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§1. Ú ó

�Äe¡��Å Volterra�§

Xε
t = x0 +

∫ t

0
f(t, s,Xε

s )ds+
√
ε

∫ t

0
g(t, s,Xε

s )dWs, (1)

Ù¥ x0 ∈ R, t ∈ [0, T ], ε > 0, W ´VÇ�m (Ω,F , (Ft)t>0,P)þ���IOÙK$Ä,

f(t, s, x)Ú g(t, s, x)´l {0 6 s 6 t 6 T} × R� R�Fs-�ÿ�ëY¼ê.

b� (H): �3~êK > 0¦�

(H1) |f(t, s, x)| 6 K(1 + |x|), |g(t, s, x)| 6 K(1 + |x|);

(H2) |f(t, s, x1)− f(t, s, x2)| 6 K|x1 − x2|, |g(t, s, x1)− g(t, s, x2)| 6 K|x1 − x2|;

(H3) |g(t1, s, x)− g(t2, s, x)| 6 K|t1 − t2|.

3^� (H)e, Itô [1] y²
�§ (1)�3���). �ëê εªu 0�, �§ (1)�

) Xε¬ªue¡(½5�§�):

X0
t = x0 +

∫ t

0
f(t, s,X0

s )ds. (2)

RoviraÚ Sanz-Solé [2]ïÄ
²¡þ��ÅVolterra�§,¿��Xê'uCþ t, s, x

Ñ´ Lipschitz ëY�, y²
� ��n. �Xê'u x ´ Lipschitz ëY�'u t ´
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HölderëY�, NualartÚRovira [3]éõ��ÅVolterra�§y²
� ��n. Zhang [4]

y²
 Banach�mþ��Å Volterra�§�� ��n.

-

Y ε
t =

1√
εh(ε)

(Xε
t −X0

t ), t ∈ [0, T ] (3)

�ìC1�, Ù¥ h(ε)´,� �ºÝ. §���¬K� Y ε�1�:

(i) e h(ε) = ε−1/2, ù´Wentzell-Freidlin.� ��O. �Å Volterra�§�� �

(J, ë�©z [2, 3].

(ii) e

h(ε)→ +∞,
√
εh(ε)→ 0, � ε→ 0. (4)

ù´¥ ��O. �Å Volterra�§�¥ �(J, ë�©z [5].

(iii) e h(ε) = 1, ù´�¼¥%4�½n. ù´�©ïÄ��K. �[/ù, ·�òy²:

�X εªu 0, (Xε −X0)/
√
εò L2 Âñ�,�ÙK$Ä°Ä��Å�©�§�),

��e¡�½n 1.

¥%4�½n´VÇÚO¥���²;�K. §�±w�·�Âñ�ÝÚ�Ek��

ìC�&«m. du���¼ê´���g., N´�Ñ§����, ?
N´/�Ñ<º

��ìC�O.

�C, �k�6Ä��Å�©�§�¥%4�½nÚå
<��ïÄ, ë�©z [6–8].

3y²¥, �� BurkholderØ�ªå�
'���^. �´éu�Å Volterra�§, du

�§ (1)¥��ÅÈ©�Ø´�, ÏdÃ{¦^ BurkholderØ�ª. ù�y²�5
#�

(J. �©·�æ^ Itô [1]©Ù¥�'u�ÅÈ©���4�Ø�ª.

�Å Volterra�§�Jø
ïÄ�Å�©�§���é2��µe, ~X§�¹
©

êÙK$Ä°Ä��Å�©�§ÚV­�Å �©�§, �©z [3]. Ïd, 3·��^�

e, ¥%4�½néù
�ÅÄåXÚ�´¤á�.

31�Ü©, ·�ò�ã¥%4�½n, ¿�Ñy². 3���Ü©, �Ñ½n���

A^.

§2. ¥%4�½n

�
y²¥%4�½n, ·�I�?�Úb�e�^�¤á:

(A): Xê f(t, s, x)'uCþ x´���, Ù �êP� f ′(t, s, x). ¿��3~ê K ′

÷v: é?¿� 0 6 s 6 t 6 T , x, y ∈ R,

|f ′(t, s, x)− f ′(t, s, y)| 6 K ′|x− y|. (5)
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(Ü f � LipschitzëY5, ��

|f ′(t, s, x)| 6 K, ∀ 0 6 s 6 t 6 T, x ∈ R. (6)

d^� (5)Ú^� (6)�, �§

Y 0
t =

∫ t

0
f ′(t, s,X0

s )Y 0
s ds+

∫ t

0
g(t, s,X0

s )dWs (7)

�3���).

·�òy² (Xε −X0)/
√
εÂñ� Y 0, ù´e¡�¥%4�½n.

½n 1 b�^� (H)Ú (A)¤á. Ké?¿� T > 0,

lim
ε→0

E
[

sup
t∈[0,T ]

∣∣∣Xε
t −X0

t√
ε

− Y 0
t

∣∣∣2] = 0.

3y²½n 1�c, ·�Äk�Ñn�Ún.

Ún 2 �3~ê C1(x0, T,K) > 0÷v: é?¿� ε ∈ (0, 1],

sup
t∈[0,T ]

E|Xε
t |4 6 C1(x0, T,K).

y²: é?¿� ε ∈ (0, 1], dÄ�Ø�ª (a+ b+ c)4 6 27(a4 + b4 + c4), �

E|Xε
t |4 6 27x40 + 27E

[( ∫ t

0
|f(t, s,Xε

s )|ds
)4]

+ 27ε2E
[∣∣∣ ∫ t

0
g(t, s,Xε

s )dWs

∣∣∣4].
é?¿�½� t ∈ [0, T ], u ∈ [0, t], -

Mu =

∫ u

0
g(t, s,Xε

s )dWs.

KMu ´��Fu-�. Ïd, d�� BDGØ�ª (ë�©z [9; Section 4.3])�: é?¿�

u ∈ [0, t],

EM4
u 6 cE

[ ∫ u

0
|g(t, s,Xε

s )|2ds
]2
.

AO/, � u = t, �

E
[∣∣∣ ∫ t

0
g(t, s,Xε

s )dWs

∣∣∣4] 6 cE[( ∫ t

0
|g(t, s,Xε

s )|2ds
)2]

.

Ïd, d^� (H)Ú HölderØ�ª��

E|Xε
t |4 6 C

{
x40 + t3E

[ ∫ t

0
|f(t, s,Xε

s )|4ds
]

+ ε2E
[( ∫ t

0
|g(t, s,Xε

s )|2ds
)2]}

6 C
{
x40 +K4t3E

[ ∫ t

0
(1 + |Xε

s |)4ds
]

+K4tE
[ ∫ t

0
(1 + |Xε

s |)4ds
]}
.
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d GronwallØ�ª�: é?¿� ε ∈ (0, 1],

sup
t∈[0,T ]

E|Xε
t |4 6 C1(x0,K, T ).

y²�.. �

Ún 3 �3~ê C2(x0, T,K) > 0, ÷v

sup
t∈[0,T ]

E|Xε
t −X0

t |4 6 ε2C2(x0, T,K).

y²: 5¿�:

Xε
t −X0

t =

∫ t

0
[f(t, s,Xε

s )− f(t, s,X0
s )]ds+

√
ε

∫ t

0
g(t, s,Xε

s )dWs. (8)

é�§ (8)üý�Ï", d^� (H)Ú HölderØ�ª, ��:

E|Xε
s −X0

s |4 6 8E
[ ∫ t

0
|f(t, s,Xε

s )− f(t, s,X0
s )|ds

]4
+ 8ε2E

[( ∫ t

0
g(t, s,Xε

s )dWs

)4]
6 8t3K4E

[ ∫ t

0
|Xε

s −X0
s |4ds

]
+ 8cε2E

[( ∫ t

0
|g(t, s,Xε

s )|2ds
)2]

6 8t3K4E
[ ∫ t

0
|Xε

s −X0
s |4ds

]
+ 8cε2K4tE

[ ∫ t

0
(1 + |Xε

s |)4ds
]
.

d GronwallØ�ªÚÚn 2, ��:

sup
t∈[0,T ]

E|Xε
t −X0

t |4 6 ε2C2(x0, T,K).

y²�.. �

du�ÅÈ©
∫ t
0 g(t, s,Xε

s )dWs Ø´�, ·�ØU¦^�� BurkholderØ�ª. ù�

5
(J. ùp·�æ^ Itô [1]©Ù¥���4�Ø�ª.

Ún 4 ([1; Lemma 2.2]) e γi(t) (i = 1, 2)÷v sup
06t6T

E|γi(t)|4 <∞, K

P
{

sup
06t6T

∣∣∣ ∫ t

0
[g(t, s, γ1(s))− g(t, s, γ2(s))]dWs

∣∣∣ > r} 6 r−4K0T
2C1,

Ù¥K0´��Ê·~ê,

C1 = 288K4
(

16T 2 sup
06t6T

E|γ1(t)− γ2(t)|2 + sup
06t6T

E|γ1(t)− γ2(t)|4
)
.
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é?¿� ε > 0, -

Y ε :=
1√
ε

(Xε −X0).

½n 1�y²: 5¿�

Y ε
t − Y 0

t

=

∫ t

0

[f(t, s,Xε
s )− f(t, s,X0

s )√
ε

− f ′(X0
s )Y 0

s

]
ds+

∫ t

0
[g(t, s,Xε

s )− g(t, s,X0
s )]dWs

= Iε1(t) + Iε2(t) + Iε3(t), (9)

Ù¥

Iε1(t) :=

∫ t

0

[f(t, s,Xε
s )− f(t, s,X0

s )√
ε

− f ′(t, s,X0
s )Y ε

s

]
ds,

Iε2(t) :=

∫ t

0
[f ′(t, s,X0

s )(Y ε
s − Y 0

s )]ds,

Iε3(t) :=

∫ t

0
[g(t, s,Xε

s )− g(t, s,X0
s )]dWs.

d Taylorúª�, �3��3 (0, 1)þ��ÅCþ ηε,t(s)÷v

f(t, s,Xε
s )− f(t, s,X0

s ) = f ′[t, s,X0
s + ηε,t(s)(X

ε
s −X0

s )]× (Xε
s −X0

s ).

du f ′�´ LipschitzëY�,

|f ′[t, s,X0
s + ηε,t(s)(X

ε
s −X0

s )]− f ′(t, s,X0
s )| 6 K ′ηε,t(s)|Xε

s −X0
s | 6 K ′|Xε

s −X0
s |.

Ïd,

|Iε1(t)|2 6 K2t

ε

∫ t

0
|Xε

s −X0
s |4ds. (10)

éþª�Ï", dÚn 3�: é?¿� t ∈ [0, T ],

E
[

sup
06s6t

|Iε1(s)|2
]
6
K2t

ε
E
[ ∫ t

0
|Xε

s −X0
s |4ds

]
6 εC1(x0, T,K,K

′). (11)

du |f ′| 6 K, é?¿� t ∈ [0, T ],

E
[

sup
06s6t

|Iε2(s)|2
]
6 K2tE

[ ∫ t

0
|Y ε
s − Y 0

s |2ds
]
. (12)

dÚn 4�: é?¿� r > 0,

P
(

sup
06t6T

|Iε3(t)| > r
)
6 r−4K0T

2C1,ε, (13)
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Ù¥K0´��Ê·~ê,

C1,ε = 288K4
(

16T 2 sup
06t6T

E|Xε
t −X0

t |2 + sup
06t6T

E|Xε
t −X0

t |4
)
.

dÚn 3�, ~ê C1,ε 6 C2,1(T,K)ε.

d Fubini½nÚ�§ (13), é?¿� δ > 0, eª¤á

E
[

sup
06t6T

|Iε3(t)|2
]

=

∫ ∞
0

2rP
(

sup
06t6T

|Iε3(t)| > r
)

dr

=

∫ δ

0
2rP

(
sup

06t6T
|Iε3(t)| > r

)
dr +

∫ ∞
δ

2rP
(

sup
06t6T

|Iε3(t)| > r
)

dr

6
∫ δ

0
2rdr + εK0T

2C2,1

∫ ∞
δ

2r−3dr

= δ2 + εδ−2K0T
2C2,1. (14)

éá�§ (9), (11), (12)Ú (14), d GronwallØ�ª, ��

E
[

sup
t∈[0,T ]

|Y ε
t − Y 0

t |2
]
6 [δ2 + δ−2K0T

2C2,1ε+ εC1(x0, T,K,K
′)] exp{K2T 2/2}.

- ε→ 0, �

lim sup
ε→0

E
[

sup
t∈[0,T ]

|Y ε
t − Y 0

t |2
]
6 δ2 exp{K2T 2/2}.

d δ�?¿5, ��(Ø¤á.

y²�.. �

§3. ©êÙK$Ä°Ä��Å�©�§

ù�!, ·�ò|^½n 1, é©êÙK$Ä°Ä��Å�©�§�y²¥%4�½

n. Äk, ·��Ñùa�§��
5�, ë�©z [3].

é?¿� H ∈ (0, 1), - {WH
t : t > 0}´ëê� H �©êÙK$Ä, =§´��"þ

��pdL§, ���Ý
�

RH(t, s) =
VH
2

(
s2H + t2H − |t− s|2H

)
,

Ù¥ VH ´�Kz~ê

VH =
Γ(2− 2H) cos(πH)

πH(1− 2H)
.

·���©ê�ÙK$Äke�L«/ª

WH
t =

∫ t

0
KH(t, s)dWs, (15)
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Ù¥W ´IOÙK$Ä, KH(t, s)´���Ý
 RH(t, s)�²��, =

RH(s, t) =

∫ 1

0
KH(s, r)KH(t, r)dr.

d�,

KH(t, r) =
(t− r)H−1/2

Γ(H + 1/2)
F
(1

2
−H,H − 1

2
, H +

1

2
, 1− t

r

)
1[0,t),

Ù¥ F ´pd�AÛ¼ê, ë�©z [10]é§��[�£ã. �Äe��Å�©�§

Xt = x0 +

∫ t

0
KH(t, s)f̃(s,Xs)ds+

∫ t

0
KH(t, s)g̃(s,Xs)dWs, (16)

Ù¥ f̃ Ú g̃´(½5�¼ê, {Wt : t > 0}´ (15)¥Ñy�IOÙK$Ä.

b�¼ê g̃ Ú f̃ ´k.�ÿ�, 'u x´ Lipschitz�, f̃ 'u x´���, ¿�§�

�ê'u x�´ Lipschitz�. K� 1/2 6 H < 1�, Xê

g(t, s, x) := KH(t, s)g̃(s, x),

f(t, s, x) := KH(t, s)f̃(s, x)

÷v½n 1¥�^� (H)Ú (A). Ïd, ©êÙK$Ä°Ä��§ (16)÷v¥%4�½n.
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Central Limit Theorem for Stochastic Volterra Equation

LI Yumeng

(School of Statistics and Mathematics, Zhongnan University of Economics and Law,

Wuhan, 430073, China)

Abstract: In this paper, we study a class of stochastic Volterra equations, which include the stochastic

differential equation driven by fractional Brownian motion. By using a maximal inequality due to Itô

(1979), we establish the central limit theorem for stochastic Volterra equation on the continuous path

space, with respect to the uniform norm.
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