MHRERET £RB ~ Chinese Journal of Applled Probability

Uil 19894F 11 B . and Statistics Vol. 5. No. 4. Nov, 198¢
Wiener I EEEBNILIER
fIRE B M
(BLAIKZE)
B =

W2 HEZ A T Wiener MBI, Hanson 71 Busso 2 A0 S22k 38— 2ty
Wiene: SR, BT/ 46 RL T RIIRT LW, ACCHTIAEIT RN~ R, ZEHamT
b, e T IS e S — 20, 18] T — e mRng i L,

LB E AR

Wioner 152 Bk 91 BF ST LA 42 S MBS IE BR 0 — AT BC i ST, Osbrgd 71 Révéss
2 (L1545 T A0 24— 754 B RR, Hlanson 7l Russo 72 [2] R T 44 — 25 Wiener 3
R, IR TESE BB, TLAS 00 (2] B2 AR T M R, A A B

B8l 24 eggi ‘
EERA BW®G, 0<i<oco ZiRifE Wiener 32, 0<ap<T, i
T W -WwT-5]| _
(@) lim sup acT, 3y 8.8
[W(s) =W (s— t)l

2 %lﬂ aiUEgT saokr a(l, ) 8.9
. [W(s) =W (s—m)|_

) '}EE amss?gz' by 01171;2: a(l, t) a9
; (WGE+T)—W® | _

@) lm sup i T 2.9

(5) lim sup sup IWGts) —WO| _ 2.9

Toveo Ot <00 Osis <T @ +¢, 1)
Her ‘ - d(e, @)= [2y(10g—+loglogy)
1 ﬁi*ﬁ&ﬂﬂloglogmi@%Xi’J
: log log o =1og log (max {&, ¢})
W2 EE AP @GRFER], BT REH, IR SE2RLT (2) A,
AL EBAMZ—EE—BPE@—ORGETFOME—STATSRLEA]), HHT

EUF &R,
R #i) 0<ap<T HIEW
oy Tim o2 T/ar _ :
1) },}ff log logT—T (0<r<e0)

73z 1988 4E 3 B 22 Huk 3,
€317 e



a
o [W () —W(s—t)] _
© Im oo S0 gm

(7) lim sup sup sup [ W () =W (s—h) | =a,

Towm tr<t<? t<s<r o<nst G (7T, 1)

a.9.

a.8,

Hip a,={ — 0<r<oo
1 r=co
GAEHIAEHE A, FTRIER
#itl EEBE1PRET,HE r=co, MG ()R lim A4 lim,
BWEXEWQ, o P)E,MNTFEER «€Q2, K¥ (o) FR
sup sup W (s, w)—X(s—t, w)|/d(T, t),

st <T I <9 %

WIS, K ()R sup sup sup |W(s, o) W (s—h, o)/d(T, O)HIRE L,

Cr<t<T t <8 <T O<h<it
HIE? TEEELNBET, & ar E5E, N
P{K#®(w)=[ar, 1]}=1 =1, 2,
EE2 Bi) 0<bhr<oo HIER

ii) ;Jm log bTT/log logT=r O<r<ow)
Rl

; [WE+TY-W®) | _
® 111__.1:2 02}1412, d(T+t, T) Gr &.8.

. lW(t+s)—W(t)|=
() lim sup sup =

FHh oo, g 1P AaE.
AR 2 MEH A, FIRE N REL, DT RERNER, SR FIR, |
BIHFI#HT H—ERWNHE, BRATNTERE
TEB % 0<a<T, AXf—4 a>0, lim ¢, T = o, Ji

(10) im inf sup (W)W (T —5)|p(T, )=1 a.s

Tox gpat <l 08 <t

Hors o(T, t)=(%- log T/t—l;loglogt)l/’
FXWMA—AEEEWNRE CH B, kA58 A el L PSR,
Ar(w)2 inf sup o(T, 1) |W(T, &) ~W (T ~h, »)|

Gpt<T O<hist

Br(w)2 inf inf sup o(T, &) |W(s, 0)~W(s—h, )] |

ar<t <T t <8 <T O<h<t
K (o) 2 {4z (o) l 2B R K}
EES #0<ar<T, Nl
(11) P{K(e)=[1, ]}=1
EEE H0<ar<T,
(12) lim A,=1 a.9,

T

a.s,

(13) lim B,=1  a.s,

T

©318 .



(14) ]lm 'AT - a.8,

2525 B i) 0<ap<T E.—’JFiﬂ&,
log T /ap

) JogTogr —" (0<r<e)
m
(15) E Bl‘:)er a.q, T
T
[ee) rr‘=0
i r=o00

=, E W E W

A3 EBIEN R T R ¢ WHERE—EE, R AT ¢ BB HIWFF’J \
BIE1 FAEEM >0, '
1 Lk

1 1 1 1 -
V= w(l‘"mﬂ‘)e <140 <Tzve

51322 ([114m5#1.6.1)
2 goe<P(smp —e| W (5)| <)< omsee

O<i <

B3B3 XTIEBH s>0, FFE c=c(s) >0, BN TFIEEMY T>0, 0<h<TH
P( sup |W(-W(E)|=>Vhv)<e %é‘?»%‘

05,8’ <T0<s—8'<H

S8 1 ZAF AR, 5183 FL&RT 11 a5#E 1.1.1 /5] 3 1.2.1 KiF 8 7 IE
(18], p. 1264),

EIE 1 8iEe
°13 | W (s) =W (s—2) [
L ,_,E-ﬂ afE;‘,ET ts<151<1' a(T, ) a.8.
BBRINIE 0<r<oo Ry, r=0 BRBAM, r=co W EARMAE, |
"7%1', B 6>1,8>0, f5 ag<__'_1__s i :

Tﬂeg”} Sjéja}g-,”:, j=1) 2, -, [_,Tn ]. % Te [1’,,J Vi Hﬂ"

T

sup sup W@ =WGE=D)| o gp WEO-We=D]

Gr<t <T. t <8 <T d (T t) Crp st Ty, t<s<Tp d(Tp1a, t)

>~  max | W (s;) =W (s;—ar,,) | aD,
1“"[aT" ] d(Lnra, az,,.)

e Gr,e [2lop( T80 )™ g gpmisett 1), mBIM 1, % n SEAKH,

P(Dy<a) <[l—o I (- JG}Z )exp{—aﬂ 10g( Loy log ar,,, )}] [%]

GT,m \ Tgtr ar,.,..

* 312«



I I
—_— 1__ — L) n
<6XP{ Y G, o*U'g,,, L1 log ar,,, G )

1 / . ] ‘ (r—sj(l—a’)—a' } .
Sexp { G Vw0 ) Clog T2y~ IR
<exp{—oen+**/log n}

g1 Borel-Cantelli BIEREP 52T 1° BIHEHA.

°lim sup sup |W(s) —W (s~ h)‘/a.-

Toe Gyt <T {<s&T 0<h<t d(f t)

{UE 0<r<oo ¥, r=co BN BR. L Th=e", RFIE
lim sup sup sup W(*) —W(s—h)| (rr-i—l)m

nroe Qg &E<Ty t<s<Ty O<h<i d(T", t)

a.s.

a.9,

S FAE K 1Y ae(~/ S 1) B 0>1, 6>0,

2oa2 - T
7(24—8)3/'/‘4—1‘

B
sup sup sup IW@) —W(s—h)|

O, <f Gl £ <5 <Tn O<HL d(Ty, t)

< max sup Sup sup (W(-?)‘—W(s—h)l‘

0<TL K, 45t <ipps £ <3 STim OSHE a(l,, )

<max  su \W (s) —W (s—h) |

0k R,y 0<s—N,8<Tp, 0<h Strsy d(T,, )

+&

i te=ar 0, 0<E<Kn K,= (logg

& max Ay
O0<k<< K,

BRERH 1), B33, 2 AR, /

202 T,
{ 2+2)0 (log % +1°° log t")}

T o (P e 1)l I
<c(log T @+ew G-kl-at) <G‘6_88" gw(l-al)

TR By Awe) <o
2° B3, EWLIEH,

ZEH 2 89

1, °lim sup [WG+T) W) | >0, 8.9,

m0<t<bg d(T+¢, T)

RAE 0<r<co {E, r=0 B BR, r=o00 BZARLMTE, N FERN o< ?:‘-T B
>0, 0>1, i |

2g? 9 Qa8 r
*2rs 71 —1>0, &< g8

=0 4%Tc [Tn, Ty B,

wp PG )|
o<iat, (T +¢ T)

_0320-



|W(t+Tu+s) — W(t+T,,)1Ap

IWE+T) -W®,
>0-§}1<.%,k d (T].;.,.]_ +1, T]H-i) Oﬁstué}gf,, O<s E%g—’l'k a (T;H.J_ +1, Tk+1)
i) h_]_li .Dk;>a 8.9,
Joroo
WEAM L), MIBIE 1, %k AR,
(D)< ( :1>1;]iat§rk] d(T;,+1+_7Tk Pusa) a)
Tx
(7] 1
ka ] .
_ Tx . 1 1 )gaml }
@XP{ °c 2 (og Top) ™ (j/6+ 1
<exp{ — o(log Ty) T-2~0=~"} Sexp{ ~ b}
i Borel-Cantelli {8 1) {3,
i) TimGy=0 a.s
=00
iE.' bp= 2”Tk,
W (t+s+T0) — W(t+Tk> |
< -
Gu<(mx smp  emp LWL RO
(W (+s+T0) —WGE+Th) |\ o g\/F
V(ofﬁ%ogsiﬁ?l_n WTops, Torn) ) & BV
P(E>¢) o
oo tn+1 —fpt Tk 1 Tk %( _ g2 A T7H~1 1 Tk+1 -+ tn 1 1 T )}
S22 T, P TS Toa-Th (tog T 0B 0B Tha

262 ]

el 1 >2+e o—1 N o i _i_
{f [ N O-nn ] 7
<o'§12 (2,, Tog 7 <G:::i i< ck

232 T]H.j_ 1 T }
{ 2+8 Ty —1% Tog Tog Lusa

P(Fy>8) <o -,

T
__2s7 [
TBFe -1

<oh™1m

XERNAMATHIE S, g1 Borel-Cantelli F{MAHESR 1°.

. W (48) —W ()|
2° lm sup SUp ~—qTHT, T

r=co I B, REFIE 0<r<oo H3E. & Th=2", ZilLH
: (W (t+s)—W ()| [ r
% ofilg,,, oilslgw,. d(Tp+t, Th) < r+1 2.8

)+

a. 9

TR b=ty (8) = 8T, (O<k<K,), Kn=|logs

(Wt+s)-WE |
oS, o%edr,  @(Tat?, Tn) (

W (t+8) =W ()| >
o 0B 0 B ATy T, Ty

Gx

\/( sup sup [W(t+s) = W<t)] a H,\/M,

Oty Oss<Tp d(Tn,

3 TR o€ (T, 1) e>0, 4

2327 ¢



i 208 'S

B EE T L
EE%#H) %HFFJ%‘!EES é’m?ﬁﬁﬁtﬂj‘ .
P(H,>0) <K, max 2L+ Ty oxpf /log 2 Ty ATy +logleng)}
R O<lo<H, T L -[’n '

i o,,x:' ' Lo

<K 2 "(1 2+b)2 2+s

<en(log T, )(H'B)(l Bie )2 n 2+; <en2-e
P(M,>0)<c BXP{' 5T log 10gT}<02 e
g1 Borel-Cantelli %[ﬂﬂpﬁﬁ,@ 2° %E 2 ﬁ$
T S BB |
SUED] P(K (@)D [1, 00))=1, jljﬁhﬁfﬁu‘[—j Lim A:>1; a.s., ;gﬁryﬁhmBT>1 a.s,

T /=X

1
Bl é>1, {§2na (1 57 —1>0,i2

To=20 Kp=[log, 2] +1, by O (—co<h<K,)

B TE[Tn, Trra]H,
By min inf  sup p(T,, tmi)IW(s) W(s—-h)leB,,

—co<k <Ky ty<s <'[’n+1 0<h<t,

&
85=Si(n,~ k) =.7‘_;i3,~ j=1: 2) °tt, JMG
J nk = [Tn+i¢3/ tk]+1
B,> min min sup p(Th, tua) |[W(s) =W (s;i—h)|
—co<lhb—K, 1<j<Tux O<A<ty
— 83max max sup p(Th, tu1) | W(s)— W(s,)l
<Ry 1<f STy 55<8 €841
2 min A,,,;ﬂ'- 3max By,
—osk<K, ' ~oc<70<K,,
1 - Iim. min  Adg>1
e —oo<kLI,
Bk, HEE 28

P(An,k;<1"— S)<Jn]¢P( S'I.].p p(Tn, tk;.y-i) lW(h) , < 1= 8)

1 T, )}

< ‘ — o

<o ne exp{ =D <10g . +log lgg Trat )i
. o P

Rid K & [logee, Kia [logg s L

1+2ag
P (An<1-e)<3) 3 o Lot 1 g (@{f)

o
p=1 k= n=1 =—co
o I
<2 T e2rmgtloo
=1 t=—oo -

RieA

Kg 55
EP (Ap<1—g) < 3] 3% 21
‘a=1 K=K =i o=
S
<‘Z.-J ;ZS -] 70 ”7<o°
n=1 W= q .

.322.



o K

2 2 P(.Ank(l'— 8) <¢ E Zrz—ﬂn «9"”]{;‘1—’7

A=li=K n=1k=~RK4

cﬁjl (E.— K, (K 1y-1-e
4 - iR Borel-Cantelli Tslﬂﬁp%{] 1) s 3. '
2) lim max B,=0 a.8.

n-»o0 —co<h<H,
b, B3 A3
P(Bnk>6> <J:rﬁaP ( SULP P(Tﬂ; t70+1) “V(S) ]/>’8)

& a4,
T DIEY B 5B 5 A
2 P(Bnk/e)<oo

n 1 To=—oo

TR 2)EE, WTTERT lim 4,>1 #3,

] ~>c0

P T REFEEY TEZERSZELAN (6, o), 1<o<a <oo, #FEHE T\t oo,

o<<lim Ap <d, : o

B g>1, o>1, ffi a'g<a<d” 2
To=q"", Ki=[n"], t—g", (—oo<h<K,),
Ap= mf sup p(T, &) [W{(T) —W (T 5|,

<t<T O0<s<!
1° JEW] lim 4g,>a, a.8.
Az > min Sup o (T, b 1>[W(Tu> ~W(Th—s)| 2 min_ Ay
—co<h<E, O<s<ly —o<k<Ey
HEiE 2.
P 4 Tn
(Ann<w)<—- axp q log +10g log t;“,i)
Rid K =[log,e], K= [n*—2aa"¢logn], 24 -—00<]ﬁ<K i,
1
=% 3 1w
P(An<a)<(L52 )" <o 70

E S P(Zﬁm<d) <0,
n=] e

u K <t<EK! R,
. 1 e 1 b
P(Am<w)<f‘g e 9”70 Ti<og T <on™

g > P@m<a)< Vl@n““<oo
M K <b<K,H,

o

- SN
P(dy<a)<e(K.) @1 <en ™
Ran o 1052'“

33 PAn<a)<o 3} Ea-<oo

0323«



BEFRENN L R,
2° limAT"<a/ a.s,

n—->00

Rk o
lim sup o(Ta ,’—"MW (@) ~W (Ta=s)|<d'  a.8
ﬂyﬂ%ﬂmﬂﬂ)ww—@;‘
<(_smp, o(Ts T [W(T0) — W (T8 ])
V(, gup  o(To, To) |[W (L) =W (Ta=5)])
S gngmlp(Tn, T | W (Tp) =W (To—s) |
+ sup p(Ty, To) |W (Tn-z) =W (Lp-2~5) | ADy+Zy
i) lim D,<d :s,“
m§1§2

o 1 _a
1 —T—# log og T,.}>c(1og Ty) " =cn @

T, B{Dw<a’} n=1, 2, Eﬂ?ﬂiﬁﬂﬂ%ﬂ 1) L.
i) Lim H,=0  a.s.
H5[H 3,
P(H,>¢) <cexp{ & -8—2 T 1 }<oexp{—O(l)H"“"‘”"’/log n}

24+¢ a* T4y loglogT,
i) Rar. AT

P(D,<a")=>cexp {

lim (D,.—l—E,,) <lim D, +Iim E,,<a a.8,

n—> oo n-)oe n->c0

2° .
RNBEHT P(K (0)D[1, 0]) =1, i K 1° WA TR o>1, F7E Tu 1§,

llIIlAT =a  a.8.

>0

FR z]irg Ap=co a.s.,
Wi P{E(w)=[1, o]}=1
SEH 3T, | o

B 3 R E B o 7 B cE B 4 R RROL.,

EIE b nyiEeA

1° le Bp= B a.9,

{E 0<r <oo E@l‘%‘ﬂﬁ,r oo lﬂﬁﬁﬁ T= OET%M%_]‘IZE
Vd<(”":fl> BO>1,6>0,fff —7>—T— 18 Hd%>1 38

aﬁ“ﬂ —I— 1

T,=e", I,,=[10gg Z"

T

|+1, ti=0'ar, (0<i<Iy),
—o(n, ) =log (Ta/ts)) +10810g trey, Tni= [ L2
p=o(n, 8 =log(Tn/tiys) £loglogtiya, Ju=|==9°| +1

© 824



n=i2p  (I<j<Ju)

Bp>min inf sup o(Ty, tus) |[W () —W(s—h)]

0<é <I, (<8 <Ty O<<h<ig

=>min min sup p(T, .+1)IW(8;) —W(s;—h)|

O<i <1, O,y O<h<t;

—8max max sup p(Th, tiy1) ]W(s) W(sj)l

0t <l, 0<I<ty 8555 <313

& min A, —3 max By,
O0<i<I, O<i <Iy,

1) JEHB lim min A,>d a.s,

e O<i <1,

B3I 2 B ARAF iAo TR,
P(An<d) <JnP( Sup p (T, tig1) IW(h) |<d)

1
Tn 3 tt )m
<0 ti ? (T,,,logt;

<c(f" > - (log ag,) @ (log T, +10g log asz-")
T,

»

<o(log T,) "+ (+75) 5 (10g logT )3

1
<o(log 7)™ (™*7%)" (log Tog T,)?
oo™ (1i) @
1 & —(r+LYen
P( min Ani<d><§1‘n'06_(?+m) n® <ce (o) o s
Ot <T,
gy Borel-Cantelli 5l B iF 43 1).

ii) lim max By=0 a.8.
neroo O CI,

b, W TERK >0, B35 H 8 BAH: i), X n FHKRN,
P (B> ) <JMP( SUP p(La, tia) | W (s) | =)

<sfr—85
a7
| <0"MQXP< T 5"
z. T, [t >=
<c=" ¢’ exp{—3p}<o—" <T Tog 113

<c—l—— <<ecg™
log ay,
P(max Buy=w)<ce™n,

O<i<i,
TR

2 P( max Bm>[-b) <oo,
RESR 1), AT

O<i<

11mBT>11m min A,,,,—?pllm max Bm>cl
300 noes O<i<ly, neoo Qi<

B @ LR A 1° BRaL.

2° Tim B,<B, a.s.

Ny

a.8

s & \ r+1\7/2
U 0<r<oo [, 7 =0 @i, r—oo RBMTIE. TR a>(TEL)" ) e>0,

+ 325 ¢



1 7

ﬁ?}‘<qﬁ+l g, TaTn 3 8= ijn-l-,l: jzli 27 =y ['—T'L]- %TE[T,,,, T"I-l]ﬁj.i

47/

Bp<< inf  sup p(Ta1, ar,) |W () —W(s—h)|

01y <8 <Ty O<hi<Oy,

< min sup  p(Tuea, ar,.) |W(s)—W(s;—h)| 2G,

14j [ Tn]0Sh<En.,
T4

HI B 1 Bl i) 1% n SRS KR,

=1
P(G,=d) <<1 - % exp{ - —dl?(log RATES +1log log ay,., )})

aTn«tl
T,
< exp{ —e (—”—*1—
(47,0

. 1 R "
<exp{—o(log Tpyy) (5°}

1——

: 1
(10g ar,.,”}

<exp{—cn< '.“]_“')B}
t Borel-Oantelli 3|38 % d LR MEEIRI 2° gisr, EH 5 IEHE

B ELRBWRATN SITHR RS IR, MR R BRI AIE RS

$ £ x W

[17 Cedrgs. M., Revisz, P., Strong Approvimaations in Probability and Statistics, 1981.

[2] Hanson, D. L., Russo R. P., Some results on increments of the Wiener process with applications to log sums
of iid random variables. Ann. Probab. 11 (1088),609—623.

[ 3] Ohben Guiling, Kong Fanchao, Lin Zhengyan. Answers o soms questions about increments of a Wiener proces
Aun. Probab, 14 (1986),1252—1261.

[43 Liu Kunhui, The distribution of limit points of continuous modulus of increments of the Wiener process. K czus
Torgbao, §1 (1986),1989—1992.

[5] BLBEJE, 36T Wiener MBI R SR, K £, 3 (1986),39—46.

SOME RESULTS ON INCREMENTS OF
THE WIENER PROCESS

He Fevexra, Csex Bix
(Hangehou University)

Many probabilists investigabed guestions on increments of a Wiener process.
Hanson and Rusggo put forward a new kind of increments of a Wiener proocess, bub
almost all regulbs are limibed to “lim gup”. Here, we further investigate it and obtain
sereral results on “lim inf”. On the basis of these, we furbther invesbigate another kind
of results proved by Sheng Zhaoxuan in [5], and obtain some fine results. '
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