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摘 要

{(X1(t), · · · , Xp(t)), 0 ≤ t ≤ T}为p维局部平稳高斯过程, 具有渐近中心化的均值mk(t)和常

数的方差, Mk(T ) = sup{Xk(t), 0 ≤ t ≤ T}, k = 1, · · · , p, 当T → ∞时, 本文在一定条件下获得

了M(T ) = (M1(T ), · · · , Mp(T ))的联合渐近分布.
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§1. 引言及主要定理

平稳高斯过程的最大值及上穿过点过程的渐近分布, 已经有很多学者进行了研
究. Lindgren[1974]证明了有限个均方可微平稳高斯过程的上穿过点过程的渐近独立性.
Leadbetter[1983]总结了前人的工作, 对平稳高斯过程的最大值、上穿过点过程的渐近分布
给予了系统性的介绍和研究. 彭作祥[1996]进一步推广研究了多维非均方可微平稳高斯过
程的ε-上穿过点过程的渐近分布, 同时得到了过程最大值的渐近分布, 本文把平稳高斯过程
推广到局部平稳高斯过程, 获得了多维高斯过程的最大值的联合渐近分布.

{(X1(t), · · · , Xp(t)), 0 ≤ t ≤ T}为p维高斯过程, EXk(t) = mk(t), DXk(t) = 1, 0 ≤
t ≤ T , k = 1, · · · , p, 其交互相关系数和各自的相关系数分别记为: rkk′(t, s) = E(Xk(t) −
mk(t))(Xk′(s) − mk′(s)), rk(t, s) = E(Xk(t) − mk(t))(Xk(s) − mk(s)), k, k′ = 1, · · · , p,
k 6= k′. 假定s → 0时, rk(t, t + s)满足

rk(t, t + s) = 1− ck(t) · |s|α + o(|s|α). (1.1)

其中0 < α ≤ 2, ck(t)是连续的函数, 且满足0 < inf{ck(t)|0 ≤ t ≤ +∞} ≤ sup{ck(t)|0 ≤
t ≤ +∞} < ∞, k = 1, · · · , p. 当τ →∞时,

δk(τ) log τ → 0. (1.2)

其中δk(τ) = sup{|rk(t, t + s)| : |s| > τ}, rk(t, t + s) = 1当且仅当s = 0, k = 1, · · · , p.
当T ′ → +∞时

A(T ′) = max
1≤k,k′≤p,k 6=k′

sup{|rkk′(t, s)| log |t− s| : |t− s| > T ′} → 0, (1.3)

max
1≤k,k′≤p,k 6=k′

sup{|rkk′(t, s)| : t, s ≥ 0} = δ < 1. (1.4)

∗部分为国家自然科学基金资助(批准号: 70371061), 重庆市教委科学技术研究项目资助(批准号: KJ051203).

本文2004年11月12日收到, 2006年11月9日收到修改稿.
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mk(t)是[0,∞)上的有界函数且当t →∞时

mk(t)
√

2 log t → γk < ∞, k = 1, · · · , p. (1.5)

其中相关系数rk(s, t)满足(1.1)的高斯过程, 我们称为局部平稳高斯过程, 见Berman[1974]、
Hüsler[1990]、Piterbarg[1996]. Hüsler[1990]研究了一维局部平稳高斯过程的极值, 本文把
结果推广到多维情形.

首先给出主要定理

定理 1.1 高斯过程{(X1(t), · · · , Xp(t)), 0 ≤ t ≤ T}的EXk(t) = 0, DXk(t) = 1,
k = 1, · · · , p, 0 ≤ t ≤ T , 相关系数和交互相关系数满足条件(1.1)、(1.2)、(1.3)、(1.4), 水
平uk,T为

uk,T =
− log τk

(2 log T )1/2
+ (2 log T )1/2 + (2 log T )−1/2(((2− α)/2α) log log T

+ log(C∗
k,T Hα2(2−α)/2α(2π)−1/2)) k = 1, · · · , p. (1.6)

其中C∗
k,T =

∫ T

0
c
1/α
k (t)dt

/
T, τk > 0, Hα为常数, 定义见Piterbarg[1996], 则T →∞时

P{Xk(t) ≤ uk,T , 0 ≤ t ≤ T, k = 1, · · · , p} → exp
{
−

p∑
k=1

τk

}
.

定理 1.2 高斯过程{(X1(t), · · · , Xp(t)), 0 ≤ t ≤ T}的EXk(t) = mk(t), DXk(t) = 1,
k = 1, · · · , p, 相关系数和交互相关系数满足条件(1.1)、(1.2)、(1.3)、(1.4), mk(t)满足条
件(1.5), 水平uk,T如(1.6)定义, 则当T →∞时

P{Xk(t) ≤ uk,T , 0 ≤ t ≤ T, k = 1, · · · , p} → exp
{
−

p∑
k=1

τk exp{γk}
}

.

§2. 主要引理

首先将[0, T ]分成n = [T/hT ]等份, 当T → ∞时, 每一段的长度为hT → 0, 且满
足hT (u2

T /log uT )1/α → ∞ (其中uT = min{uk,T : k = 1, · · · , p}), 每个小区间((l − 1)hT ,
lhT ]又分成两部分Il = ((l − 1)hT , lhT − εT ], I∗l = (lhT − εT , lhT ]且满足条件εT /hT → 0,
εT (u2

T /log uT )1/α →∞, 在每个小区间Il上添加分点, 等分的分点的长度为q = q0/(uT )2/α,
当T → ∞时, q0充分慢地趋于0 (见Leadbtter[1983]引理12.2.7). 记ψ(x) = φ(x)x2/α−1,
φ(x)为标准正态分布函数, 指定K为可变常数.

引理 2.1 假设高斯过程X(t)的均值为0, 方差为1且满足条件(1.1)、(1.2), 水平uT为:

uT =
− log τ

(2 log T )1/2
+ (2 log T )1/2

+(2 log T )−1/2(((2− α)/2α) log log T + log(C∗
T Hα2(2−α)/2α(2π)−1/2)). (2.1)
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其中C∗
T =

∫ T

0
c1/α(t)dt

/
T, τ > 0. 当T →∞时, 有

(2.1.1) µ(l) := P
{

max
t∈Il

X(t) > uT

}
∼ Hαc1/α(lh)ψ(uT )hT ;

(2.1.2) P{X(jq) ≤ uT , jq ∈ Il} − P{X(t) ≤ uT , t ∈ Il} = o(µ(l)), l = 1, 2, · · · , n;

(2.1.3) P{X(t) ≤ uT , 0 ≤ t ≤ T} = exp
{
−

n∑
l=1

µ(l) + o(1)
}

= exp
{
−Hα

∫ T

0
c1/α(t)

·ψ(uT )dt + o(1)
}
→ exp{−τ}.

证明: 见Hüsler[1990]定理2.2, 引理3.2和定理4.2. ¤

引理 2.2 假设高斯过程X(t)的均值为0, 方差为1且满足条件(1.1)、(1.2), 水平uT如

(2.1)定义, 当T →∞时, 有

(2.2.1)
n∑

l=1

(P{X(t) ≤ uT , t ∈ Il} − P{X(t) ≤ uT , t ∈ Il ∪ I∗l }) → 0;

(2.2.2)
∑

jq∈Il,j′q∈Il′ ,l 6=l′
|r(jq, j′q)| exp{−u2

T /[1 + r(jq, j′q)]} → 0.

证明: 见Hüsler[1990]引理3.1和引理3.4. ¤

引理 2.3 高斯过程{(X1(t), · · · , Xp(t)), 0 ≤ t ≤ T}的EXk(t) = 0, DXk(t) = 1,
0 ≤ t ≤ T , k = 1, · · · , p, 相关系数和交互相关系数满足(1.1)、(1.2)、(1.3)、(1.4), 水
平uk,T如(1.6)定义, 当T →∞时有

(2.3.1) 0 ≤ P{Xk(jq) ≤ uk,T , jq ∈ Il, l ≤ n, k = 1, · · · , p}−P{Xk(t) ≤ uk,T , 0 ≤ t≤T ,
k = 1, · · · , p} → 0;

(2.3.2) 0 ≤
n∏

l=1

P{Xk(jq) ≤ uk,T , jq ∈ Il, k = 1, · · · , p} −
n∏

l=1

P{Xk(t) ≤ uk,T , t ∈ Il,

k = 1, · · · , p} → 0;

(2.3.3)
∣∣∣P{Xk(jq) ≤ uk,T , jq ∈ Il, l ≤ n, k = 1, · · · , p} −

n∏
l=1

P{Xk(jq) ≤ uk,T , jq ∈ Il,

k = 1, · · · , p}
∣∣∣ → 0.

证明: 由引理(2.2.1)知

0 ≤ P{Xk(t) ≤ uk,T , t ∈ Il, l ≤ n, k = 1, · · · , p}
−P{Xk(t) ≤ uk,T , 0 ≤ t ≤ T, k = 1, · · · , p}

≤
p∑

k=1

n∑
l=1

(P{Xk(t) ≤ uk,T , t ∈ Il} − P{Xk(t) ≤ uk,T , t ∈ Il ∪ I∗l }) → 0.

由引理(2.1.2)知

0 ≤ P{Xk(jq) ≤ uk,T , jq ∈ Il, l ≤ n, k = 1, · · · , p}
−P{Xk(t) ≤ uk,T , t ∈ Il, l ≤ n, k = 1, · · · , p}

≤
p∑

k=1

(P{Xk(jq) ≤ uk,T , jq ∈ Il, l ≤ n} − P{Xk(t) ≤ uk,T , t ∈ Il, l ≤ n}) → 0.

故(2.3.1)式成立.
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由引理(2.2.1)知

∣∣∣
n∏

l=1

P{Xk(t) ≤ uk,T , t ∈ Il, k = 1, · · · , p} −
n∏

l=1

P{Xk(t) ≤ uk,T , t ∈ Il ∪ I∗l }
∣∣∣

≤
n∑

l=1

|P{Xk(t) ≤ uk,T , t ∈ Il, k = 1, · · · , p}

−P{Xk(t) ≤ uk,T , t ∈ Il ∪ I∗l , k = 1, · · · , p}|
≤

p∑
k=1

n∑
l=1

|P{Xk(t) ≤ uk,T , t ∈ Il} − P{Xk(t) ≤ uk,T , t ∈ Il ∪ I∗l }| → 0.

由引理(2.1.2)知

∣∣∣
n∏

l=1

P{Xk(jq) ≤ uk,T , jq ∈ Il, k = 1, · · · , p}

−
n∏

l=1

P{Xk(t) ≤ uk,T , t ∈ Il, k = 1, · · · , p}
∣∣∣

≤
p∑

k=1

n∑
l=1

|P{Xk(jq) ≤ uk,T , jq ∈ Il} − P{Xk(t) ≤ uk,T , t ∈ Il}| → 0.

故(2.3.2)式成立.

根据正态比较引理知:
∣∣∣P{Xk(jq) ≤ uk,T , jq ∈ Il, l ≤ n, k = 1, · · · , p}

−
n∏

l=1

P{Xk(jq) ≤ uk,T , jq ∈ Il, k = 1, · · · , p}
∣∣∣

≤ K
p∑

k=1

∑
jq∈Il,j′q∈Il′ ,l 6=l′

|rk(jq, j′q)| exp
{
− uk,T

1 + rk(jq, j′q)

}

+K
∑

1≤k 6=k′≤p

∑
jq∈Il,j′q∈Il′ ,l 6=l′

|rkk′(jq, j′q)| exp
{
− 1

2
u2

k,T + u2
k′T

1 + rkk′(jq, j′q)

}

= I + II.

由引理(2.2.2)知: T →∞时, I → 0. 由条件(1.3)、(1.4),与Leadbetter(1983)的引理(12.3.1)
的证明完全相似知: T →∞时, II → 0, 故(2.3.3)式成立. ¤

引理 2.4 高斯过程{(X1(t), · · · , Xp(t)), 0 ≤ t ≤ T}的EXk(t) = 0, DXk(t) = 1,
0 ≤ t ≤ T , k = 1, · · · , p,相关系数和交互相关系数满足条件(1.1)、(1.4),水平uk,T如(1.6)定
义, 则对任意的l ≤ n, k 6= k′, T →∞时

(2.4.1) P{Mk(Il) > uk,T ,Mk′(Il) > uk′,T } = o
( p∑

k=1

µk(l)
)
;

(2.4.2) P{Xk(t) ≤ uk,T , t ∈ Il, k = 1, · · ·, p} = 1−
p∑

k=1

P{Mk(Il)>uk,T }+ o
( p∑

k=1

µk(l)
)
.

其中µk(l) := P{Mk(Il) > uk,T }, Mk(Il) = max{Xk(t), t ∈ Il}.
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证明: 由引理(2.1.2)知, 只需证q → 0, qu2/α = q0 → 0的速度充分慢的情形下, 有

P
{

max
jq∈Il

Xk(jq) > uk,T ,max
jq∈Il

Xk′(jq) > uk′,T

}
= o(µk(l) + µk′(l)).

由引理(2.1.1)和引理(2.1.2)知

P
{

max
jq∈Il

Xk(jq) > uk

}
∼ µk(l),

P
{

max
jq∈Il

Xk(jq) > uk,T

}
P
{

max
jq∈Il

Xk′(jq) > uk′,T

}
= o(µk(l) + µk′(l)).

于是只需证明

P
{

max
jq∈Il

Xk(jq) > uk,T

}
P
{

max
jq∈Il

Xk′(jq) > uk′,T

}

−P
{

max
jq∈Il

Xk(jq) > uk,T ,max
jq∈Il

Xk′(jq) > uk′,T

}
= o(µk(l) + µk′(l)).

根据正态比较引理知:

∣∣∣P
{

max
jq∈Il

Xk(jq) > uk,T

}
P
{

max
jq∈Il

Xk′(jq) > uk′,T

}

−P
{

max
jq∈Il

Xk(jq) > uk,T ,max
jq∈Il

Xk′(jq) > uk′,T

}∣∣∣

≤ K
∑

jq,j′q∈Il

|rkk′(jq, j′q)| exp
{
− 1

2

u2
k,T + u2

k′,T

1 + rkk′(jq, j′q)

}

≤ K
∑

jq,j′q∈Il

exp
{
− u2

T

1 + δ

}
≤ K

h2
T

q2
exp

{
− u2

T

1 + δ

}

= K
h2

T

q2

exp{−u2
T /2}

u
1−2/α
T

exp
{
− 1− δ

2(1 + δ)
u2

T

}
u

1−2/α
T

= K
h2

T

q2
0

u
1+2/α
T exp

{
− 1− δ

2(1 + δ)
u2

T

}
O(µk(l) + µk′(l))

= o
( p∑

k=1

µk(l)
)
.

故(2.4.1)式成立. 而

p∑
k=1

P{Mk(Il) > uk,T } −
∑

1≤k 6=k′≤p

P{Mk(Il) > uk,T ,Mk′(Il) > uk′,T }

≤ P
{ p⋃

k=1

(Mk(Il) > uk,T )
}
≤

p∑
k=1

P{Mk(Il) > uk,T }.

由(2.4.1)式知, (2.4.2)式成立. ¤
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§3. 定理的证明

定理 1.1的证明: 由引理(2.3.1), (2.3.2), (2.3.3)知:
∣∣∣P{Xk(t) ≤ uk,T , 0 ≤ t ≤ T, k = 1, · · · , p}

−
n∏

l=1

P{Xk(t) ≤ uk,T , t ∈ Il, k = 1, · · · , p}
∣∣∣

≤ |P{Xk(jq) ≤ uk,T , jq ∈ Il, l ≤ n, k = 1, · · · , p}
−P{Xk(t) ≤ uk,T , 0 ≤ t ≤ T, k = 1, · · · , p}|
+

∣∣∣P{Xk(jq) ≤ uk,T , jq ∈ Il, l ≤ n, k = 1, · · · , p}

−
n∏

l=1

P{Xk(jq) ≤ uk,T , jq ∈ Il, k = 1, · · · , p}
∣∣∣

+
∣∣∣

n∏
l=1

P{Xk(jq) ≤ uk,T , jq ∈ Il, l ≤ n, k = 1, · · · , p}

−
n∏

l=1

P{Xk(t) ≤ uk,T , t ∈ Il, k = 1, · · · , p}
∣∣∣ → 0.

又由引理(2.1.1), 引理(2.1.3)和引理(2.4.2)知:

n∏
l=1

P{Xk(t) ≤ uk,T , t ∈ Il, k = 1, · · · , p}

= exp
{ n∑

l=1

log(P{Xk(t) ≤ uk,T , t ∈ Il, k = 1, · · · , p})
}

= exp
{ n∑

l=1

log
(
1−

p∑
k=1

P{Mk(Il) > uk,T }+ o
( p∑

k=1

µk(l)
))}

= exp
{
−

n∑
l=1

p∑
k=1

P{Mk(Il) > uk,T }
}

+ o(1)

→ exp
{
−

p∑
k=1

τk

}
.

定理1.1证毕. ¤
定理 1.2的证明: 不妨假定γk 6= 0, γk = 0的情形完全相似的证明. 由条件(1.5)知:

对任意的k = 1, · · · , p, 存在m0, |mk(t)| ≤ m0, 并且对充分大的T , 有m0 < (1/8) · (log T )1/2

P{Xk(t)−mk(t) ≤ uk,T −mk(t), 0 ≤ t ≤ T 1/2}
≥ P{Xk(t)−mk(t) ≤ uk,T −m0, 0 ≤ t ≤ T 1/2}
= P{Xk(t)−mk(t) ≤ uk,T − uk(T 1/2)−m0 + uk(T 1/2), 0 ≤ t ≤ T 1/2}.

其中

C∗
k,T 1/2 =

∫ T 1/2

0
c
1/α
k (t)dt

/
T 1/2,
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uk(T 1/2) = (2 log T 1/2)1/2 + (2 log T 1/2)−1/2(((2− α)/2α) log log T 1/2

+ log(C∗
k,T 1/2Hα2(2−α)/2α(2π)−1/2)),

uk,T − uk(T 1/2)−m0 = (2 log T )1/2 − (log T )1/2 −m0 + o(1)

=
log T

(2 log T )1/2 + (log T )1/2
−m0 + o(1) ≥ 1

8
(log T )1/2.

由引理(2.1.3)知T →∞

P{Xk(t)−mk(t) ≤ uk,T −mk(t), 0 ≤ t ≤ T 1/2} → 1.

令ρT = (log T − log log T )/log T

P{Xk(t)−mk(t) ≤ uk,T −mk(t), 0 ≤ t ≤ T ρT }
= P{Xk(t)−mk(t) ≤ uk,T −mk(t), T 1/2 ≤ t ≤ T ρT }+ o(1).

因为mk(t)
√

2 log t → γk, 对充分大的T , 有T 1/2 ≤ t ≤ T ρT , |mk(t)
√

2 log T | ≤ 3|γk|, 故上
式

≥ P
{

Xk(t)−mk(t) ≤ uk,T − 3|γk|√
2 log T

, T 1/2 ≤ t ≤ T ρT

}
+ o(1)

= P
{

Xk(t)−mk(t) ≤ uk(T ρT ) + uk,T − uk(T ρT )− 3|γk|√
2 log T

, 0 ≤ t ≤ T ρT

}
+ o(1).

其中:

C∗
k,T ρT =

∫ T ρT

0
c
1/α
k (t)dt

/
T ρT ,

uk(T ρT ) = (2 log T ρT )1/2 + (2 log T ρT )−1/2

· (((2− α)/α) log log T ρT + log(C∗
k,T ρT Hα2(2−α)/2α(2π)−1/2)),

[
uk,T − uk(T ρT )− 3|γk|√

2 log T

]√
2 log T ρT

= [(2 log T )1/2 − (2 log T − 2 log log T )1/2 + (2 log T )−1/2((2− α)/2α log log T )

− (2 log T − 2 log log T )−1/2((2− α)/α(log log T + log ρT )) + O((2 log T )−1/2)]

·
√

2 log T − 2 log log T

=
2 log log T

(2 log T )1/2 + (2 log T − 2 log log T )1/2

√
2 log T − 2 log log T

+
[(2 log T − 2 log log T

2 log T

)1/2
− 1

]
(2− α)/2α log log T + O(1)

≥ 1
8

log log T.
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对于任意M > 0, 存在充分大的T , 有: uk,T − uk(T ρT ) − 3|γk|/
√

2 log T > M/
√

2 log T ρT ,
由引理(2.1.3)知:

P{Xk(t)−mk(t) ≤ uk,T −mk(t), 0 ≤ t ≤ T ρT }
≥ P

{
Xk(t)−mk(t) ≤ uk(T ρT ) +

M√
2 log T ρT

, 0 ≤ t ≤ T ρT

}

→ exp{− exp{−M}}.

由M的任意性, 有

P{Xk(t)−mk(t) ≤ uk,T −mk(t), 0 ≤ t ≤ T ρT } → 1.

对于任意的ε, 对于充分大的T , T ρT ≤ t ≤ T有

(γk − ε)(1− ε) ≤ mk(t)
√

2 log T ≤ (γk + ε)(1 + ε),

P{Xk(t)−mk(t) ≤ uk,T −mk(t), 0 ≤ t ≤ T}
= P{Xk(t)−mk(t) ≤ uk,T −mk(t), T ρT ≤ t ≤ T}+ o(1)

≥ P
{

Xk(t)−mk(t) ≤ uk,T − (γk + ε)(1 + ε)√
2 log T

, 0 ≤ t ≤ T
}

+ o(1)

→ exp{−τk exp(γk + ε)(1 + ε)}.

同理

P{Xk(t)−mk(t) ≤ uk,T −mk(t), 0 ≤ t ≤ T}
≤ P

{
Xk(t)−mk(t) ≤ uk,T − (γk − ε)(1− ε)√

2 log T
, 0 ≤ t ≤ T

}
+ o(1)

→ exp{−τk exp(γk − ε)(1− ε)},
P{xk(t)−mk(t) ≤ uk,T −mk(t), k = 1, · · · , p, 0 ≤ t ≤ T}

= P{Xk(t)−mk(t) ≤ uk,T −mk(t), k = 1, · · · , p, T ρT ≤ t ≤ T}+ o(1)

≤ P
{

Xk(t)−mk(t) ≤ uk,T − (γk − ε)(1− ε)√
2 log T

, k = 1, · · · , p, 0 ≤ t ≤ T
}

+ o(1)

→ exp
{
−

p∑
k=1

τk exp{(γk − ε)(1− ε)}
}

.

同理

P{xk(t)−mk(t) ≤ uk,T −mk(t), k = 1, · · · , p, 0 ≤ t ≤ T}
≥ P

{
Xk(t)−mk(t) ≤ uk,T − (γk + ε)(1 + ε)√

2 log T
, k = 1, · · · , p, 0 ≤ t ≤ T

}
+ o(1)

→ exp
{
−

p∑
k=1

τk exp{(γk + ε)(1 + ε)}
}

.
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由ε的任意性有:

P{xk(t)−mk(t) ≤ uk,T −mk(t), k = 1, · · · , p, 0 ≤ t ≤ T} → exp
{
−

p∑
k=1

τk exp γk

}
.

定理1.2证毕. ¤
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Asymptotic Distribution of Maxima Multivariate Locally

Stationary Gaussian Processes
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Let {(X1(t), · · · , Xp(t)), 0 ≤ t ≤ T} be p dimensional locally stationary Gaussian processes with

asymptotically centered mean mk(t), k = 1, · · · , p and constant variance. Mk(T ) = sup{Xk(t), 0 ≤ t ≤ T},
k = 1, · · · , p. Under some conditions, the asymptotic distribution of M(T ) = (M1(T ), · · · , Mp(T )) as

T →∞ is obtained.
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