)°) < P*(Tg(z,) < t), where Tp(,,y = inf{t > 0: Xy ¢ B(z,7)}.
There are a few results to verify Assumption (A)(i), e.g., see [19; Chapter 5] for a

large class of Feller processes on R

(ii) Suppose that the process X has a transition density (i.e., heat kernel). Then, (1)
is concerned with the probability estimate of the process X exiting the ball B(z,r),
which is related to off-diagonal estimates of the heat kernel, while (2) is the proba-
bility estimate of the process X hitting the ball B(x, ) that is related to on-diagonal

estimates of the heat kernel.
The main result of the paper is as follows.
Theorem 1 (i) Suppose that Assumption (A)(i) holds. Then, P-a.s., the Haus-

dorff dimension of the range for the strong Markov process X satisfies

dimgg X([O, 1]) <dAag,
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and the Hausdorff dimension of the graph for the strong Markov process X satisfies
dimge GrX([0,1]) < Lyq, <1y + (2 = Vo), >1, 4=13 + (d A1), >1, a>23-

(ii) Suppose that Assumption (A)(ii) holds. Then, P-a.s., the Hausdorff dimension of

the range of strong Markov process X satisfies
dimgg X([O, 1]) = d A ao,
and the Hausdorff dimension of the graph for the strong Markov process X satisfies

dimg GI“X([O, 1]) > ]l{a2<1} + (2 — 1/0&2)]1{0(2217 d=1} + (d VAN 012)]1{(”21, d=2}-

The approach of Theorem 1 is partly motivated by those in the literature; see [5—6,18|
for details. To prove the upper bound of the Hausdorff dimension of the range of Markov
processes, we will make full use of the finite variation property of its sample paths, while we
adopt the density theorem via the sojourn time of the process to obtain the corresponding
lower bound. In particular, according to Remark 1(ii) one can see that the assertion (ii)
for the range covers [20; Theorem 1.4], where the corresponding result for Feller processes
is proved under on-diagonal estimates for heat kernel.

To study the Hausdorff dimension of the graph of the process, we consider the space-
time process (S(t))¢=0 := (t, X¢)¢=0 in R4, and therefore the graph of X can be viewed as
the range of (G(¢))¢>0. Since projecting the range into the time axis or the space axis does
not increase the corresponding Hausdorff dimension, we can use bounds for the Hausdorff
dimension of the range to obtain lower bounds for the graph, and further refine the lower
bound when d = 1 and a2 > 1 by applying the density theorem. For the upper bound
of the Hausdorff dimension of the graph, we not only use the finite variation property
of its sample paths, but also apply the upper box-counting dimension when d = 1 and
aq > 1. It should be emphasized that the statement of Theorem 1 is more delicate and

more general than known results in [2-3,18].

The remainder of the paper is organized as follows. In Section 2, we provide some
preliminaries concerning on the Hausdorff dimension and useful related tools. Section 3 is
devoted to the proof of Theorem 1. In the final section, we take two examples to illustrate

the power of Theorem 1.

2 Preliminaries

In this section, we review the definition of the Hausdorff dimension and useful related

tools, which are used to prove Theorem 1. For more details, one can refer to [6,21-22].
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For any 6 > 0, let ® be the class of functions ¢ : (0,0) — (0,00) that are right
continuous, monotone increasing with ¢(0+) = 0, and satisfy that there exists a finite
constant K > 0 such that

P(25) K, 0<s<d/2.
p(s)
Definition 1  For any ¢ € ®, the p-Hausdorff measure of £ C R? is defined by

p-m(E) = lim inf{z ©(2r;) : E C U B(zi,ri), ri < 6} , (3)

=0 i=1 i=1
and the Hausdorff dimension of F is defined by
dimg E = inf{a > 0: s*-m(F) = 0}. (4)

Next, we introduce the definition of the box-counting dimension of a Borel set, which
is often used to prove the upper bound of its Hausdorff dimension. For any € > 0 and any

Borel set £ C R?, let N(F,¢) be any quantity of the following terms:
(i) The smallest number of balls with radius e that can cover E;
(ii) The largest number of disjoint balls with radius € and centers in E;
(iii) The smallest number of d-dimensional intervals with side length ¢ that cover E;

(iv) The number of binary d-dimensional intervals with side length ¢ = 27" and inter-

secting F;
(v) The smallest number of balls with diameter less than 2¢ that can cover E.

Definition 2  The upper and lower box-counting dimension of E C R are defined

by
— log N(E
dimg E = lim sup M
0 —loge
and
log N(E
dimp F = lim inf log N(E, ¢)
e—0 —loge

respectively. If dimg E = dim g E, the common value is called the box-counting dimension
of F.

It is easy to verify that the upper and lower box-counting dimension defined by
N(E,¢) taking any of the five numbers above are the same. The following lemma shows
the relationship between the upper box-counting dimension and the Hausdorff dimension;

see [21; Theorem 4.6] for the proof.
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Lemma 2 For any Borel set E C ]Rd, we have
dimg E < dimg E.

As indicated by Lemma 2, the upper bound of dimg; E¥ can be derived from the upper
bound of dimg E. Another approach to bounding the Hausdorff dimension of the range

for a stochastic process relies on its p-variation.

Definition 3 Let f : [0,1] — R? be a cadlag function. For any p > 0, the p-
variation of f is defined by

m—1
Vu(f,[0,1]) := sup Z |f(tj+1) — f(t)]P, (5)
=0
where the supremum in (5) is taken over all finite partitions 0 =ty < t] < -+ < typ—1 <

tm = 1, with m > 1, of the interval [0, 1].
The following lemma was first proposed by [4; (3.3)], see also [20; Remark 1.3].
Lemma 3 If f:[0,1] — R? is a cadlag function with finite p-variation, then
dimg f([0,1]) <pAd.
The following lemma, known as the density theorem in the literature, was first in-
troduced in [23]. It is highly effective for obtaining the lower bound of the Hausdorff

dimension; see [6] and references therein for further details. For any Borel measure p on

R? and ¢ € ®, the upper p-density of p at x € R? is defined by

= B
Di(a:) := lim sup M
r—0 (p(27’)

Lemma 4 Given ¢ € ®, there exists a positive constant K such that for any
nonnegative Borel measure p on R? with 0 < ||| := u(R?) < oo and every Borel set
E CRY,

K~ u(E) inf {Dj(2)} " < g-m(E) < K| sup{Dj; ()} . (6)
el el

3 Proof of Theorem 1
3.1 Proof of Hausdorff dimension of the range

The proof of the Hausdorff dimension of the range of the process X stated in Theorem
1 is split into two parts. Roughly speaking, we prove the upper bound by the finite
variation of the sample paths, and verify the lower bound by applying the density theorem.

(Upper bound) First, we prove the upper bound of the Hausdorff dimension of the
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range of X. By Assumption (A)(i) and [19; Theorem 5.19], for all p > a1 with p > 1
Vp(X,1[0,1]) < 00, as.,
where V,,(X, [0, 1]) is the p-variation of the process X on [0,1] given in (5).
Furthermore, by Lemma 3, we know that if f : [0,1] — R? is a cadlag function with
finite p-variation, then dimsg¢ f([0,1]) < p A d, a.s. Letting p — oy,
dimg X ([0,1]) < a1 Ad, a.s.

The proof is complete.

(Lower bound) Next, we prove the lower bound of the Hausdorff dimension of the range
of X. For any to € [0,1) and r € (0, 1), define

to+1
T(t[),?“) = /t ]1{|Xt*Xt0|<7"} dt.
0

For simplicity, we write 7(0,7) as T(r). By Assumption (A)(ii), for all z € R? and
O<r<l,

E*[T(r)] =E" [/01 T x,—a|<r) dt} = /01 P*(X; € B(x,r)) dt

ro2 1 d
T asANd —1
g/o 1dt+cl/ra2 (T/M) dt < ear®™(1 +logr™1).

Combing this with Fubini’s theorem and the Markov property implies that for all n > 2

E*[T(r)"] = / /Hn% ey st - ds,

n—1

! @
< n/ E | | Lix,, —al<ry L{xo, —X.,_ I<2r} | ds1---dsy
0<s1 < <sp <1 j=1

— Efﬂ{]l . EXon1 []1 - Hd .d
o I ST (1o~ fer) | g st s

< nE*[T(r)""] sup E*[T(2r)] < n! (suﬁd EI[T(QT)]>

< entr@2M) (1 4 log )"

with ¢3 > ¢o. Thus, for any u > 0,

+00 p
E” [e“T(’")} = 1+Zu—'Ex [T(r) 1—|—Zu" np(azAd) l—i—logr_l)".
=
In particular, letting u = 263T&2M(11+10grl), E* [e“T(T)] is bounded by 2. This along with
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the Markov inequality again gives us that for any A > 0 and 0 < r < 1,
p <T(T) > )\03Ta2/\d(1 + IOgT_l)) — p* (euT(T) > euACgraQAd(l-Hogr—l))
< e—u)\cgr"‘Q/\d(l—HogT’l)Ex [euT(T):| < 2e_>\/2'
Here,
oo oo

Y P (T(Q—m) > cam2~ (@A) (1 4 Jog 2m)) <2) e < .

m=1 m=1
By the Borel-Cantelli lemma, almost surely there exists a random variable mg := mqg(w) >
1 so that for any m > my,

T(2™™) < csm2~ ™M) (1 4 1og2™),  aus.

For all  small enough, let m be the unique integer such that 2™~ 1 < r < 2™, Then,

for any € > 0, almost surely

T(r) T
r(aand)—e logr—1! A m(10g2)2(—m—1)[(a2/\d)—€]
T(2=™) 32721 (1 4 Jog 2™)

cgm2~m(a2Ad) (1 4 1og 2m) (log 2)2(—m—1l(a2/Ad)—¢]
c3(1 4 log 2m)2~(m+1)e
(log2)

where c¢4(¢) is independent of m. Following the arguments above, we can obtain that there

<eq =),

is a constant c¢; > 0 so that for any ¢y € [0, 1)

1i T(t07 T‘)
11 su
r—0 P r(o2nd)—e logr

— NG5 as.
By Lemma 4, there is

pe-m(X([0,1])) = ¢6 ass.,

1

ashd)—¢ o5 p—1,

where o (r) = r! In particular, we arrive at that the lower bound of the

Hausdorff dimension of the range of X on |0, 1] satisfies
dimgc X ([0,1]) = (e Ad) — e, a.s.

Letting € — 0, we can prove the desired assertion.

3.2 Proof of Hausdorff dimension of the graph

The proof of the assertion for the graph stated in Theorem 1 is similar to that for
the range, but it requires significantly more effort in the case of one dimension. We

first consider upper bounds by applying the variation again and the upper box-counting
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dimension, and then study lower bounds by the projection approach and the density

theorem as well.

(Upper bound) (1) Let p > a3 with p > 1. Consider the p-variation of the time-space
process (§(t))¢=0 := (t, X¢)i=0 in R4TL. Then, almost surely

Vp(,00,1]) = sup Zr (tiv1, Xe,py) — (b1, Xo,)IP
O=to<t1<<tp=17
n—1
<2t sup > (i = tal? + | Xy, — X0, )
O=to<t1 < <tn=145
n—1 n—1
<a sup > i — P+ sup > Xty — Xl
O=to<t1<<tn=1 ;2 O0=to<t1<<tn=1 "

< (1 + V;)(X, [07 1])) <0

where the first inequality is due to the fact that for all ¢ > 1 and a,b > 0, (a + b)? <
29=1(a? + b%), the second inequality follows from p > 1, and in the last inequality we
used the Assumption (A)(i) and [19; Theorem 5.19] (see the arguments in the previous

subsection). Then, by Lemma 3, we have
dimg¢ §([0,1]) < pAd, as.
Thus, if 0 < a; < 1, then, letting p = 1,
dimg GrX([0,1]) <1, as.
due to d > 1. If oy > 1, then, letting p — a1, almost surely
1, d=1,;

dimge GrX([0,1]) < a1 Ad =
ar Nd, d>=2

(2) Next, we will refine the upper bounds for the case that d =1 and a; > 1.

Let {A(j) : 7 = 0} be a sequence of partitions, with A\(j) = {QJ k=0,--,27},
of [0,1] into Sublntervals L = [2%, %] with k = 0,---,2/71 and all having the same

length 277 for any j > 0. Denote the oscillation of the process X in the dyadic interval
I by

Osc(X, Ijk) :=sup{|X; — Xs| : s,t € I; 1} = sup Xy — inf X,.
tEIJk s€ljk

Fix j > 0. For each k > 0, GrX(; ;) can be covered by at most 2/Osc(X, I; 1) +2 squares
of side length 277. Let N(FE,d) represent the smallest number of sets with diameter at
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most d to cover E. Thus, for all p > «ay, almost surely

27 -1 27 -1
N([0,1],279) = > (270se(X, Lig) +2) <27 V(X L)' /P +2- 27
k=0 k=0
21 L/p

<Y MX L | @)re2
k=0

< 2j(2_1/p)Vp(X, [0,1))/P + 2. 27,

where in the first inequality we used the definition of p-variation, and in the second in-
equality we used the Holder inequality. Therefore, by p > 1,

—_— log N(]0,1 1
dimgg GrX ([0, 1]) < dimp GrX ([0, 1]) = lim sup log N([0, 1}, 9) <2-—-, as,
510 —logd P

where the first inequality follows from Lemma 2. Letting p — a4, we obtain

1
dimg GrX ([0, 1]) <2 — L
1

(Lower bound) (3) For any ¢ > 0, let §(¢) := (¢, X¢). Then, the graph of X can be
viewed as the range of §. Note that the dimension of the range of § does not increase, if
projecting the range of § onto the time axis and the space axis. Thus, the lower bound

for the dimension of the graph satisfies
dimge §([0,1]) > dimge(X([0,1])) V dimg([0,1]) > max{d A a2,1}, a.s.,

where the last inequality follows from the lower bound of the Hausdorff dimension of the

range. Thus, when 0 < as < 1, we have
dimg GrX ([0,1]) > 1, a.s;
when as > 1, almost surely
1, d=1;

dimg¢ GI"X([O, 1]) >dANoay =
dNag, d>=2.

(4) In this part, we will improve the lower bound for the case that d = 1 and as > 1.
The idea of the proof is similar to that in Section 3.1, and the main difference is that we

will use time-space sojourn time.

For any to € [0,1), s € [0,1] and a > 0, define
- to+s
Tto(a, 8) = / ﬂ{\Xt—X0|<a} de.
to

For simplicity, we write T(a, s) == fo(a, s) = fgs]l{|Xt—Xo|<a} dt. In particular, by the



No. 6 CHEN Z H: Hausdorff Dimension of Range and Graph for General Markov Processes 951

Assumption (A)(ii), for any € R? and a, s > 0,

E*[T(a,s)] = E® [/ 11X, —a<a) dt] :/ P*(|X; — z| < a)dt
0 0
< 01/ at~ Y2 4t < coast T2,
0

For any n > 2, applying Fubini’s theorem,

E*[T(a,s)"] = E K/S]l{,xt x|<a}dt> } / / L]i[lnﬂxti_ﬂ@}] dty - dty

= n!/ E [H 11{|Xtix<a}] dty ---dt,,
O0<t1<+<tn<s i

=1
n—1

< n!/ [H Ly, —wl<a} g 0, — X0 1|<2a}] dty---dt,
0<t <<t <s

=1

:n'/ Em{]]. n—1
e A PR P
0<t <o <t 1<5 iz {1 —al<a}

: / E¥tn— [ﬂ{lxm—xtn_usza}] dtn}dtl'“dtn—l

tn—1

=(n—1)! E*{ 1 n-
(n=1) /o<t1<...<tn1<s { iy {1 e}
n - Ethfl [T(QCL, s — tnfl)] } dtl s dtnfl

=nE* |T |: (CL $)n71:| (sup Eﬂ'f(Qa,S)]) < n! <sup Ex[,f(Za? S)])

z€R4 z€R4

< nola™s n(l—1/a2)

with cg > co. Thus, for all u > 0,

uTas
Z (

n=1

<1+ chunansn(l 1/a2)

Ex[euf(a,s)] —14+E°

—1+27Ex n]

Letting u = ﬁ, E” [e“T(“’S)] is bounded by 2. Applying this and the Markov

2czast

inequality, we find that for any A > 0,

Pm(f(a,s) > )\Cgasl—l/ag) _ Pm(euf(a,s) > eu>\03asl_1/°‘2 1=1/ag Em[euf(a,s)]

< 272,

) < e—u)\C3as
~X
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In particular,

D OPHT(27™,27™) > egm2 V) <2 e < o,
m=1

m=1
Therefore, by the Borel-Cantelli lemma, almost surely there exists mg := mg(w) > 1 so

that for all m > my,
T(27™,27™) < egm2 3 1/e2) g

For all a small enough, let m be the unique integer such that 2™ ! < a < 27™. Then,

T(a,a) < T(2~™ 27™) cam2-m(2-1/a2) _
(oga a2 Vo2 S cama-m@1/az)  (log 2)m2 (miDC1/az) S

a.s.,

where ¢4 is independent of m. Similarly, it can be proved that there exists a constant

¢s > 0 such that for any ¢ € [0, 1),

T,
lim sup (@, )

< .S.
a0 (log afl)a2*1/a2 ~ 05; a.s

By Lemma 4,

lim sup M([th to + CL] X [Xtofay XtoJra]) <cs a.s.
a—0 SD(CL) ’ ’

where ¢(r) = r2~ /%2 ]ogr~1. Thus,
©o-m(GrX([0,1])) > ¢g, a.s.,
which implies that for all ag > 1 and d =1,
dimy GrX([0,1]) 22— 1/a2, as.

The proof is complete.

4 Examples

In this section, we present two examples such that Assumption (A) holds. Therefore,
Theorem 1 applies to these cases. Note that for functions f and g, the notation f =< ¢
means that there exist constants ci, ca,c3,¢q4 > 0 such that c;f(car) < g(r) < esf(eqr),

and the notation f ~ g means that there exist constants cj,co > 0 such that ¢ f(r) <

g(r) < caf(r).

Example 1  Consider a symmetric a-stable-like process X := (X;);>0 on R? with

the infinitesimal generator as follows:

c(x,y)

Lu(z) = lim (u(z) — u(y))m

e—0 {yeR4:|z—y|>e}

)
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where a € (0,2), 0 < ¢1 < ¢(z,y) = c(y,z) < cg < 00. According to [24; Theorem 1.1],

the transition density function p(t,x,y) of the process X satisfies

t
~p a0 d
p(t,z,y) ~t~ |x—y|d+0" z,y € R ¢t > 0.
Note that for all z € Rd, t>0andr >0,
t
P e Ban) = [ ptegdy<a [ oy
B(z,r)° B(z,r)c ’1’ - y’d—l—a

t
= Z/ , . y[d+a dy

— JB(a2ir)\B2i-1r) [T —

t
S Z/ . 1,y (2 Tp)dta dy

i=1 Y B(z,2ir)\B(z,21=1r)

2y ot
S—)(dta)a S Al

=1

which means that Assumption (A)(i) holds with ay = «a, and

<cs

rd

P e B = [ pltopdyse [ ey <a
B(z,r) B(z,r) td/
gives us that the Assumption (A)(ii) is satisfied with as = «a.

Example 2  Consider a symmetric diffusion process X on R¢ with the infinitesimal
generator as follows:
d
1 0 ou(z)
ﬁu(x) = 5 Z a—xz <a,-j(x) axj ) y

1,j=1

where A(z) := (a;j(z))1<i j<a is a measurable d x d matrix-valued function on R? that is

uniform elliptic and bounded in the sense that there exists a constant ¢ > 1 such that

71 Zgz Z azg fzfy X CZ€1

i,j=1
for any z, & = (&1, ,&,) € R Tt is well known that the process X has a joint Holder
continuous transition density function p(t,z,y), which enjoys the following celebrated
Aronson’s estimates (see [25]):

12
p(t7 z, y) = t_d/z €xp {_’xty’}

for t > 0 and z,y € R%. Clearly, for any z € R? and ¢, > 0,

d

v —~d/2 o
P (XtEB(x,r))gcl/B(x’T)t dy<02td/2,

which yields that Assumption (A)(ii) holds with ap = 2. On the other hand, for any
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z € R%and t,r > 0,

2
P*(X; € B(z,r)) < 01/( )‘t_d/2exp{_c2|$y|} dy

B t
0 2
<61Z/ td/Qexp{_M} dy
“— JB(@,2nr)\B(z2n1r) t
0 n—1,.\2 2
—d/2 _ @)\ o d _art| _ ot
<clnzlt exp{ - (2"r)* < egexpy——— ¢ <,

and so Assumption (A)(i) holds with oy = 2.

Remark 2 It can be observed that the arguments above to verify Assumption (A)
rely solely on heat kernel estimates for small time and small scaling. So it follows from [26;
Example 1.1] that Assumption (A) holds with a; = ay = « for a large class of symmetric

jump processes on R¢ with jumping kernel

1
T y) = o We—visty + s He—vl>1)s

where a € (0,2) and 8 € (0,00). Therefore, Theorem 1 holds for these processes with
ap =g = a.

Similarly, according to [27; Theorem 1.4] we can see that Assumption (A) holds,
and therefore Theorem 1 holds as well, with a; = as = 2 for a large class of symmetric

diffusions with jumps.
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