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Abstract

The classical Biihlmann credibility formula estimates the hypothetical mean of a particular
insured, or risk by square error loss. However, the ratio of the charged premium and the true
premium is more appropriate to measure equity of the premium than the absolute value of their
difference. Regarding to this case, we propose two alternative loss functions to calculate the
credibility premium in this paper. The one combines the squared error loss and the relative loss
ratio is called as the relative mean square error loss. The other one mixes the relative entropy
loss function instead of the squared error loss is called as the relative entropy loss function. The
estimation method of credibility factors and their properties are investigated.
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§1. Introduction

Credibility theory is a common approach to calculate insurance premium based on the poli-
cyholder’s past experience and the experience of the entire group of policyholders. This method is
widely used in commercial property or liability insurance and group health or life insurance. The
popular formulas in credibility theory take premium as a weighted sum of the average experience
of the policyholder and the average of the entire collection of policyholders. These formulas are
easy to understand and simple to apply due to their linear properties.

Let X;, i = 1,2,---, denote total claims of a policyholder in the i** policy period. The
distribution of X; depends on the parameter 6, where 8 varies across policyholders and maybe
vector valued. If € is given, X;’s are independent and identically distributed. Therefore, the value
of # completely determines the claim distribution of the policyholder. Since € is generally unknown,
the probability (density) function of € is denoted by 7 (6), which is called as the structure function
in Bithlmann (1970) and the prior distribution by Bayesians.

One purpose of credibility theory is to calculate a premium for the (n + 1) period of a
policyholder, given the policyholder’s claim experience in the first n periods, which is denoted as
Xn = (X1, Xo,---, X,) € R". Generally, credibility estimators Y is a real valued function of the
given information, i.e. Y (Xy). If we constrain Y to be a liner function of the prior claim data, we

can use L to present Y.
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Given the value of 8, E(X,,+1|6), or more simply E(X|#), would be the most equitable premium
for the (n+1)* period. Let u(f) denote the most equitable premium, which is E(X|#) and u denote
the overall or grand mean, which is E[u(6)]. The inequity of any other premium Y (X,,) is measured
relative to p(f). A general procedure is to minimize the risk function EU[Y (Xy,), 1(0)], where U
is the loss function.

In Biithlmann’s classical credibility theory (1967, 1970), the loss function U is taken to be the
traditional squared error loss function. Then U[Y (Xy), 1(6)] = (V(X,) — p(#))?. The resulting
credibility premium Y (X,) = E[u(6)|Xa], which is the posterior expected value of u(6). Because
the claims X;’s, are conditionally independent given 6, the credibility premium Y (X,,) can also be
expressed as E[X,,11|Xn], which is called the predictive mean. Restricting the credibility premium
to be a liner combination of the prior claims, L(X,,) is given as

n

L(Xn):ZY-i'(]-_Z)Ma Z:TL—-F]{?, (1)

where X = f:XZ/n is the sample mean, k = v/a, v = E[v(0)], v(f) = Var(X|f), and a =
Var [u(0)] = EZ[_(,u(t‘)) — w)?]. Therefore, k is the ratio of the expected value of conditional variance
to the variance of conditional means. Generally, Z is called as the credibility factor.

Promislow (1987) and Promislow and Young (2000) pointed out that it is inappropriate for
measuring the equity of the premium by the difference between the charged premium Y (X,,) and
the true premium p(f). They proposed to use the loss ratio r = Y (X,)/u(f) to measure the
equity instead of difference. A class of loss functions with the form U[Y (Xy), u(0)] = p(8)g(r) was
proposed, where

(= Dflelc—1)],  c£0,1;
g(r) =< —1In(r), c=0; (2)
rIn(r), c=1.
Based on g(r), the equitable credibility premium and the linear equitable credibility premium are
obtained. Specially, when ¢ = 2, the linear equitable credibility premium is given as
n
n+ky,’
where k, = J/uW with J = E[Var (X|0)/u(0)] and W (u(8)) = E(u(6))E(u(8)~") — 1.

In this paper, we focus on the relative mean square error loss function and the relative entropy

L(Xy) = ZyY +(1- Zy)ﬂa Zy = (3)

loss function. We study the optimal premium and the optimal linear premium under each loss
function separately in section 2 and section 3. The parametric and semi-parametric estimators are

studied in section 4.

§2. Relative Mean Square Error Loss

The relative mean square error loss function of the order p is U,[Y (Xn), u(0)] = uP(0)h(r),

where h(r) = (r—1)2. That is, the loss is expressed as a function of the relative difference, weighted
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by the pth order of the most equitable premium.
Theorem 1 For the loss function Up[Y (Xa), u(6)], the optimal premium Y,(X,,) is given

by
E[u?~" (6)|Xx]
E[ur=2(0) 1 Xn]

In particular, when p = 2, ¥2(X,) is the posterior expectation of u(6).

Yp(Xn) =

Proof Minimizing the expectation of the joint distribution of X, is equivalent to minimize

el (g 1) o]

Differentiating with respect to Y,(Xa) and letting the score function equal 0, we obtain

o (505 ) ] o

Thus, we have ¥, (Xpn) = E[u?~! (8)|Xn]/E["~2(6)[Xn].  #

Theorem 2 The optimum premium Y, (X,) is an increasing function of the order p.

To prove Theorem 2, we consider the following lemma, first.

Lemma 3 E|X|P*!/E|X|P is an increasing function of the parameter p for any variable X .
Proof Assume that the cummulative probability density function of X is F'(z), then a new

probability function based on F'(z) is |x|de(a:)/ / |z|’dF (x). Therefore, we have the following

inequity
</| _laldF () ) /| o _lolPdF (@)
/|a:|de /|a¢|”dF

Simplifying the inequity, we obtain

E|X|p+1 E|X|p+2
E|X[p — E[X[ptt’

which means E|X|PT!/E|X|? is an increasing function of the parameter p. #

Corollary 4 If X is a non-negative random variable, EX?*! /JEXP? is an increasing function
of the parameter p.

Theorem 2 can be obtained from Corollary 4 directly.

Therefore, the optimal premium Y, (X,,) decided by relative mean square error loss function

of the order p has the following properties:

<Y(Xan) while p < 2, <pu while p < 2,
Y, (Xa) § =Y (Xn) while p = 2, EY,(Xn){=p while p =2,
> Y(Xa) while p > 2, > u while p > 2,

where Y (X,,) is decided by the square error loss function and EY (X,,) = p.
According to Theorem 2, we know that the optimal premium Y, (X,) will increase with the

order p. And also does the expectation of Y,(Xy). While p = 2, the expectation of the premium is



160 R A 43 $-_+=%

equal to the grand mean, which means the total loss equals the total premium. While p < 2, the
expectation of the premium is less than the grand mean and the total premium collected by the
insurance company will not cover the total claim. While p > 2, the expectation of the premium
is larger than the grand mean and the premium collected is relatively higher than the expected
claims of insureds.

If Y,(Xn) is a linear function of X,, we denote it as L,(Xy), whose expectation can be
assumed as pu. Ly(Xy) can be written as Ly(Xy) = p +ZZS(’)), where A = X — 1 and Zs(p) is the

credibility factor. Z”) can be obtained by minimizing

p+Az8 )2
()
(p

Differentiating with respect to Zs ) and letting the score function equal 0, we get

£ (6) (

+ Az A
Elure) (- MOREE )u(a)] =0
Therefore, _ -
29 = (1 O € )
[App=1(0)] — nE[uP=2(6)A]
It is easy to prove that for any p, E(uP(6)X) = E(uP*'(#)). Thus, we can further show that

Eur—2(8)AX] — E[Au~ (6)] = E[u"—2(8)Var (X|6)],
E[S 17~ (6)] — HE[u?=2(9)K] = E[ur=2(6) (u(6) — 1?).
Since Var (X |6) = v(#)/n, we can obtain

zw =1 ,=1r2 4
s n+kp_2’ p—2 G,p_Q, ( )

where v, = E[u” (8)v(0)], aw = E[u(0)(1(8) —p)?]. Note that the notations vy, a,, and k,, = v, /a,,

will be used throughout this paper. And it is easy to prove that 0 < ng )

< 1. Obviously, vy = v,
ap = a, and Z§°) is the same as (1). It is because that loss functions are equivalent under these
two models. Zgl) is the same as (3) and the expectation of these two loss functions are same.
Therefore, the credibility premium from the relative mean square error loss function includes the

credibility premiums from Biihlmann’s (1967, 1970) and Promislow and Young (2000).

§3. Relative Entropy Loss

We incorporate g(z) = z — lnxz — 1, >0, which is called the entropy loss function in this
section. Thus the relative entropy loss function of the order X is given by p*(@)[r —Inr — 1].
Theorem 5 For the relative entropy loss function, the credibility premium Y} (X,,) is

E[1 (6)[Xax]

) = AT 0K
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The proof is similar as the proof in Theorem 1 and the credibility premium Y)(X,,) is an
increasing function of the order A from Corollary 4.

Similar to Y,(Xn), the credibility premium Y3 (X,) has the following properties:

<Y(Xn) while A <1, < while A <1,
YA(Xn) { =YV (X,)  while A =1, EVi(Xn){=p  while A=1,
>Y(Xn) while A > 1, > while A > 1.

When the premium Y (X,,) is restricted to be a linear combination of X,, with E(L(Xy)) = p
we can denote Ly(Xn) = p+ ZZeo‘), where Zé’\) is the credibility factor. Zeo‘) can be calculated

by minimizing

WO Y ANVR Y 1]
u(6) p(6) '
Differentiating with respect to Zéx) and letting the score function equal 0, we get
A 1(0) A
E|u*(0 - — =0.
P OGH  z @)

Using Taylor Series, we get the asymptotic expansion

(1+ %Zeo‘))lzl - %zp) + (%Z@)%

Solving the equation by using the Taylor expansion, we obtain

o0 _ E @R/ - 1 0)8]

e E (0) (3/1)7]
Since
A Z A—1 AN 1 A—1 2

| 6) ] — B 0)R] = - LA O)(u(®) = 1)),

E[6)(5) ] = E OFT - 7
we get the credibility factor

7N — &L (5)
€ ax n+ky

Obviously, Zeo‘) > 0. If Zé’\) > 1, we can take Zé’\) = 1 instead.

While A = 0, using (5), we can obtain the value of the credibility factor ZO = (na_1/ap)Z,
where Z is the same as Biithlmann credibility factor (1). Different from (1), there is a weight
pa_1/ag before it. We know that ag = E(u(f) — p)?) is the variance of conditional mean u(f),
while we can think pa_; = Epp='(0)(1(8) — p)?) as a weighted variance of conditional mean p(6)
with weight pup='(#). When some policyholder’s conditional mean u(#) is large, the variance of
conditional mean p(#) increases rapidly, while the weighted variance of conditional mean p(#) with

weight =1 (6) increases slowly. Then the ratio will less than 1. Therefore, we may see that the
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credibility factor of the relative entropy loss of A = 0 will be less than the Biihlmann credibility
factor, which means the premium decided by relative entropy loss function will decrease the penalty
of larger claim. Thus, the insurance may not charge higher premium just for one large claim based
on relative entropy loss function of A = 0 and the competitive of the insurance policy and equity
of premium may be kept. So, we can use the relative entropy loss of A = 0 when the distribution
of u(f) have a heavy right tail.

While A = 1, the credibility factor zM = (nao/a1)Z. We may think a;/p = Ep~t () (u(0) —
1)?) as a weighted variance of conditional mean p(#) with weight p~='u(#). Similar to the relative
entropy loss function of A = 0, the premium decided by a unlucky policyholder’s past experience
based on Biilhmann method may be larger than that based on relative entropy loss function of
A = 1. It means the premium decided by relative entropy loss function of A = 1 may decrease the
penalty of larger claim. We also can use the relative entropy loss of A = 1 when the distribution of
w1(0) have a heavy right tail. As to the heavy left tail, in section 4 we point out that the relative

entropy loss of A = 1 order can also be used.

§4. Estimators of Credibility Factors

If we have r group of data, each group has m; data: z;1,--- , Zim,. Using the moment method
of estimation, the estimators of credibility formulas under the relative mean square error loss
function and the relative entropy loss function can be obtained respectively. Firstly, we give the

moment estimators of u, vy, a, and k., respectively as follows.

N _ 1 r . 1 r o m;
=T = — m;r; = — X

a m z; T m z; ]2:21 b

n 1 . =W (L 2

Uy = —& > T (zij —Ti)7,
> (mi— 1)=&
i=1

~ 1 _

= — l; m;zy (T; — T)°,

~ T m;
and k,, = U, /@y, where m = > m;, T; = (1/m;) - Y xi;. The credibility factor zZ® (see (4)) and
i=1 j=1

zM (see (5)) can be estimated separately as follows,

2o gw_ima_n_
n+ky_o ax n+ky

The model may have a parametric distribution for X given 6, but an unspecified non-
parametric distribution for 8. In this case, we may be able to obtain the semi-parametric estimators
of credibility factors.

Let X be the number of claims an insured has during one year, and be assumed to be Poisson
distribution with an unknown mean 6 > 0 that varies among insureds. The experience for n

insureds is z1,:-- ,%,. The conditional distribution of X given 6 is Poisson distribution with
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parameter 6, so that u(f) = E[X|0] = 0, v(9) = Var[X|f] = §. Moreover, E[(X)¢|6] = 6%, where
(X)) =X(X—-1)---(X —k+1). Thus, when w>0 we have

v = E[p” (0)v()] = E[f*"] = E[(X)wsa],
ay = E[(X)w+2] = 2E[(X)w1 JE[X] + E[(X).] (E[X])*.

Obviously, i = T. When w>0, the semi-parametric estimator of v, and a,, are

n

I

~ _ =1
b = ©)
Y@wrz L (@err Lwi Y (@i)e /3 T2
aw _ i=1 _ 21:1 =1 + i=1 i (zl ) ) (7)
n n n n n

Obviously, v, is the unbiased estimator of v,,, but a, is biased. Using U-statistics, the unbiased
estimator of a, can be constructed as follows

n

. i;(xi)w+2 ) 22§($i)w+1'wg’ i#,i;,j#k(wi)w'm]"mk o
n(n—1) n(n—1)(n —2)

3

The estimator of the entropy credibility factor Zgl) and Bilhmann credibility factor Z are

oo __H G0
(@, +v1/n) ap + 0y /n

ZE” and Z only have difference in denominator. Suppose m is added to the number of policyholders
who have not any claim and m — oo, which means the distribution of (f) = € have a heavy left
tail. Then g, 0, a, and @}, will be modified respectively as follows:

n n
> Ti 2. (®i)wt
1 i=1

7= N o= @@
M_n-i—m’ Ve n+m
n n n n n
Y @)oY @iderr wm Y (Ti)w s TN 2
a :izl _2i:1 . =1 =1 . =1
@ n+m n+m n+m n+m <n+m> ’

n
> (i) w2 Yo (Ti)wr1w; > (@i)wmjm
G = =L _ i#] + i#],i#k,j 7k

© n+m (n+m)(n+m—-1)  (m+m)(n+m-—1)(n+m-2)

Hence, when m — co. we have

ZW=_HF0 _ o Zz=—" 1
a, +v1/n ap + Up/n
When some policyholders have no claims incurred, the credibility factor of the relative entropy loss
of A = 1 order will be smaller than the Bithlmann credibility factor, which means the premium

decided by relative entropy loss function will decrease the bonus of smaller claim. Therefore, the
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insurance may not decrease premium much just for one small claim based on relative entropy loss
function of A = 1. So, we can use the relative entropy loss of A = 1 when the distribution of u(6)
have a heavy left tail.

The problem that calculating a policyholder’s insurance premium is very important. To
deal with this problem, many factors should be considered, for example, social, economical and
marketing factors and so on. Here the one method of the quantitative analysis, credibility theory
is discussed. Besides Biihlmann’s classical credibility premium and the Promislow and Young’s
equitable credibility premium, the relative mean square error loss and entropy loss credibility
premiums are proposed in this paper. We would say that each method has its own advantage.
Basing on the actuary’s experience and synthesizing with the factors of various aspects to select

the appropriate method, you can make the reasonable premium for the (n + 1) period.
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