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Abstract: We study discrete-time quantum random walks on the N-ary tree by a framework for
discrete-time quantum random walks, this framework has no need for coin spaces, it just choose the
evolution operator with no constraints other than unitarity, and contain path enumeration using
regeneration structures and z transform. As a result, we calculate the generating function of the
amplitude at the root in closed form.
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81. Introduction

Since Aharonov et al.l!) presented quantum random walks for the first time, the
emergence of quantum random walks on the graph plays a crucial role. Quantum random
walks as a quantum version of classical random walks, the standard approaches to deal
with quantum random walks come from classical random walks. Unlike classical random
walks, quantum random walks require the role of unitary operators.

Quantum random walks can be divided into discrete-time quantum random walks
(DTQW) and continuous-time quantum random walks (CTQW). About applications of
quantum random walks see [2-5]. In 2012, Venegas-Andracalf reviewed the theoretical
research and development of DTQW and CTQW. Inui et al. [l and Machida ® also studied
quantum random walks in one-dimensional spaces in 2005 and 2013, respectively. In
recent years, there are also some new developments about quantum random walks. For

(9]

example, Wang and Ye ! presented some new results concerning quantum Bernoulli noises,

and constructed a time-dependent quantum random walk with infinitely many degrees of
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freedom in 2016 and Wang et al. [19 also introduced an open quantum random walk based
on the quantum Bernoulli noise in 2018.

In general, the state space of quantum random walks consist of the product space of a
coin space and a position space. We observed the most direct relationship between quan-

[2’3}, similar to the specific representation

tum random walks and classical random walks
of classical memory-2 random walks, we present a general DTQW framework. However,
this framework has no need for coin spaces, in this paper, the quantum random walk is
constructed by choosing the evolution operator with no constraints other than unitarity.
It is also unifying of other approaches, quantum computation and algorithmic uses 11131,
notably coined and Szegedy’s [14).

We briefly summarize the contents of this paper. In Section 2, we present a frame-
work for DTQW by the specific representation of classical memory-2 random walks and
introduce path enumeration using regeneration structures and z transform. In Section
3, we choose the evolution operator with no constraints other than unitarity, under the
DTQW framework, consider a pure state at an arbitrary level in an N-ary tree, we con-

struct a symmetric DTQW on an N-ary tree and calculate its amplitude at root via path

enumeration using regeneration structures and z transform.

§2. A Framework for Discrete-Time Quantum Random
Walks

In this section, we take memoried random walks and “coin” discrete-time quantum

random walks as a motivation.

Definition 1 A random walk in one-dimensional space with property that the next

step depends on the direction of the previous step is called a memoried random walk.

Remark 2 The description of Definition 1 is as follows: on a line, if the walker came
to a site ¢ from the site i — 1, the probability to go to i + 1 is p (to maintain the direction),
while the probability to go to i — 1 is 1 — p (reverse the direction).

Before we give the definition of a standard coined random walk on a d-regular graph
with n vertices, we state the state space of the random walk, one is a tensor space of two
Hilbert spaces: an auxiliary (“coin”) space 4 spanned by d states |a), in which a unitary

operator C' mixes components and a space of vertices ., spanned by n states |v).

Definition 3 15! In a tensor space ¢, ® 4, if the random walk under the action of
the evolution operator U, there is U(|a) ® |v)) = S(C @ I)(|a) ® |v)), where S is called the
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shift operator which the specific action is S = | T)(T |@ > |7+ 1)+ H A [@ D17 — 1) (|
J J
on a cycle with the J#4 basis {| 1),| |)} and I is an identity operator, then the random walk

is called the standard coined random walk on a d-regular graph with n vertices.
Giving an example.

Example 4 Consider a standard coined random walk on a d-regular graph with n

vertices, if a unitary operator C is

(it 05)

I—p —\p

3

we have

(i) evolving the state “up”,

SCen[nel)=S\p|t)el)+V1I-pll) i)
=vpIN®li+1) +V1-pll)@li-1),

(ii) evolving the state “down”,
sCon|hel)=viopIheli+1)— il eli-1).

Remark 5 As the square of the amplitude is the probability, Example 4 is an equal
probability random walk when p = 1/2.

1) A Representation for Classical Memory-2 Random Walks

Definition 6 In a Hilbert space, a random walk with property that the next step
depends on the current state and the previous state is called a classical memory-2 random

walk.
Remark 7 Definition 6 is the generalization of Definition 1 in two-dimension space.

Similarly, consider the evolution of a classical memory-2 random walk, such as a
memory-2 Markov process, the evolution operator (the Markov tensor) is denoted by .#
which is the third-rank operator. In classical probability theory, a memory-2 Markov
process can be represented by a probability distribution p(¢) of dimension 2. Since the
space of a memory-2 Markov process has dimension n and each state is labeled by two

indices (the site the walker came from and the current site), so the probability distribution
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poo(t)  poi(t) -+ pon—1(t)
(t) = Ml,t?(t) m,%(t) Ml,n‘fl(t)
Mn—l,O(t) Mn—1,1<t) T Mn—l,n—l(t)

In order to facilitate the function of the evolution operator .#, u(t) is replaced by a column

of rows r; or a row of columns c¢;.

Definition 8 16 Let Pijjr be the conditional probability for the transition j — £,
given that the random walk came to j from i. j =0,1,--- ,n — 1, the transition probability

matrix P; is defined as

Po,jl0 Poj1 T Po,jin—1
P1,410 P14 P1,jn—1
P = 'J\ .J| J|. 7
Pn-140 Pn-1451 " Pn-1,jn-1

and the evolution operator .# = [Py P, --- P,_1].
It is easy to see that such a construction makes sense. Moreover, we have

Proposition 9 16 Let the mapping ¢: u(t) — p(t +1) : rj(t+1) = c;j(t)P;, for
each j = 0,1,--- ,n — 1. Consider the cycle of a space {0,1,---,n} with identified ends
(0 and n), with only nearest-neighbor transitions, (7 +1,7) — (j,j £ 1), take the classical

memory-2 random walk. We have

(i) G—1,9) = (4,7 + 1), with probability p,
(i) (j—1,7) = (4,7 — 1), with probability 1 — p.

Moreover, the transition probability matrix

1
I-p 0 p
P = 0 1 0
p 0 1-p
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2) Path Counting and Regeneration Sums

We give an N-ary tree as shown in the following figure (Figure 1).

Figure 1 An N-ary tree, the level is infinite, at level 0, we mark it as a root.

A quantum random walk has a variety of paths, all paths that are at the root at time ¢
have the following structure. The amplitude for the path which touch the root for the first
time at one point (step s) is denoted by h,(s). The amplitude for the path which touch
the root for the first time from the level n and the remainder of the walk is a root-to-root
path is denoted by H,(t). G(t — s) is the amplitude for the path which touch the root
then go out in the tree, eventually coming back to the root at step ¢, possibly touching it

multiple times in the process. As shown in the following figure (Figure 2).

Figure 2 Figure interpretation of h,(s), G(t — s), H,(t), G(t), g(s). Where

peaks are positions furthest from the root.

Fact 10 Starting from level n, the relationship among H,(t), h,(s) and G(t —s) can
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be described by the following convolution,
H,(t) = 3 ha(s)G(t - 5). (1)

Remark 11  For the n =0 case, G(t) = Hy(t).
As shown in the figure above (Figure 2), G(t) is the amplitude the path which after

touch the root for the first time, the remainder of the random walk is a root-to-root path.
g(s) (called a simple loop) is the amplitude the path which go from the root into the tree
and back to it (reaching it again for the first time).
By Remark 11, similar to h,(s), we review the relationship among G(t), g(s) and
G(t —s).
Proposition 12 ') The relationship among G(t), g(s) and G(t—s) can be described
by the following convolution,
¢
G(t) = Zog(s)G(t — ) + do(t). (2)
5=
The regeneration sums of Fact 10 and Proposition 12 is a simple way to calculate, we

- 00
need to introduce z transform f(z) = Y. f(t)2%, |2| < 1. Then we have
=0

Proposition 13 [16]

H,(2) = ho(2)G(2) and G(2) = §(2)G(2) + 1 = Hy(2) = ﬁn(z)l_lg(z).

For (1) and (2), using z transform, we have

3)

§3. Quantum Random Walks on an N-ary Tree

In this section, we mainly calculate the generating function of amplitude at the root

of the quantum random walk on the N-ary tree. Constructing the evolution operator

Us 0
U = J ,
0o I

with
N -1 a a a
a N -1 a a
U; = ! a a N -1 a ,
(N—-1)2+N
a a a .. N-—-1

where a = 2™/3 U f is a local unitary operator which operate in the subspace of nodes.

It is not hard to prove that U; is a unitary operator.
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Lemma 14 In a node of an N-ary tree, the action of operator UX is shown in the
N—1

following figure (Figure 3), U = Z II; ® Uj, where IT; = |7) (4], X i) @ |7) = |7) @ i),

consider a pure state [1g) = |i2) ® |]> we have

N -1 . a .
i2) @ 15) = 1) © b—rl T T

+o b s linaa).

i2 ] ig
71 J<: i3 UX 11 j ® i3
® . —> [} .
’iN+1 .iNJrl

Figure 3 Evolution of a pure state [1)g) = |i2) ® |j) in the subspace. A node

of the tree is labelled as j, which connected to it as i; (to its left,
toward the root), iy (to its right, away from the root), i3 (to its
right, away from the root), ---, iyy1 (to its right, away from the

root).

N—1
Proof With U = Z II; ® U; and X : i) @ |j) — |j) ® |i), we have
j=

1) = OX o) = (3 Ii) il © Uy) Xlio) @ 1)
iesS
. 1 :
_|]>® (N_1)2+N(G7N_17ava’7“'7a707"'>.

Thus the state is evolved by UX to the superposition,

N -1 , a ,
i2h 1) = 1) @ | ~mmmslit) + i + i)

+-+ (N_1)2+N|ZN+1>}

This completes the proof. ]

Corollary 15 Summarizing the law of the random walk as follows (the direction and
coefficient of the next step):

When the direction of the previous step is away from the root, it can

(i) turn back, with the coefficient (N —1)/1/(N — 1)2 + N (left turn);
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(i) continue, with the coefficient Na/\/(N — 1)2 + N (right step).

When the direction of the previous step is toward the root, it can

(i) turn away, with the coefficient [(N — 1) + (N — 1)a]/+/(N — 1)2 + N (right turn);
(ii) continue, with the coefficient a/\/(N — 1)2 + N (left step).

The appearance of reflection is an interesting situation, it complicates the calculation

of the amplitude.

Remark 16 There is a special case that not following the above classification, when-

ever paths touch the root their next step can only be a turn back, with the coefficient 1.

Lemma 174 The number of paths with k peaks from (0,0) to (2n,0) on a lattice

in two dimensions, taking only Northeast or Southeast steps, is given by Narayana numbers

o= 1()(0)

Fact 18 A simple loop must take an even number of steps, it starts at the root,
having arrived to it from the first node, and it can only step back onto the first node, so the
coefficient for this step is 1, paths with k peaks take k left turns and k£ — 1 right turns. Loops
of t steps need take (t —2)/2 — (k — 1) right, as well as left.

Lemma 19 ['6)  For the z transform En(s) of h,(s), and the z transform ﬁl(s) of

h1(s). Through the following figure (Figure 4), the relationship between h,,(s) and hi(s) is

hn(2) = [ha(2)]™. (4)

root

g loop

0 :1 32 level

Figure 4 Consider paths from the nth level that reach the root for the first
time in s steps (namely with amplitude h,(s)), the first step is to
arrive to level n—1 (with amplitude h,), the second step is to arrive

to level n — 2 (with amplitude h;) and so forth, until the root is hit.
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Lemma 20 Consider a discrete-time quantum random walk on the N-ary tree, the

relationship between g(s + 1) and h1(s) can be described by the following equation,

B a . (N-1)(1+a)
hi(s) = (N—1)2+N5( 1)+—Na

g(s+1) X Lieqzs,.. )

Proof Consider a path which start at level 1 and find it way to the root for the first
time in more than one step, as shown in Figure 4, a loop g¢(s) differs from h;(s) as follows:
the first step of g(s) that with coefficient 1 and the next step of g(s) (for paths with
t > 2) is a right step. However, hi(s) is already at level 1 and the next step of hj(s) is a
right turn. Thus we divide the expression for g(s) by the coefficient Na//(N —1)2+ N
associated with the second step of g(s), and multiply the expression for hi(s) by the
coefficient [(N — 1) + (N — 1)a]/\/(N — 1)2 + N, we also divide the expression for g(s)
by the coefficient 1 associated with the first step of g(s). In the special case s = 1, the
coefficient of hy(1) is a//(N — 1)2 + N. This path takes one step more as compared to

g(s), we make use of the expression for g(s + 1), starting from s = 3, we have

B a L (N =D+
hi(s) = — —b(s =)+ g

g(s+1) X 1yeqzs5.. 3

This completes the proof. O

Theorem 21 A discrete-time quantum random walk on the N-ary tree which the
generating function of the amplitude at the root is

H, 1) = =01 X?{ (N - 1)5(z) — [VIN- 12+ N2} de

omi N7 1-9(2) Zttntl’

Proof By Fact 18, a simple loop with k peaks for ¢t > 4 steps, bears the coefficient

is

[ N -1 }k‘[(N—l)(l—ka)r—l[ a r/Q—k[ Na }t/Z—k
VIN-12+ NI L/ (N-1)2+N (N-1)2+ N (N-1)2+ N
N U
= (V- D e
_ (N —1)* [(N—l)(l—i—a)
VRN L Na
N -1 (N —1)27k-1 N2/
\/mt—l[_ N } (NaZ)=,
where a = ¢>™/3. Note that the t = 2 case, their coefficient is 1 x (N —1)/1/(N — 1)2 + N,

since the amplitude at the root at time ¢ is computed as a sum of the amplitudes of all

] k_l(Na2)k—l (Na2)t/2—k
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possible paths that are at the root at that time, thus the amplitude of a loop ¢(t) with &

peaks is
N -1
t) = do(t — 2
910) =~ (i =)
(t-2)/2 N -1 N —1)27k=1 L t—=2
+ t_1|:_( ~ ) j| (Na2)t/2 IN( 5 ,k)
k=1 /(N =12+ N

Using Lemma 17, with t = 2m + 2, we have

N-1
N-12+ wolm)

vl -] () ()

g(2m+2) =

Employing

m—1 1 21 ) ) —ix
S () (7)) =5 [ e st S

where a, 3 are constants. Under the constraint a3 = —(N — 1)2/N, we have

N -1 1 N -1 Na?
do(m) + a "

VN 12N %mm[(Nl)QJrN

TN — (N — 1) : o]me
X / [¥ + ae" + Be_”} °  da. (5)
0 (6

g(2m +2) =

N

Using z transform of g(2m + 2), since loops take even number of steps and g(z)i=o =
g(0) = 0, with t = 2m + 2,

G(z) = 2 902 = 9(0) + 92" + 3 g()2' =D mil g(m) 222,

Since the transform of ¢ is 1, and (5) becomes

N -1 2, N -1 o [FTeTi®
z z
V(N —-1)2+N 2/ (N=12+N Jo «

8 A N e et

9(2) =

[e.°]
We make use of 3 2"/n = —1In(1 —z), |z| < 1, and putting a = —8 = (N — 1)/V/'N, we

n=1
have
N-1 1 N e
g(z) = 224 — VN z2/ e
(N—-1)2+N 2r/(N-12+N Jo



96 Chinese Journal of Applied Probability and Statistics Vol. 38

(1222 _ _1)2 _ eixie—ix
X{_ln{l_(N?erN{N (x & 1)E/N )”}dx'

Using w = e™**, we have

. N -1 , 1 VN )

Y e MV e

_Na222(N —1)(ie™® + ie™™®)

R (N —1)2+ N[VN
X (—ie ') 55 5 dz
0 1 Naz [N—(N—l) +N—l(m_ _m)}
(N—12+N N JN ¢
N-1 5 41 Na?
V(N-12+N 2 (N —1)2+ N
;+w
dw ».
Xﬁq_ll_ Na?2? [N_(N_1)2+N_1(1—w)} “
(N—12+N N VN \w
Using the Residue theorem to transform g(z), we have
3(2) N -1 2{1 1 [A\/EA+CQ222}}
Z) = <z - )
g (N—12+N (N-12+N 2(N —1)
where
2[(N —1)? — N]a?2?
A=N[N-1%+N]? B=1 42t
[( )” + NJ%, + N1+ N +a*z*,
C = N[(N —-1)* = N?.
By Lemma 20, we have
a (N —-1)(1+a)
hi(s) = S(s— 1)+ —— 2T (s + 1) X Lycras..y.
1(s) (N—1)2+N ( ) Na g( ) €{3,5,}
Using z transform of hy(s), we have
~ az (N-1)(1+a)r1 1
hi(z) = + - t+1)z
1(2) (N—12+N Na o t:%,...g( )
VNP4 Njaz (N —Dagl2)
B N N z

With (3), (4) and (6), we have

() = ( a )”{(N— 1)g(z) — [\/m]ZQ}nl _1

z

~

N g(z)



No. 1 HAN Q., et al.: Discrete-Time Quantum Random Walks on the N-ary Tree 97

Then we use the inverse transform of z which is

1 H,(t)
H,(t)=—
n(t) 210 J|z)=r P

dz,

the generating function of the amplitude at the root is obtained,

H,(t) 1( a)n% 1 {(N—l)ﬁ(z)—[\/m]zz}n dz

" 2mi N 2l z 1—-9(2)
_ (—a)"ly{ {(V-1)g(2) = [V(N = 1) + N2>} dz
- 2w Nn |2|=r 1-9(2) ZtAntl

This completes the proof. ]

84. Conclusion Remarks

For the discrete-time quantum random walk on the N-ary tree, the construction of the
walk is simple, but the calculation is complicated by a boundary. Based on the discrete-
time quantum random walk framework, and combine path enumeration and z transform,
we compute the generating function of the amplitude at the root. Quantum random
walks as a general tool for exploration and modeling of physical systems, the above study

establishes the basis for further study of amplitude numerical calculation.
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